
htt ps:// m e di a.s u u b. u ni- br e m e n. d e  

Z w eit v e r öff e ntli c h u n g /
S e c o n d a r y P u bli c ati o n

           a s :

D OI of t hi s d o c u m e nt *  (s e c o n d a r y p u bli c ati o n) :

P u bli c ati o n d at e of t hi s d o c u m e nt:

*  f o r b ett e r fi n d a bilit y o r f o r r eli a bl e cit ati o n

R e c o m m e n d e d Cit ati o n (p ri m a r y p u bli c ati o n / V e r si o n of R e c o r d ) i n cl. D OI:

Pl e a s e n ot e t h at t h e  v e r si o n of t hi s d o c u m e nt  m a y diff e r f r o m t h e fi n al p u bli s h e d v e r si o n ( V e r si o n of R e c o r d / p ri m a r y 
p u bli c ati o n) i n t e r m s of c o p y- e diti n g, p a gi n ati o n, p u bli c ati o n d at e a n d D OI. Pl e a s e cit e t h e v e r si o n t h at y o u a ct u all y u s e d.
B ef o r e citi n g, y o u a r e al s o a d vi s e d t o c h e c k t h e p u bli s h e r' s w e b sit e f o r a n y s u b s e q u e nt c o r r e cti o n s o r r et r a cti o n s 
( s e e al s o htt p s: / / r et r a cti o n w at c h. c o m /).

T hi s d o c u m e nt i s m a d e a v ail a bl e

T a k e d o w n p oli c y
If y o u b eli e v e t h at t hi s d o c u m e nt o r a n y m at e ri al o n t hi s sit e i nf ri n g e s c o p y ri g ht, pl e a s e c o nt a ct 
p u bli zi e r e n @ s u u b. u ni- b r e m e n. d e wit h f ull d et ail s a n d w e will r e m o v e a c c e s s t o t h e m at e ri al.

C a r m e si n, H a n s- Ott o

G e o m et ri c al a n d e x a ct u nifi c ati o n of s p a c eti m e, g r a vit y a n d q u a nt a 

B o o k, B o o k c h a pt e r p u bli s h e d v e r si o n ( V e r si o n of R e c o r d)

htt p s: / / d oi. o r g / 1 0. 2 6 0 9 2 / eli b / 2 6 5 6

0 6 / 0 3 / 2 0 2 4

C a r m e si n, H a n s- Ott o: 
G e o m et ri c al a n d e x a ct u nifi c ati o n of s p a c eti m e, g r a vit y a n d q u a nt a : t h e t h e o r y of t h e d y n a mi c s of  
v ol u m e i s d e ri v e d f r o m p h y si c al p ri n ci pl e s / H a n s- Ott o C a r m e si n. - B e rli n : V e rl a g D r. K ö st e r,  
2 0 2 3. - viii, 3 4 5 S eit e n. ; 2 1 c m x 1 4. 8 c m 
I S B N 9 7 8- 3- 9 6 8 3 1- 0 4 2- 8 
( U ni v e r s e: U nifi e d f r o m mi c r o c o s m t o m a c r o c o s m ; 1 0) 

wit h all ri g ht s r e s e r v e d.

htt p s: / / c r e ati v e c o m m o n s. o r g /li c e n s e s / b y / 4. 0 /

P u bli s h e r St at e m e nt a u s bl e n d e n P u bli s h e r St at e m e nt ei n bl e n d e n

Li z e n zi nf o r m ati o n a u s bl e n d e n Li z e n zi nf o r m ati o n ei n bl e n d e n

T h e li c e n s e i nf o r m ati o n i s a v ail a bl e o nli n e:

Carmesin, Hans-Otto

Geometrical and exact unification of spacetime, gravity and quanta 

Book, Book chapter published version (Version of Record)

https://doi.org/10.26092/elib/2656

06/03/2024

Carmesin, Hans-Otto: 
Geometrical and exact unification of spacetime, gravity and quanta : the theory of the dynamics of  
volume is derived from physical principles / Hans-Otto Carmesin. - Berlin : Verlag Dr. Köster,  
2023. - viii, 345 Seiten. ; 21 cm x 14.8 cm 
ISBN 978-3-96831-042-8 
(Universe: Unified from microcosm to macrocosm ; 10) 

with all rights reserved.

https://creativecommons.org/licenses/by/4.0/

Publisher Statement ausblenden Publisher Statement einblenden

Lizenzinformation ausblenden Lizenzinformation einblenden

The license information is available online:



a



b

H o w ar e r el ati vit y, gr a vit y a n d q u a nt u m p h ysi cs u ni fi e d ?
O ur s ol uti o n is g e o m etri c al: t h e d y n a mi cs of v ol u m e.
O ur s ol uti o n f ul fills t h e f oll o wi n g crit eri a:
We c o m pl et el y us e el e m e nts of r e alit y.
O ur s ol uti o n is d eri v e d e x a ctl y fr o m p h ysi c al pri n ci pl es.
We us e n o h y p ot h esis or fit.
We a c hi e v e pr e cis e a c c or d a n c e wit h o bs er v ati o n.
We pr o vi d e pr e cis e pr e di cti o ns.
R el ati vit y i n cl u di n g gr a vit y i m pli es t h e d y n a mi cs of v ol u m e. T h e d y n a mi cs
of v ol u m e pr o vi d es t h e

- tr a ns missi o n of gr a vit ati o n al i nt er a cti o n
- c ur v at ur e of s p a c eti m e
- e x p a nsi o n of s p a c e
- s ol uti o n of t h e fl at n ess pr o bl e m
- m a p pi n g t o Ri c ci fl o w
- S c hr ö di n g er e q u ati o n
- c orr e ct p ost ul at es of q u a nt u m p h ysi cs
- u ni v ers alit y of q u a nti z ati o n
- s e c o n d q u a nti z ati o n b y el e m e nts of r e alit y
- e x a ct d y n a mi cs a n d e x pl a n ati o n of n o nl o c alit y
- f ull c a us alit y i n s p a c eti m e
- e x pl a n ati o n of Ei nst ei n′s pri n ci pl e of l o c alit y
- e x a ct e x pl a n ati o n of q u a nt u m p ar a d o x es
- e x pl a n ati o n of a m e as ur e m e nt pr o c ess b y el e m e nts of r e alit y
- d y n a mi cs of t h e m e as ur e m e nt pr o c ess
- e x pl a n ati o n of z er o- p oi nt e n er g y b y el e m e nts of r e alit y
- f or m ati o n of m att er b y p h as e tr a nsiti o ns
- o bs er v e d d e nsit y of d ar k e n er g y
- e x pl a n ati o n of d ar k e n er g y b y el e m e nts of r e alit y
- o bs er v e d H u b bl e - t e nsi o n
- o bs er v a bl e v al u e of H 0 as a f u n cti o n of t h e r e ds hift (fr o nt c o v er)
- er a of ′c os mi c i n fl ati o n ′

- e v ol uti o n of d ar k e n er g y d uri n g ′c os mi c i n fl ati o n ′

- d y n a mi cs a n d e x pl a n ati o n of f u n d a m e nt al i nt er a cti o ns
- i nt er pr et ati o n of q u a nt a b y d y n a mi cs of v ol u m e
- c os m ol o gi c al p ar a m et ers
- d eri v ati o n of q u a nt u m gr a vit y b y el e m e nts of r e alit y

I n t his b o o k w e d eri v e all fi n di n gs i n a s yst e m ati c, cl e ar a n d s m o ot h m a n n er.
We s u m m ari z e o ur r es ults b y m a n y d e fi niti o ns, pr o p ositi o ns a n d t h e or e ms.
We ar e cl ass es fr o m gr a d e 1 0 or hi g h er, c o urs es, r es e ar c h cl u bs, e nt h usi asts,
o bs er v ers, e x p eri m e nt alists, m at h e m ati ci a ns, n at ur al s ci e ntists, r es e ar c h ers
et c.
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P h ysi cs Ar c hi v e, P h ysi k Ar c hi v e, Verl a g Dr. K ö st er, B erli n

P D Dr. H a ns- Ott o C ar m esi n ( J ul y 2 0 2 3): G e o m etri c al a n d E x a ct U ni fi c a-
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P D Dr. H a ns- Ott o C ar m esi n ( M ar c h 1 6 2 0 2 2): T h e El e ctr o w e a k I nt er a cti o n
E x pl ai n e d b y a n d D eri v e d fr o m Gr a vit y a n d R el ati vit y; I S B N 9 7 8- 3- 9 6 8 3 1-
0 3 2- 9
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C h a p t e r 1

I n t r o d u c ti o n

We h u m a ns i m pr o v e o ur u n d erst a n di n g of n at ur e. I n p arti c-

ul ar, w e d es cri b e s p a c e s o t h at w e c a n n a vi g at e a n d or g a ni z e

t el e c o m m u ni c ati o n, H os ki n ( 1 9 9 7).

F or i nst a n c e, M a x w ell ( 1 8 6 5) d e v el o p e d a v er y s u c c essf ul t h e-

or y i n cl u di n g el e ctr o m a g n eti c w a v es. F or it, h e pr o p os e d a n

a e t h e r i n w hi c h t h es e w a v es pr o p a g at e.

H o w e v er, Ei nst ei n ( 1 9 0 5) r e ali z e d t h at a pr o p a g ati o n of el e c-
tr o m a g n eti c w a v es is b ett er d es cri b e d i n s p a c e ti m e . H er e b y,

Ei nst ei n ( 1 9 1 5) pr o p os e d a v er y s u c c essf ul t h e or y d es cri bi n g

c ur v at ur e a n d e x p a nsi o n of s p a c eti m e si n c e t h e Bi g B a n g.

M or e o v er, d e Br o gli e ( 1 9 2 5) a n d S c hr ö di n g er ( 1 9 2 6 b) p ost u-

l at e d a v er y s u c c essf ul t h e or y f or t h e pr o p a g ati o n of a b s t r a c t

w a v e f u n c ti o n s d es cri bi n g m att er a n d p h ysi c al o bj e cts i n g e n-

er al: a t h e or y of q u a nt u m p h ysi cs. H o w e v er, Ei nst ei n et al.

( 1 9 3 5) r e ali z e d t h at q u a nt u m p h ysi cs is n o nl o c al , s e e als o B ell

( 1 9 6 4), As p e ct et al. ( 1 9 8 2), H e ns e n et al. ( 2 0 1 5), R os e nf el d

et al. ( 2 0 1 7), H a n dst ei n er et al. ( 2 0 1 7). T h er e b y, Ei nst ei n

( 1 9 4 8) pr o p os e d his p ri n ci pl e of l o c ali t y : N o u n m e di at e d

e ff e ct s h o ul d b e f ast er t h a n t h e v el o cit y of li g ht c .

F urt h er m or e, P erl m utt er et al. ( 1 9 9 8), Ri ess et al. ( 2 0 0 0),

S m o ot ( 2 0 0 7) dis c o v er e d t h at s p a c e h as a n e n er g y d e nsit y, t h e

d a r k e n e r g y . H o w e v er, v er y di ff er e nt c o n c e pts of ’ v a c u u m’

h a v e b e e n pr o p os e d i n t h e v er y s u c c essf ul t h e or y of el e m e n-

1
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t ar y p arti cl es: F or i nst a n c e, a n ’ el e ctr o m a g n eti c v a c u u m’, s e e

Z el d o vi c h ( 1 9 6 8), C u g n o n ( 2 0 1 2), a n d a ’ v a c u u m e x p e ct ati o n

v al u e’, s e e ( Pi c h, 2 0 0 7, s e cti o n 4. 2), ( Z yl a et al., 2 0 2 0, s e cti o n

1 1. 2), h a v e b e e n i ntr o d u c e d.

A d diti o n all y, t h e H u b bl e c o nst a nt d es cri bi n g t h e r at e of e x-

p a nsi o n of s p a c eti m e si n c e t h e Bi g B a n g e x hi bits a n o bs er v e d

H u b bl e t e n si o n , s e e e. g. Ri ess et al. ( 2 0 2 2).

I n a d diti o n, G ut h ( 1 9 8 1) pr o p os e d a v er y r a pi d i n cr e as e of

s p a c e i n a n e arl y er a of ’ c os mi c i n fl ati o n’.

Alt o g et h er, i n pr es e nt- d a y p h ysi cs, w e fi n d v ari o us v er y s u c-

c essf ul t h e ori es t h at pr o vi d e q uit e di ff er e nt a ns w ers a b o ut t h e

n at ur e of s p a c e. H o w e v er, w e li v e i n o n e w orl d. S o t h er e s h o ul d

b e a u ni fi e d t h e or y. I n d e e d, a u ni fi e d t h e or y h as al w a ys b e e n

pr ef err e d, s e e e. g. St yr m a n ( 2 0 1 9). F or it, w e d eri v e a g e o m et-

ri c al a n d e x a ct t h e o r y of t h e d y n a mi c s of v ol u m e i n n a-

t ur e, i n cl u di n g t h e f or m ati o n of v ol u m e. We d eri v e t h at t h e or y

fr o m f u n d a m e nt al pri n ci pl es of p h ysi cs, Fi g ( 1 2. 3). We d o n ot

pr o p os e a n y h y p ot h esis or e x e c ut e a n y fit. H er e b y, w e a c hi e v e

pr e cis e a c c or d a n c e wit h o bs er v ati o n, wit hi n t h e i n a c c ur a c y of

m e as ur e m e nt. Usi n g t h at d y n a mi cs of v ol u m e, w e a c hi e v e d e-

t ail e d a ns w ers t o t h e f oll o wi n g q u esti o ns i n a u ni fi e d m a n n er:

H o w ar e t h e pr o p os e d c ur v at ur e a n d e x p a nsi o n of s p a c e d eri v e d

a n d e x pl ai n e d ? H o w ar e t h e p ost ul at es of q u a nt u m p h ysi cs d e-

ri v e d ? H o w is t h e s p a c e e x pl ai n e d, i n w hi c h el e ctr o m a g n eti c

w a v es pr o p a g at e ? W h at is a w a v e f u n cti o n ? H o w is t h e pr o p a-

g ati o n of n o nl o c al w a v e f u n cti o ns e x pl ai n e d ? H o w is n o nl o c alit y

d eri v e d a n d e x pl ai n e d o n t h e b asis of t h e d y n a mi cs of t h e v ol-

u m e ? H o w is t h e o bs er v e d d ar k e n er g y e x pl ai n e d a n d d eri v e d ?

H o w is t h e o bs er v e d H u b bl e t e nsi o n e x pl ai n e d a n d d eri v e d, s e e

t h e fr o nt c o v er a n d Fi g. ( 2 1. 3) ? H o w is t h e ’ c os mi c i n fl ati o n’

d eri v e d a n d e x pl ai n e d ? H o w d o t h e d y n a mi cs of t h e v ol u m e

r es ol v e t h e p ar a d o x es of q u a nt u m p h ysi cs ?

H o w c a n y o u fi n d t h e t h e o r y ? F or it, s e e s e cti o n ( 2. 1).



P a r t I

S e mi cl a s si c al S p a c e ti m e a n d
G r a vi t y
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C h a p t e r 2

B a si c P ri n ci pl e s

2. 1 H o w c a n y o u fi n d t h e t h e o r y ?

M ost s yst e m ati c all y, y o u st art wit h c h a pt er ( 2), i n or d er t o

c o m p r e h e n d t h e w h ol e t h e o r y , s e e Fi g. ( 1 2. 3).

T h e k e y t o t h e u ni fi c a ti o n i s t h e v ol u m e a n d its d y n a mi cs.

F or it, t h e r e alit y ( D E F 1 5) of t h e a d diti o n al v ol u m e is d eri v e d

i n s e cti o n ( 2. 6) a n d c h a pt er ( 7). T h er e b y, t h e b asi cs of t h e

d y n a mi cs of t h e v ol u m e i n c h a pt er ( 7) c a n b e d eri v e d wit h h el p

of t h e S c h w ar zs c hil d ( 1 9 1 6) m etri c, S M, or wit h h el p of t h e

Ei nst ei n ( 1 9 1 5) fi el d e q u ati o n, E F E, or wit h h el p of t h e Ri c ci

fl o w, H a milt o n ( 1 9 8 2), s e e m a p pi n g t h e or e m i n c h a pt er ( 1 7).

T h o u g h t h e b asi cs of t h e d y n a mi cs of t h e v ol u m e c a n b e d eri v e d

wit h h el p of g e n er al r el ati vit y ( vi a t h e S M or E F E or Ri c ci

fl o w), t h e d y n a mi cs of t h e v ol u m e pr o vi d e r es ults f ar b e y o n d t h e

pr es e nt- d a y t h e or y of g e n er al r el ati vit y, H o bs o n et al. ( 2 0 0 6),

Str a u m a n n ( 2 0 1 3), B art el m a n n ( 2 0 1 9): F or i nst a n c e, q u a nt u m

t h e or y a n d t h e e n er g y d e nsit y of d ar k e n er g y ar e d eri v e d a n d

e x pl ai n e d.

M or e o v er, o ur r es ult is f ar b e y o n d t h e us u al t h e ori es of q u a nt u m

gr a vit y, Ki ef er ( 2 0 0 3), Ki ef er a n d S a n d h öf er ( 2 0 0 8), ( S c h ul z,

2 0 2 0, c h a pt er 2): Us u al t h e ori es of q u a nt u m gr a vit y us e q u a n-

t u m p h ysi cs, a h y p ot h eti c al q u a nti z ati o n pr o c e d ur e a n d r el a-

5
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ti vit y a n d gr a vit y. I n c o ntr ast, w e d eri v e a n d e x pl ai n q u a nt u m

p h ysi cs o n t h e b asis of g e n er al r el ati vit y a n d gr a vit y. Of c o urs e,

as a c o ns e q u e n c e, o ur t h e or y i n cl u d es q u a nt u m gr a vit y, wit h-

o ut usi n g a n y q u a nti z ati o n pr o c e d ur e, or a n y h y p ot h esis at all.

N e xt, w e s u m m ari z e t h e us e d f u n d a m e nt al pri n ci pl es of p h ysi cs.

2. 2 E q ui v al e n c e p ri n ci pl e, E P

I n t his s e cti o n, w e s u m m ari z e t h e e x p eri m e nt all y c o n fir m e d

Ei nst ei n e q ui v al e n c e pri n ci pl e, s e e e. g. Ei nst ei n ( 1 9 1 5), Will

( 2 0 1 4), C ar m esi n ( 2 0 2 2 d):

D e fi ni ti o n 1 Ei n s t ei n e q ui v al e n c e p ri n ci pl e

T h e Ei n st ei n e q ui v al e n c e p ri n ci pl e, E E P, i n cl u d e s t h e f oll o wi n g

st at e m e nt s:

( 1 ) T h e w e a k e q ui v al e n c e p ri n ci pl e, W E P, st at e s t h at t h e g r a vi-

t ati o n al f o r c e F G i s p r o p o rti o n al t o t h e m a s s m , o r F G = m ·G ∗ ,

s e e e. g. ( Will, 2 0 1 4, s e cti o n 2. 1 ). A c c o r di n g t o t h e a cti o n p ri n-

ci pl e, F = m · a , w e d e ri v e t h e f oll o wi n g st at e m e nt: A p r o b e
m a s s m t h at i s f r e el y f alli n g i n a g r a vit ati o n al fi el d G ∗ h a s a n

a c c el e r ati o n a e q u al t o t h at fi el d:

G ∗ = a ( 2. 1)

( 2 ) T h e o ut c o m e of a n y l o c al n o n- g r a vit ati o n al e x p e ri m e nt i s

i n d e p e n d e nt of t h e v el o cit y of t h e f r e el y f alli n g r ef e r e n c e f r a m e

i n w hi c h it i s p e rf o r m e d.

( 3 ) T h e o ut c o m e of a n y l o c al n o n- g r a vit ati o n al e x p e ri m e nt i s

i n d e p e n d e nt of w h e r e a n d w h e n i n t h e u ni v e r s e it i s p e rf o r m e d.

( 4 ) L o r e nt z i n v a ri a n c e i s i n cl u d e d, s e e e. g. ( Will, 2 0 1 4, s e cti o n

2. 1 ), s o S R i s i n cl u d e d ( s e e s e cti o n 2. 3 ).
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2 . 3 S p e ci al r el a ti vi t y, S R

I n t his s e cti o n, w e s u m m ari z e ess e nti al r es ults of s p e ci al r el ati v-

it y, S R, s e e e. g. Ei nst ei n ( 1 9 0 5), L a n d a u a n d Lifs c hit z ( 1 9 7 1),

M o or e ( 2 0 1 3), N e w ell et al. ( 2 0 1 8), C ar m esi n ( 1 9 9 6), C ar m esi n

( 2 0 2 0 b):

e xt er n al o bs er v er

A B C

o bj e ct

L o w n
v

x

Fi g ur e 2. 1: T h e l e n gt h L of t h e o bj e ct is m e as ur e d wit h h el p
of t h e li g ht-tr a v el dist a n c e d L T . F or it, a li g ht si g n al is us e d
t h at tr a v els fr o m B t o C a n d b a c k t o C. T h e ti m e dt o w n of
pr o p a g ati o n of t h at si g n al i n t h e o w n fr a m e pr o vi d es t h e o w n
l e n gt h d L o w n = c · dt o w n / 2. T h e ti m e dt e xt of pr o p a g ati o n of
t h at si g n al i n t h e e xt er n al fr a m e pr o vi d es t h e e xt er n al l e n gt h
d L e xt = c · dt e xt / 2. I n or d er t o m e as ur e t h e li g ht-tr a v el ti m e
fr o m B t o C a n d b a c k t o B, t h e e xt er n al o bs er v er c a n m e as ur e
t h e li g ht-tr a v el ti m e fr o m A t o C a n d b a c k t o A a n d s u btr a ct
t h e li g ht-tr a v el ti m e fr o m A t o B a n d b a c k t o A.

C o r oll a r y 1 S p e ci al r el a ti vi t y

I n e a c h i n e rti al f r a m e, t h e f oll o wi n g h ol d s:

( 1 ) T h e v el o cit y of li g ht o r el e ct r o m a g n eti c w a v e s h a s t h e s a m e

v al u e, M a x w ell ( 1 8 6 5 ), Z yl a et al. ( 2 0 2 0 ), C a r m e si n ( 2 0 0 6 ):

c = 2 9 9 7 9 2 4 5 8
m

s
(2. 2)

( 2 ) If a n o bj e ct m o v e s at a v el o cit y v < c r el ati v e t o a n e xt e r n al

i n e rti al f r a m e, a n d if a ti m e to w n el a p s e s b et w e e n t w o e v e nt s i n

t h e o w n f r a m e of t h e o bj e ct, t h e n t h e ti m e te xt o r tr el el a p s e s b e-

t w e e n t h e s e t w o e v e nt s i n t h e e xt e r n al i n e rti al f r a m e a s f oll o w s,

s e e e. g. ( L a n d a u a n d Lif s c hit z, 1 9 7 1, E q. 3. 1 ):
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te xt = tr el = γ · to w n

wit h t h e L or e nt z f a ct or γ =
1

1 − v 2 / c 2
( 2. 3)

T h at r el ati o n i s c all e d ti m e dil ati o n, s e e e. g. ( Ei n st ei n, 1 9 0 5,

§ 2 ) o r ( H o b s o n et al., 2 0 0 6, s e cti o n 1. 7 ).

( 3 ) If a n o bj e ct m o v e s at a v el o cit y v = |v | r el ati v e t o a n i n e rti al

f r a m e, a n d if t h e o bj e ct h a s a m a s s m o w n i n it s o w n f r a m e, t h e n

t h e o bj e ct e x hi bit s t h e o w n e n e r g y E o w n i n it s o w n f r a m e a s

f oll o w s, s e e e. g. ( L a n d a u a n d Lif s c hit z, 1 9 7 1, E q. 9. 5 ):

E o w n = m o w n · c 2 ( 2. 4)

M o r e o v e r, t h e o bj e ct e x hi bit s t h e r el ati vi sti c e n e r g y E r el o r E e xt

i n t h e e xt e r n al i n e rti al f r a m e a s f oll o w s, s e e e. g. ( L a n d a u a n d

Lif s c hit z, 1 9 7 1, E q. 9. 4 ):

E r el = γ · E o w n ( 2. 5)

( 4 ) If a n o bj e ct m o v e s at a v el o cit y v r el ati v e t o a n e xt e r n al

i n e rti al f r a m e, a n d if t h e o bj e ct h a s a m a s s m o w n i n it s o w n

f r a m e, t h e n t h e o bj e ct e x hi bit s t h e r el ati vi sti c m o m e nt u m p e xt

a n d t h e e n e r g y E e xt i n t h e e xt e r n al i n e rti al f r a m e a s f oll o w s,

s e e e. g. ( L a n d a u a n d Lif s c hit z, 1 9 7 1, E q s. 9. 1, 9. 6, 9. 7 ):

p e xt = m o w n · v · γ = m o w n ·
v

1 − v 2 / c 2
( 2. 6)

E e xt = m 2
o w n c 4 + p 2

e xt c
2 ( 2. 7)

( 5 ) If a n o bj e ct m o v e s at a v el o cit y v < c r el ati v e t o a n e xt e r n al

i n e rti al f r a m e, a n d if t h e o bj e ct h a s a l e n gt h L o w n i n t h e o w n

f r a m e, a n d if t h at l e n gt h i s m e a s u r e d wit h h el p of t h e li g ht-

t r a v el di st a n c e i n t h e e xt e r n al f r a m e, t h e n t h e f oll o wi n g r e s ult s

a r e o bt ai n e d, s e e e. g. s e e e. g. Ei n st ei n ( 1 9 0 5 ); L a n d a u a n d

Lif s c hit z ( 1 9 7 1 ) o r Fi g. ( 2. 1 ):
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In t h e o w n f r a m e, t h e f oll o wi n g ti m e dt o w n el a p s e s d u ri n g t h e

p r o p a g ati o n of t h e li g ht f r o m B t o C a n d b a c k t o B , s e e e. g.

C o n d o n a n d M at h e w s ( 2 0 1 8 ):

dt o w n =
2

c
· L o w n ( 2. 8)

I n t h e e xt e r n al f r a m e, t h e f oll o wi n g ti m e dt e xt el a p s e s d u ri n g

t h e p r o p a g ati o n of t h e li g ht f r o m B t o C a n d b a c k t o B , s e e e.

g. ( Ei n st ei n, 1 9 0 5, § 2 ):

dt e xt, B t o C =
L e xt

c − v
, e xt er n al ti m e fr o m B t o C ( 2. 9)

dt e xt, C t o B =
L e xt

c + v
, e xt er n al ti m e fr o m C t o B( 2. 1 0)

dt e xt = dt e xt, B t o C + dt e xt, C t o B or ( 2. 1 1)

dt e xt =
L e xt

c − v
+

L e xt

c + v
=

2

c

L e xt

1 − v 2

c 2

2 o r ( 2. 1 2)

dt e xt 1 −
v 2

c 2
=

2

c

L e xt

1 − v 2

c 2

(2. 1 3)

Ti m e dil ati o n ( E q. 2. 3 ) i s i n v ol v e d i n t h e m e a s u r e m e nt of

t h e li g ht-t r a v el di st a n c e. A c c o r di n gl y dt e xt 1 − c 2

v 2 = d to w n a n d

dt o w n = 2
c · L o w n a r e u s e d:

dt o w n =
2

c

L e xt

1 − v 2

c 2

=
2

c
· L o w n or ( 2. 1 4)

L e xt = L o w n · 1 −
v 2

c 2
(2. 1 5)

T h at r el ati o n i s c all e d l e n gt h c o nt r a cti o n, s e e e. g. ( Ei n st ei n,

1 9 0 5, § 2 ) o r ( H o b s o n et al., 2 0 0 6, s e cti o n 1. 7 ).

( 5 ) A s t h e l e n gt h c o nt r a cti o n c a n b e d e ri v e d f r o m ti m e dil ati o n,

s p a c e a n d ti m e f o r m a c o m bi n e d s y st e m, s p a c eti m e. I n o r d e r
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c · d t

Fi g ur e 2. 2: A l a m p ( bl a c k) e mitt e d a li g ht fl as h ( d ott e d). D uri n g
a ti m e dt , t h e fl as h r e a c h e d t h e r a di us c · dt . Its s q u ar e is e q u al
t o d x 2 + d y 2 + d z 2 = c 2 · dt 2 .

t o d e s c ri b e t h at s y st e m i n a c o h e r e nt m a n n e r, Ei n st ei n ( 1 9 0 5 )

u s e d t h e c o n c e pt of a li g ht fl a s h, s e e Fi g. ( 2. 2 ). If a l a m p e mit s

a li g ht fl a s h, t h e n it s r a di u s r e a c h e s t h e r a di u s c · dt d u ri n g a

ti m e dt . T h u s, t h e p o siti o n s of t h e fl a s h a s a f u n cti o n of t h e

ti m e dt a r e d e s c ri b e d b y t h e f oll o wi n g r el ati o n:

d s 2 = − c 2 · dt 2 + d x 2 + d y 2 + d z 2 = 0 ( 2. 1 6)

T h e r e b y, d s i s c all e d li n e el e m e nt, s e e e. g. ( H o b s o n et al.,

2 0 0 6, s e cti o n 1. 9 ). T h at e q u ati o n h ol d s f o r e a c h s y st e m o r

f r a m e t h at m o v e s at a c o n st a nt v el o cit y v r el ati v e t o t h e l a m p.

If t h e l a m p m o v e s at a c o n st a nt v el o cit y v r el ati v e t o a r e st

f r a m e i n t h e di r e cti o n of t h e x- a xi s, t h e n t h e li n e el e m e nt i n t h e

r e st f r a m e i n cl u d e s t h e ti m e dil ati o n a n d l e n gt h c o nt r a cti o n a s

a f u n cti o n of t h e L o r e nt z f a ct o r γ (v ) f oll o w s:

d s 2 = − c 2 · dt 2 / γ 2 + d x 2 · γ 2 + d y 2 + d z 2 = 0 ( 2. 1 7)

T hi s li n e el e m e nt d e s c ri b e s a m et ri c, c all e d Mi n k o w s ki m et ri c.

C o r oll a r y 2 P r o p e r ti e s of s p e ci al r el a ti vi t y

( 1 a ) T h e i n v a ri a n c e of t h e v el o cit y of li g ht h a s b e e n o b s e r v e d.

F o r i n st a n c e, li g ht e mitt e d b y bi n a r y st a r s at di ff e r e nt v el o citi e s

h a s b e e n o b s e r v e d, s e e e. g. d e Sitt e r ( 1 9 1 3 ), C a r m e si n ( 2 0 0 6 ),

C a r m e si n ( 2 0 2 2 d ).



2. 3. S P E CI A L R E L A TI VI T Y, S R 1 1

Fi g ur e 2. 3: A n o bs er v er i n a n e xt er n al fr a m e c a n m e as ur e t h e
l e n gt h L o w n of t h e st o n e wit h a y ar dsti c k. F or it, t h e o bs er v er
m o v es t h e y ar dsti c k t o t h e st o n e a n d i nt o t h e fr a m e of t h e st o n e.
T h e n t h e l e n gt h L o w n ≈ 1 7 7 m m c a n b e m e as ur e d.

( 1 b ) T h e i n v a ri a n c e of t h e v el o cit y of li g ht c a n b e o bt ai n e d

wit h h el p of a t h o u g ht e x p e ri m e nt, a d diti o n all y, s e e ( C a r m e si n,

2 0 2 2 d, s e cti o n 7. 8 ).

( 2 ) Ti m e dil ati o n h a s b e e n o b s e r v e d. F o r i n st a n c e, at o mi c cl o c k s

at s at ellit e s h a v e b e e n c o m p a r e d wit h at o mi c cl o c k s at E a rt h

A s h b y ( 2 0 0 2 ).

( 3 ) R el ati vi sti c e n e r g y h a s b e e n o b s e r v e d. A c c o r di n g t o ( Ei n-

st ei n, 1 9 0 7, titl e ), r el ati vi sti c e n e r g y r e p r e s e nt s i n e rti a. T h at

i n e rti a h a s b e e n o b s e r v e d, s e e e. g. K a uf m a n n ( 1 9 0 1, 1 9 0 6 );

B u c h e r e r ( 1 9 0 8 ).

( 4 ) T h e e q ui v al e n c e of m a s s a n d e n e r g y h a s b e e n o b s e r v e d. F o r

i n st a n c e, t h e p o sit r o n h a s b e e n o b s e r v e d, A n d e r s o n ( 1 9 3 3 ), a n d

t h e a n ni hil ati o n of t h e p o sit r o n a n d t h e el e ct r o n h a s b e e n o b-

s e r v e d, s e e e. g. Z yl a et al. ( 2 0 2 0 ); W o r k m a n et al. ( 2 0 2 2 ).

( 5 a ) If a l e n gt h p a r all el t o t h e v el o cit y v of a m o vi n g o bj e ct i s

m e a s u r e d wit h t h e li g ht-t r a v el di st a n c e d L T , t h e n t h e ti m e dil a-

ti o n i s i n v ol v e d, a n d t h e n t h e l e n gt h c o nt r a cti o n c a n b e o b s e r v e d,

s e e c o r oll a r y ( 1 ) a n d ( Ei n st ei n, 1 9 0 5, § 2 ).

( 5 b ) A c c o r di n gl y, t h r e e- di m e n si o n al s p a c e a n d o n e- di m e n si o n al

ti m e a r e c o m bi n e d t o a f o u r- di m e n si o n al s p a c eti m e Ei n st ei n

( 1 9 0 5 ); L a n d a u a n d Lif s c hit z ( 1 9 7 1 ).



1 2 C H A P T E R 2. B A SI C P RI N CI P L E S

( 5 c ) I n p a rti c ul a r, t h e r e i s n o l e n gt h c o nt r a cti o n o rt h o g o n al t o

t h e v el o cit y v .

( 5 d ) Ei n st ei n ( 1 9 1 1 b ) e x pl ai n e d t h e p o s si bl e r e alit y of t h e l e n gt h

of a n o bj e ct wit h t w o e x a m pl e s: If a n o bj e ct h a s it s o w n l e n gt h

L o w n , a n d if a n e xt e r n al o b s e r v e r m o v e s hi s y a r d sti c k i nt o t h e

o bj e ct s f r a m e, t h e n t h e o b s e r v e r m e a s u r e s t h e o w n l e n gt h L o w n

of t h e o bj e ct, wit h o ut l e n gt h c o nt r a cti o n. T h e r e a s o n i s t h at t h e

m e a s u r e m e nt t a k e s pl a c e i n t h e o w n f r a m e of t h e o bj e ct. T hi s

i s ill u st r at e d i n Fi g. ( 2. 1 ).

H o w e v e r, a n e xt e r n al o b s e r v e r n ot m o vi n g wit h t h e o bj e ct of a n

o w n l e n gt h L o w n c a n i n p ri n ci pl e m e a s u r e t h e l e n gt h c o nt r a c-

ti o n. H e r e, w e el a b o r at e d s u c h a m e a s u r e m e nt, s e e Fi g. ( 2. 1 )

o r c o r oll a r y ( 1 ).

( 6 ) F o r i n st a n c e, L a u e ( 1 9 1 2 ) a s w ell a s D e b s a n d R e d h e a d

( 1 9 9 6 ) p r o p o s e s ol uti o n s of t h e t wi n p a r a d o x. H e r e w e di s c u s s a

v e r si o n of t h at p a r a d o x, w h e r e b y t h e ti m e dil ati o n c a n b e m e a-

s u r e d wit h h el p of a u s u al s at ellit e a n d s p a c e c r aft, s e e e. g.

A s h b y ( 2 0 0 2 ):

O n e t wi n t r a v el s i n a s at ellit e at a c o n st a nt v el o cit y v at a ci r-

c ul a r E a rt h o r bit wit h a r a di u s R , w h e r e b y t h e o r bit p a s s e s a

p oi nt a b o v e t h e n o rt h p ol e. T h e ot h e r t wi n i s at a s p a c e c r aft

at t h e s a m e r a di u s R a n d c o n st a ntl y a b o v e t h e n o rt h p ol e ( Fi g.

2. 4 ).

G e o m et ri c all y, e a c h t wi n c a n s a y t h at h e i s at r e st a n d t h at

t h e ot h e r m o v e s o n a ci r c ul a r o r bit - t h at i s t h e e s s e n c e of t h e

p a r a d o x. H o w e v e r, p h y si c all y, t h e o r bit s a r e n ot e q ui v al e nt:

B ot h t wi n s a r e i n t h e s a m e g r a vit ati o n al fi el d. A n a c c el e r ati o n-

s e n s o r of t h e t wi n i n t h e s at ellit e s h o w s t h e r e s ult z e r o, a s a

c o n s e q u e n c e of hi s ci r c ul a r m oti o n at t h e v el o cit y v . T h u s, d u r-

i n g o n e o r bit, hi s a g e i n c r e a s e s b y t h e o w n p e ri o di c ti m e T o w n .

I n c o nt r a st, a n a c c el e r ati o n- s e n s o r of t h e t wi n at t h e s p a c e c r aft
s h o w s 9 .8 1 m / s 2 , a s h e d o e s n ot m o v e at a ci r c ul a r o r bit. S o,
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hi s a g e i n c r e a s e s b y t h e e xt e r n al ti m e T e xt = T o w n√
1 − v 2 / c 2

.

N ot e t h at a p a r a d o x i s a n a p p a r e nt c o g niti v e c o n fli ct, t h e s ol u-
ti o n of w hi c h p r o vi d e s a d e e p e r i n si g ht.

( 7 a ) M o st p h y si c al s y st e m s c o n si st of p a rt s t h at m o v e r el ati v e

t o e a c h ot h e r, si mil a rl y a s t h e e xt e r n al o b s e r v e r a n d t h e m o v-

i n g o bj e ct di s c u s s e d i n S R. S u c h c o m p o s e d p h y si c al s y st e m s a r e

d e s c ri b e d b y S R. F o r i n st a n c e, a n at o mi c cl o c k i s a c o m p o s e d

s y st e m, a s a n at o m c o n si st s of t h e n u cl e u s a n d at l e a st o n e

el e ct r o n. A c c o r di n gl y, S R h ol d s f o r c o m p o s e d s y st e m s i n a u ni-

v e r s al m a n n e r .

( 7 b ) If t h e p a rt s of a c o m p o s e d s y st e m m o v e at v el o citi e s s m all e r

t h a n c , t h e n t h e a d diti o n of v el o citi e s i n S R c a n b e a p pli e d, s e e

e. g. Ei n st ei n ( 1 9 0 5 ); L a n d a u a n d Lif s c hit z ( 1 9 7 1 ); C a r m e si n

( 1 9 9 6 ); M o o r e ( 2 0 1 3 ).

( 8 ) Ei n st ei n a r g u e d ( ( Ei n st ei n, 1 9 0 7, p. 3 8 1 ) ), t h at a p r o p a-

g ati o n of a si g n al f a st e r t h a n li g ht i s n ot c o m p ati bl e wit h s p e-

ci al r el ati vit y. W e u s e t hi s r e s ult f o r t h e c a s e of n at u r al t h r e e-

di m e n si o n al v ol u m e. M o r e g e n e r al p h y si c al s y st e m s h a v e b e e n

d e ri v e d wit h h el p of p h a s e t r a n siti o n s, s e e e. g. C a r m e si n

( 2 0 2 1 b, 2 0 1 9 b, 2 0 1 7, 2 0 1 8 b ).

2. 4 R a di al s t r u c t u r e of g r a vi t y n e a r a m a s s

I n t his s e cti o n, w e i ntr o d u c e t h e first b asi c pri n ci pl e of gr a vit y.

F or it, w e i ntr o d u c e t h e pri n ci pl e of gr a vit y i n t h e s urr o u n d-

i n gs of a m ass M . O n t h at b asis, w e will d eri v e m or e g e n er al

sit u ati o ns i n cl u di n g gr a vit y l at er.

2. 4. 1 R a di al s t r u c t u r e n e a r a m a s s M

I n t h e vi ci nit y of a m ass M , a c c or di n g t o s y m m etr y, t h e f oll o w-

i n g h ol ds: If a h a n d l e a d is i n a fr a m e t h at d o es n ot r ot at e a n d
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E art h

v

R

Fi g ur e 2. 4: T wi n p ar a d o x:  O n e t wi n tr a v els i n t h e s at ellit e at a
v el o cit y v , t h e ot h er t wi n  w aits i n t h e s p a c e cr aft at a c o nst a nt
p ositi o n a b o v e t h e n ort h p ol e.

t h at is at a c o nst a nt dist a n c e t o M , t h e n t h e h a n d l e a d p oi nts
t o w ar ds M , s e e  Fi g. ( 2. 5).

Usi n g t w o s u c h h a n d l e a ds, a gr a vit ati o n al p ar all a x dist a n c e
d G P c a n b e  m e as ur e d as s h o w n i n  Fi g. ( 2. 8).

2. 5  L a w of e n e r g y c o n s e r v a ti o n

If a s yst e m is st ati o n ar y, t h e n t h e s yst e m is s y m m etri c  wit h
r es p e ct t o tr a nsl ati o n i n ti m e, a n d t h e n t h e e n er g y of t h e s ys t e m
is c o ns er v e d, s e e  N o et h er ( 1 9 1 8). I n p arts I, II a n d III of t h e
pr es e nt b o o k, a n d i n  m ost c as es i n p art I V of t his b o o k,  w e
a n al y z e st ati o n ar y s yst e ms o nl y.  T h us t h e b asi c pri n ci pl e o f
e n er g y c o ns er v ati o n h ol ds.

A c c or di n g t o t h e e n er g y ti m e u n c ert ai nt y r el ati o n, s e e e.
g.  H eis e n b er g ( 1 9 2 7);  K u m ar ( 2 0 1 8);  B all e nti n e ( 1 9 9 8); S c h e c k
( 2 0 1 3), a n d c orr es p o n di n g t o p ossi bl e z er o- p oi nt e n er gi es, t h e
b asi c l a w of e n er g y c o ns er v ati o n is sli g htl y  m o di fi e d.

I n t his s e ns e,  w e s u m m ari z e t h e l a w of e n er g y c o ns er v ati o n,
s e e e. g.  M a y er ( 1 8 4 2),  L a n d a u a n d  Lifs c hit z ( 1 9 7 3),  Tr y o n
( 1 9 7 3),  C ar m esi n ( 2 0 1 8 b, 2 0 1 9 b, 2 0 2 0 b):
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o bs er v er wit h t w o
h a n d l e a ds
D 1 a n d D 2 D 1 A

S

p g r a v

D 2

m ass M

p g r a vp g r a v

Fi g ur e 2. 5: In t h e is otr o pi c s urr o u n di n gs of a m ass M , t h e r a di al
str u ct ur e of gr a vit y c a n b e m e as ur e d b y usi n g t w o h a n d l e a ds.
T h es e c a n b e arr a n g e d s o t h at e q u al a n gl es of gr a vit ati o n al
p ar all a x p g r a v ar e m e as ur e d.

C o r oll a r y 3 L a w of e n e r g y c o n s e r v a ti o n

If a p r o c e s s of e n e r g y t r a n sf o r m ati o n o r e n e r g y t r a n s p o rt t a k e s

pl a c e i n a cl o s e d s u b s y st e m, a n d if t h at p r o c e s s i s c o m pl et el y

d e s c ri b e d wit hi n a d e si r e d f r a m e 1 , t h e n t h e f oll o wi n g h ol d s:

( 1 ) T h e a m o u nt of e n e r g y a v ail a bl e f o r t r a n s p o rt o r t r a n sf o r-

m ati o n of e n e r g y wit hi n t h e c h o s e n f r a m e d o e s n ot c h a n g e.

( 2 ) H e r e b y, a z e r o- p oi nt e n e r g y i s n ot a v ail a bl e f o r t r a n s p o rt o r

t r a n sf o r m ati o n of e n e r g y, a s t h e c o r r e s p o n di n g o s cill ati o n, t h e

z e r o- p oi nt o s cill ati o n, i s al r e a d y at it s l o w e st e n e r g y st at e 2 .

1 T h e f r a m e i s n ot c h a n g e d d u ri n g t h e a n al y si s of t h e p r o c e s s, of c o u r s e.
2 If t h e si z e of a s y st e m c h a n g e s, t h e n t h e n u m b er of Z P O s of t h at s y st e m c a n c h a n g e,

s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n 1 9. 3), ( S a k u r ai a n d N a p olit a n o, 1 9 9 4, p. 4 7 6- 4 8 0).
T h e Z P E of a Z P O i s n ot a v ail a bl e, s e e e. g. M e h r a a n d R e c h e n b er g ( 1 9 9 9), F or n a si ni
a n d G ri s e nti ( 2 0 1 5), L a m b a n d R et h erf or d ( 1 9 4 7), ( L a n d a u a n d Lif s c hit z, 1 9 6 5, § 3),
( K u m ar, 2 0 1 8, p. 6 5), ( B all e nti n e, 1 9 9 8, s e cti o n 1 9. 3), ( S a k u r ai a n d N a p olit a n o, 1 9 9 4, p.
4 7 6- 4 8 0), ( S c h e c k, 2 0 1 3, p. 2 5).
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( 3 ) T h e l a w of e n e r g y c o n s e r v ati o n m a y e x hi bit a st a n d a r d d e-

vi ati o n a c c o r di n g t o t h e e n e r g y ti m e u n c e rt ai nt y r el ati o n, s e e e.

g. H ei s e n b e r g ( 1 9 2 7 ); K u m a r ( 2 0 1 8 ); B all e nti n e ( 1 9 9 8 ); S c h e c k

( 2 0 1 3 ).

2. 6 M e a s u r e s of o b s e r v a bl e di s t a n c e

If a p h ysi c al q u a ntit y c a n b e m e as ur e d, t h e n it is p art of p h y s-

i c al r e ali t y, s e e d e fi niti o n ( 1 5). A dist a n c e m e as ur e is a n es-

s e nti al b asis f or a m etri c s p a c e, s e e e. g. ( Hil b ert, 1 9 0 3, § 5),

( L e e, 1 9 9 7, p. 9 1). F or i nst a n c e, w e tr a v el a n d c o m m u ni c at e i n

t h e s p a c e d es cri b e d b y t h e li g ht-tr a v el dist a n c e d L T .

I n t his s e cti o n, w e pr o vi d e t h at b asis b y i ntr o d u ci n g pr o c e-

d ur es f or t h e m e as ur e m e nt of a dist a n c e b et w e e n a n o bs er v er
a n d a n o bj e ct, s e e e. g. Fi g. ( 2. 6). E a c h s u c h pr o c e d ur e of

m e as ur e m e nt pr o vi d es a m e a s u r e of o b s e r v a bl e di s t a n c e .

2. 6. 1 I n si g h t s f r o m m e a s u r e s of o b s e r v a bl e di s t a n c e

I n g e n er al, t h er e ar e v ari o us m et h o ds f or t h e m e as ur e m e nt of a

p h ysi c al q u a ntit y. F or i nst a n c e, if y o u w a nt t o m e as ur e a m ass

at E art h, t h e n y o u c a n us e a b e a m b al a n c e or a s pri n g b al a n c e.

H o w e v er, y o u m a y o bt ai n wr o n g v al u es at t h e M o o n, as t h e

b e a m b al a n c e r e all y m e as ur es m ass, w h er e as t h e s pri n g b al a n c e

b asi c all y m e as ur es f or c e. T h e di ff er e n c e of b ot h m e as ur es c a n

pr o vi d e i nsi g hts a b o ut t h e r el ati o n of m ass a n d f or c e.

Si mil arl y, t h e di ff er e n c e of t w o m e as ur es of o bs er v a bl e dis-

t a n c e c a n pr o vi d e i nsi g hts a b o ut t h e d y n a mi cs of v ol u m e.

2. 6. 2 Li g h t- t r a v el di s t a n c e

I n t his s e cti o n, w e d es cri b e h o w a n o bs er v er c a n a p pl y a n o p-

ti c al s o ur c e, i n or d er t o m e as ur e t h e li g h t- t r a v el di s t a n c e,

d L T (A, B ) b et w e e n t w o l o c ati o ns A a n d B, s e e Fi g. ( 2. 6).
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o bs er v er at A
w it h

o pti c al
s o ur c e

d L T (A, B )

si g n al

o bj e ct at B

Fi g ur e 2. 6: M e as ur e m e nt of t h e ti m e of fli g ht to f a n d of t h e c orr e-
s p o n di n g li g ht-tr a v el dist a n c e d L T b et w e e n a n o bs er v er a n d a n
o bj e ct, C o n d o n a n d M at h e ws ( 2 0 1 8).

D e fi ni ti o n 2 Li g h t- t r a v el di s t a n c e

T h e li g ht-t r a v el di st a n c e b et w e e n l o c ati o n s A a n d B i s d e fi n e d

b y t h e f oll o wi n g p r o c e d u r e:

( 1 ) T h e o b s e r v e r at A e mit s a si g n al of hi s o pti c al s o u r c e t o-

w a r d s t h e o bj e ct, w h e r e b y t h e o b s e r v e r st a rt s a cl o c k.

( 2 ) T h e o bj e ct at B r e fl e ct s t h e si g n al.

( 3 ) T h e o b s e r v e r d et e ct s t h e r e fl e ct e d si g n al, w h e r e b y t h e o b-

s e r v e r st o p s t h e cl o c k.

( 4 ) T h e ti m e i nt e r v al b et w e e n e mi s si o n a n d d et e cti o n of t h e

si g n al i s c all e d ti m e of fli g h t , to f .

( 5 ) T h e li g h t- t r a v el di s t a n c e i s a s f oll o w s:

d L T (A, B ) =
to f · c

2
(2. 1 8)

wit h ti m e of fli g ht to f a n d v el o cit y of li g ht c ( 2. 1 9)

2. 6. 3 O p ti c al p a r all a x di s t a n c e

E v e n v er y l ar g e dist a n c es m ust b e m e as ur e d b y l o c al d e vi c es.

F or it, t h e c o n c e pt of t h e p ar all a x is a p pr o pri at e. I n t his s e c-
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ti o n, w e d es cri b e h o w a n o bs er v er c a n a p pl y t w o l o c al o pti c al

d et e ct ors, i n or d er t o m e as ur e e v e n a l ar g e dist a n c e. T h e c or-

r es p o n di n g dist a n c e is c all e d o p ti c al p a r all a x di s t a n c e , d O P ,

s e e Fi g. ( 2. 7).

o bs er v er wit h t w o
o pti c al d et e ct ors D 1 a n d D 2

D 1 A

S

p o pt

D 2

b
2

b
2

o bj e ct wit h o pti c al s o ur c e
a t p oi nt S

p o ptp o pt

r a y t o D 2ra y t o D 1

d O P

Fi g ur e 2. 7: M e as ur e m e nt of t h e o pti c al a n gl e of p ar all a x p o pt a n d
of t h e c orr es p o n di n g o pti c al p ar all a x dist a n c e d O P b et w e e n a n
o bs er v er a n d a n o bj e ct. H er e b y, D 1 , D2 a n d S f or m a n is os c el es
tri a n gl e D 1 D 2 S, wit h t h e b as eli n e D 1 D 2 , h a vi n g t h e c e nt er A.

D e fi ni ti o n 3 O p ti c al p a r all a x di s t a n c e

T h e o pti c al p a r all a x di st a n c e b et w e e n a n o b s e r v e r a n d a n o bj e ct

i s d e fi n e d b y t h e f oll o wi n g p r o c e d u r e, f o r a n ill u st r ati o n s e e Fi g.

( 2. 7 ):

( 1 ) T h e o bj e ct e mit s o pti c al r a y s.

( 2 ) T h e o b s e r v e r d et e ct s a r a y p r o p a g ati n g f r o m t h e o bj e ct t o

hi s fi r st d et e ct o r D 1 a n d a r a y p r o p a g ati n g f r o m t h e o bj e ct t o

hi s s e c o n d d et e ct o r D 2 . H e r e b y, t h e di st a n c e b et w e e n t h e s e d e-

t e ct o r s i s n a m e d b . M o r e o v e r, t h e d et e ct o r s a r e pl a c e d s o t h at
t h e s e d et e ct o r s D 1 a n d D 2 a n d t h e o bj e ct a r e t h e c o r n e r s of a n
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i s o s c el e s t ri a n gl e. F o r it, t h e d et e ct o r s a r e pl a c e d s o t h at t h e

o b s e r v e r m e a s u r e s t h e s a m e o p ti c al a n gl e of p a r all a x p o pt at

b ot h d et e ct o r s.

( 3 ) T h e o b s e r v e r c al c ul at e s t h e o p ti c al p a r all a x di s t a n c e

d p a r, o pt a c c o r di n g t o t h e f oll o wi n g e q u ati o n s:

tri a n gl e S D 2 A, is r e ct a n g ul ar wit h t a n(p o pt ) =
b / 2

d O P
( 2. 2 0)

t h us, dO P =
b / 2

t a n(p o pt )
( 2. 2 1)

wit h o pti c al p ar all a x p o pt ( 2. 2 2)

I n c o s m ol o g y, t h e o pti c al p a r all a x di st a n c e i s g e n e r ali z e d t o t h e

a n g ul a r di a m et e r di st a n c e, C o n d o n a n d M at h e w s ( 2 0 1 8 ).

o bs er v er wit h t w o
h a n d l e a ds at

D 1 a n d D 2

at ω = 0 a n d
c o nst a nt p g r a v

D 1 A

S

p g r a v

D 2

b
2

b
2

m ass M

p g r a vp g r a v d G P

Fi g ur e 2. 8: M e as ur e m e nt of t h e a n gl e of gr a vit ati o n al p ar all a x
p g r a v a n d of t h e c orr es p o n di n g gr a vit ati o n al p ar all a x dist a n c e
d G P b et w e e n a n o bs er v er a n d a n o bj e ct. H er e b y, D 1 , D2 a n d
S f or m a n is os c el es tri a n gl e D 1 D 2 S, wit h t h e b as eli n e D 1 D 2 ,
h a vi n g t h e c e nt er A.
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2. 6. 4 G r a vi t a ti o n al p a r all a x di s t a n c e

I n t his s e cti o n, w e d es cri b e h o w a n o bs er v er c a n a p pl y t w o h a n d

l e a ds, i n or d er t o m e as ur e t h e dist a n c e of a n o bj e ct. T h e c orr e-

s p o n di n g dist a n c e is c all e d g r a vi t a ti o n al p a r all a x di s t a n c e ,

d G P , s e e Fi g. ( 2. 8).

D e fi ni ti o n 4 G r a vi t a ti o n al p a r all a x di s t a n c e

T h e g r a vit ati o n al p a r all a x di st a n c e b et w e e n a n o b s e r v e r a n d a n

o bj e ct i s d e fi n e d b y t h e f oll o wi n g p r o c e d u r e, f o r a n ill u st r ati o n

s e e Fi g. ( 2. 8 ):

( 1 ) T h e o b s e r v e r pl a c e s t w o h a n d l e a d s D 1 a n d D 2 at a di st a n c e

b . H e r e b y, t h e h a n d l e a d s a r e pl a c e d s o t h at D 1 a n d D 2 a n d t h e

o bj e ct a r e t h e c o r n e r s of a n i s o s c el e s t ri a n gl e. F o r it, t h e h a n d

l e a d s a r e pl a c e d s o t h at t h e o b s e r v e r m e a s u r e s t h e s a m e a n gl e

of g r a vi t a ti o n al p a r all a x p g r a v at b ot h d et e ct o r s. T h e c e nt e r

of t h e b a s eli n e D 1 D 2 i s n a m e d A. H e r e b y, t h e o b s e r v e r h a s z e r o

r ot ati o n al v el o cit y, ω = 0 , a n d a c o n st a nt g r a vit ati o n al a n gl e of

p a r all a x.

( 2 a ) T h e r e b y, t h e o b s e r v e r pl a c e s hi s l a b o r at o r y i n s u c h a m a n-

n e r t h at t w o c o n diti o n s a r e o b e y e d.

( 2 b ) T h e g r a vit ati o n al p a r all a x di st a n c e d G P d o e s n ot c h a n g e a s

a f u n cti o n of ti m e. F o r it, t h e o b s e r v e r c a n u s e a cl o s e d l o o p

c o nt r ol.

( 2 c ) T h e a n g ul a r v el o cit y i s z e r o. F o r it, t h e o b s e r v e r c a n u s e

a g y r o s c o p e a n d a cl o s e d l o o p c o nt r ol.

d G P = c o n st a nt a n d ( ω 1 , ω2 , ω3 ) = ( 0, 0 , 0) ( 2. 2 3)

( 2 d ) T h u s, t h e o b s e r v e r h a s c o n st a nt p ol a r c o o r di n at e s R = d G P

a n d θ a n d φ r el ati v e t o t h e m a s s M .

( 2 e ) T h e n c e, t h e o b s e r v e r h a s a fi x e d p o siti o n r el ati v e t o t h e

m a s s M .
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( 3 )  T h e o b s e r v e r c al c ul at e s t h e g r a vi t a ti o n al  p a r all a x  di s-
t a n c e d G P a c c o r di n g t o t h e f oll o wi n g e q u ati o n s:

tri a n gl e S D 2 A, is r e ct a n g ul ar ( 2. 2 4)

wit h t a n( p g r a v ) =
b / 2

d G P
( 2. 2 5)

t h us, dG P =
b / 2

t a n(p g r a v )
( 2. 2 6)

wit h gr a vit ati o n al p ar all a x p g r a v ( 2. 2 7)

( 4 )  A f r a m e  wit h t h e p r o p e rti e s i n ( 1 ) a n d ( 2 a- e ) i s n a m e d d G P

f r a m e.

M R

Fi g ur e 2. 9: If a s p a c e cr aft is i n a cir c ul ar or bit ar o u n d a  m ass
M a n d i n t h e is otr o pi c vi ci nit y of M , a n d if t h e s p a c e cr aft
m e as ur es t h e cir c u mf er e n c e U of t h e or bit, t h e cir c u mf er e nti al
r a di al c o or di n at e is R ci r c u m f e r e nti al = U

2 π .

2. 6. 4. 1  Ci r c u mf e r e n ti al r a di al c o o r di n a t e

A cir c u mf er e n c e C of a cir cl e  wit h t h e  m ass M at its c e nt er
a n d t h e c orr es p o n di n g ci r c u mf e r e nti al r a di al c o o r di n at e ( M o or e,
2 0 1 3,  E q. 9. 5)

R =
C

2 π
= R ci r c u m f e r e nti al ( 2. 2 8)



2 2 C H A P T E R 2. B A SI C P RI N CI P L E S

c a n b e m e as ur e d as f oll o ws. A s p a c e cr aft c a n tr a v el i n a n or bit

ar o u n d M , w h er e b y t h e dist a n c e t o t h e m ass M is c o nst a nt i n

t h e is otr o pi c vi ci nit y of M . T h e cir c u mf er e n c e C of t h e or bit c a n

b e m e as ur e d as f oll o ws. A l ar g e n u m b er N of s u c h s p a c e cr afts

tr a v el at t h e s a m e or bit at t h e s a m e s p e e d a n d i n a n e q ui dist a nt

m a n n er. T w o n ei g h b ori n g s p a c e cr afts m e as ur e t h e dist a n c e d

fr o m e a c h ot h er. T h at dist a n c e is n ot i n fl u e n c e d b y gr a vit y, as

t h e str ai g ht li n e b et w e e n t h e t w o s p a c e cr afts is h ori z o nt al. T h e

cir c u mf er e n c e is t h e pr o d u ct of N a n d d :

C = N · d ( 2. 2 9)

T h e cir c u mf er e nti al r a di al c o or di n at e is a p art of p h ysi c al r e-

alit y, as it c a n b e m e as ur e d, Ei nst ei n et al. ( 1 9 3 5). M or e o v er,

t h at c o or di n at e is a dist a n c e b et w e e n M a n d t h e s p a c e cr aft.

I n g e n er al, t h e cir c u mf er e nti al dist a n c e R is di ff er e nt fr o m t h e

li g ht-tr a v el dist a n c e d L T b et w e e n M a n d t h e s p a c e cr aft. T h e

cir c u mf er e nti al r a di al c o or di n at e R a n d t h e gr a vit ati o n al p ar al-

l a x dist a n c e b et w e e n t h e s p a c e cr aft a n d t h e m ass M ar e e q u al,

as b ot h m e as ur e t h e dist a n c e i n t h e li mit M t o z er o:

d G P, M t o o b s er v er = R ci r c u m f e r e nti al = li m
M → 0

d L T, M t o o b s e r v er ( 2. 3 0)

2. 6. 4. 2 M e a s u r a bl e m a p of n o n- c u r v e d s p a c e

I n t his s e cti o n, w e s h o w h o w t h e gr a vit ati o n al p ar all a x dist a n c e

d G P pr o vi d es a m e as ur a bl e m a p of n o n- c ur v e d or fl at s p a c e.

( 1) We s h o w t h e f oll o wi n g: F or e a c h o bj e ct i n t h e vi ci nit y of

M , t h e gr a vit ati o n al p ar all a x dist a n c es d G P t o M ar e e q u al t o

t h e dist a n c e of t h e n o n- c ur v e d or fl at s p a c e.

T h e d G P - dist a n c e is m e as ur e d b y t h e tri a n gl e i n Fi g. ( 2. 8).

T h at tri a n gl e h as t h e s u m of i nt eri or a n gl es e q u al t o π . It is

s h o w n n e xt:

T h e a n gl e ∠ D 1 A S is e q u al t o π / 2, as t h e o bs er v er pr o vi d es a n

is os c el es tri a n gl e.
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∠ S D 1 A is s m all er t h a n π / 2 b y a di ff er e n c e p g r a v . S o, ∠ S D 1 A

is e q u al t o π / 2 − p g r a v .

As gr a vit y h as r a di al s y m m etr y (s e cti o n 2. 4), t w o si d es of t h e

tri a n gl e i nt ers e ct at M or S . S o, ∠ A S D 1 is e q u al t o p g r a v .

T h us, t h e s u m of t h e a b o v e t hr e e i nt eri or a n gl es is π .

As t h e us e d tri a n gl e i n Fi g. ( 2. 8) h as t h e s u m of i nt eri or a n gl es

e q u al t o π , it is i n a c c or d a n c e wit h n o n- c ur v e d s p a c e, s e e e. g.

( L e e, 1 9 9 7, A n gl e- S u m T h e or e m, p. 1 6 6).

As t h e us e d tri a n gl e i n Fi g. ( 2. 8) is i n a c c or d a n c e wit h n o n-

c ur v e d s p a c e, it pr o vi d es t h e dist a n c e of t h e n o n- c ur v e d s p a c e.

( 2) We s h o w t h at f or e a c h o bj e ct, t h e p ol ar c o or di n at es of t h e

n o n- c ur v e d s p a c e ar e pr o vi d e d.

T h e r a di al c o or di n at e is pr o vi d e d a c c or di n g t o it e m ( 1).

T h e a n g ul ar c o or di n at es c a n b e m e as ur e d si mil arl y as t h e a n gl es

of p ar all a x i n Fi g. ( 2. 8).

( 3) As t h e p ol ar c o or di n at es of t h e n o n- c ur v e d s p a c e ar e pr o-

vi d e d f or e a c h o bj e ct, a m e as ur a bl e m a p of n o n- c ur v e d or fl at

s p a c e is pr o vi d e d. F or a n ill ustr ati o n s e e Fi g. ( 2. 1 0).

We s u m m ari z e o ur fi n di n g, s e e ill ustr ati o ns i n Fi gs. ( 2. 1 1, 2. 1 0).

T h e o r e m 1 d G P p r o vi d e s fl a t m e a s u r e d s p a c e

( 1 ) T h e p r o c e d u r e of m e a s u r e m e nt of t h e g r a vit ati o n al p a r all a x

di st a n c e d G P i n D E F ( 4 ) p r o vi d e s a di sti n cti o n b et w e e n g r a vit y

a n d a c c el e r ati o n.

( 2 ) I n t h e s u r r o u n di n g s of a m a s s M , t h e g r a vit ati o n al p a r all a x

di st a n c e d G P c a n b e m e a s u r e d wit h o ut a m bi g uit y.

( 3 ) B a s e d o n t h at m e a s u r e d di st a n c e d G P , t h e c o r r e s p o n di n g

m e a s u r e d s p a c e i s n ot c u r v e d, b ut fl at. A c c o r di n gl y, a g r a vit a-

ti o n al p a r all a x di st a n c e d G P i s e q u al t o t h e c o r r e s p o n di n g li g ht-

t r a v el di st a n c e d L T, M → 0 i n t h e li mit M t o z e r o. H e r e b y a n d i n

g e n e r al, t w o di st a n c e s b et w e e n t w o e v e nt s A a n d B t h at t a k e
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d L T, M → 0 b as e d s p a c e

d L T b as e d s p a c e

M

Fi g ur e 2. 1 0: T w o m a ps: I n t his ill ustr ati o n, t hr e e- di m e nsi o n al
s p a c e is r e pr es e nt e d b y a t w o- di m e nsi o n al m a nif ol d, si mil arl y
as i n ( St e p h a ni, 1 9 8 0, Fi g. 1 0. 1) or ( H o bs o n et al., 2 0 0 6, Fi g.
1 1. 7 or Fi g. 1 1. 1 0 u p p er p a n el or Fi g. 1 3. 1), w h er e b y a m ass M
is at t h e ori gi n. T h e li g ht-tr a v el dist a n c e d L T is a m e as ur a bl e
p h ysi c al dist a n c e. Wit h it, t h e d L T b as e d m a p is f or m e d. T h at
m a p is c ur v e d, s e e e. g. ( St e p h a ni, 1 9 8 0, Fi g. 1 0. 1). T h e
gr a vit ati o n al p ar all a x dist a n c e d G P = d L T, M → 0 is a m e as ur a bl e
p h ysi c al dist a n c e. Wit h it, t h e d G P b as e d m a p is f or m e d. T h at
m a p is n ot c ur v e d. As m ost m e as ur e m e nts ar e b as e d o n li g ht,
t h e d L T b as e d m a p is t h e m ostl y us e d m a p. M or e o v er, t h e d G P
b as e d m a p c a n b e r e g ar d e d as t h e li mit of M t o z er o of t h e
d L T b as e d m a p. N ot e: Y o u c a n us e a m a p i nst e a d of a gl o b e
of E art h, wit h o ut t hi n ki n g E art h w o ul d b e fl at. Si mil arl y, w e
tr a v el or us e t el e c o m m u ni c ati o n i n t h e c ur v e d s p a c e d es cri b e d
b y t h e u p p er m a p.

pl a c e at t h e s a m e ti m e a r e n a m e d c o r r e s p o n di n g di st a n c e s.

d G P (A, B ) = li m
M → 0

d L T (A, B ) =: d L T, M → 0 (A, B ) ( 2. 3 1)

( 4 ) T h e m e a s u r e d di st a n c e d G P a n d t h e c o r r e s p o n di n g m e a s u r e d

s p a c e a r e p a rt of p h y si c al r e alit y, a c c o r di n g t o D E F ( 1 5 ).

( 5 ) I n c o nt r a st, i n g e n e r al, t h e s p a c e t h at i s b a s e d o n t h e li g ht-

t r a v el di st a n c e d L T i s c u r v e d. T h at s p a c e i s u s u all y c o n si d e r e d

a s t h e p h y si c al s p a c e, a s di st a n c e s i n s p a c e a r e u s u all y m e a s u r e d

o n t h e b a si s of li g ht.
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o bs er v er

R SR

L
d L T e v e nt h ori z o n

d G P

M

Fi g ur e 2. 1 1: T w o o bs er v ati o ns pr o vi d e p h ysi c al r e alit y: O bs er v a-
ti o n usi n g li g ht pr o vi d es t h e li g ht b as e d s p a c e str u ct ur e e n di n g
at t h e e v e nt h ori z o n, s e e e. g. ( St e p h a ni, 1 9 8 0, Fi g. 1 0. 1).
O bs er v ati o n usi n g gr a vit y pr o vi d es t h e gr a vit y b as e d s p ati al
str u ct ur e.

2. 6. 5 T w o s p a c e s t r u c t u r e s

I n t his s e cti o n, w e s u m m ari z e t h e t w o s p a c e str u ct ur es, f or a n

ill ustr ati o n s e e Fi gs. ( 2. 1 1, 2. 1 0).

C o r oll a r y 4 T w o p h y si c al s p a ti al s t r u c t u r e s

P h y si c al r e alit y p r o vi d e s t w o s p a c e st r u ct u r e s a s f oll o w s:

( 1 ) P h y si c al r e alit y p r o vi d e s a g r a vit y b a s e d s p ati al st r u ct u r e b y

t h e f oll o wi n g p ol a r c o o r di n at e s3 :

(d G P , θ, φ) = gr a vit y b as e d s p a c e str u ct ur e ( 2. 3 2)

( 2 ) P h y si c al r e alit y p r o vi d e s a li g ht b a s e d s p a c e st r u ct u r e b y t h e

f oll o wi n g c o o r di n at e s4 :

(d G P · g R R (R ), θ, φ) = li g ht b as e d s p a c e str u ct ur e , ( 2. 3 3)

wit h a n el o n g ati o n f a ct or g R R (R ), ( 2. 3 4)

w h er e b y g R R (R ) is a f u n cti o n of R ( 2. 3 5)

3 F or p ol ar c o or di n at e s i n t h r e e di m e n si o n al fl at s p a c e, s e e e. g. ( H o b s o n et al., 2 0 0 6,
p. 3 5).

4 T hi s s p a c e st r u ct u r e r e p r e s e nt s t h e s p ati al p art of t h e S c h w ar z s c hil d m et ri c, s e e e. g.
S c h w ar z s c hil d ( 1 9 1 6), ( L a n d a u a n d Lif s c hit z, 1 9 7 1, E q. 9 7. 1 4) ( H o b s o n et al., 2 0 0 6, E q.
9. 1 2).
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( 3 ) T h e g r a vit y b a s e d s p ati al st r u ct u r e r e p r e s e nt s a fl at s p a c e,

w h e r e a s t h e li g ht b a s e d s p a c e st r u ct u r e r e p r e s e nt s a c u r v e d s p a c e,

t h at i s p a rt of a c u r v e d s p a c eti m e.

( 4 ) T h e li g ht b a s e d s p a c e st r u ct u r e i s t h e u s u al s p a c e st r u ct u r e,

a s m o st m e a s u r e m e nt s a r e o bt ai n e d wit h h el p of li g ht, el e ct r o-

m a g n eti c r a di ati o n o r p a rti cl e s. Wit hi n n at u r al s p a c e, all s u c h

o bj e ct s p r o p a g at e t h r o u g h t h e li g ht b a s e d s p a c e st r u ct u r e at a

v el o cit y v ≤ c .

2. 7 O b j e c t s of i n t e r a c ti o n

I n t his s e cti o n, w e s u m m ari z e t h e p h ysi cs of o bj e cts of i nt er a c-

ti o n. S u c h o bj e cts of i nt er a cti o n ar e us e d i n t h e t hr e e f u n d a-

m e nt al i nt er a cti o ns, el e ctr o m a g n eti c i nt er a cti o n, w e a k i nt er a c-
ti o n a n d str o n g i nt er a cti o n, s e e e. g. Z yl a et al. ( 2 0 2 0), Gri ffit hs

( 2 0 0 8). H er e b y, t h e c orr es p o n di n g o bj e cts of i nt er a cti o n ar e t h e

( virt u al) p h ot o ns, t h e Z - a n d W - b os o ns a n d t h e gl u o ns. T h es e

o bj e cts of i nt er a cti o n pr o p a g at e i n s p a c e.

I n t h e c as e of gr a vit y, t h e d G P dist a n c e pr o vi d es a n o n- c ur v e d

m a p. We c a n us e t h at m a p i n or d er t o d e s c ri b e t h e o bj e cts of

i nt er a cti o n of gr a vit y. We will i n v e s ti g a t e t h e pr o p a g ati o n of

t h e o bj e cts of i nt er a cti o n i n p art (II). N e xt, w e s u m m ari z e t h e

pr o p erti es of o bj e cts of i nt er a cti o n d es cri b e d i n a n o n- c ur v e d

s p a c e.

2. 7. 1 P r o p e r ti e s of o b j e c t s of i n t e r a c ti o n

I n t his s e cti o n, w e s u m m ari z e t h e pr o p erti es of o bj e cts of i nt er-

a cti o n d es cri b e d i n a n o n- c ur v e d s p a c e. F or it, w e a n al y z e t h e

pri n ci pl e of t h e tr a nsf er of a f u n d a m e nt al i nt er a cti o n as f oll o ws,

s e e Fi g. ( 2. 1 2):

A f u n d a m e nt al i nt er a cti o n or f or c e is tr a nsf err e d b y o bj e cts of

i nt er a cti o n, s o t h at t h e f oll o wi n g h ol ds, e. g. Z yl a et al. ( 2 0 2 0).

As a pri n ci pl e, a s o u r c e Q of t h e i nt er a cti o n e mits a n a m o u nt
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∆ q of o bj e cts of i nt er a cti o n p er ti m e ∆ t pr o p orti o n al t o Q . S o

t h e c orr es p o n di n g c u r r e n t I q is as f oll o ws:

∆ q

∆ t
= I q ∝ Q (2. 3 6)

As a c o ns e q u e n c e, i n a n is otr o pi c r e gi o n ar o u n d Q , t h e c urr e nt

I q fl o ws i n a n is otr o pi c m a n n er. T h us, at a dist a n c e R fr o m Q ,

t h e c orr es p o n di n g c u r r e n t d e n si t y j q is as f oll o ws:

j q =
I q

4 π R 2
∝

Q

R 2
(2. 3 7)

As a n ot h er p art of t h e pri n ci pl e, a pr o bi n g p arti cl e wit h a s o ur c e

Q p r o b e h as a cr oss s e cti o n A Q p r o b e
∝ Q p r o b e , s o t h at t h e a m o u nt

∆ q t r a n s f e r r e d of o bj e cts of i nt er a cti o n tr a nsf err e d t o Q p r o b e p er

ti m e
∆ q t r a n s f e r r e d

∆ t is pr o p orti o n al t o j q · A Q p r o b e
:

∆ q t r a n s f e r r e d

∆ t
∝ j q · A Q p r o b e

∝ j q · Q p r o b e ( 2. 3 8)

H er e, w e i ns ert t h e r el ati o n f or t h e c urr e nt d e nsit y i n E q. ( 2. 3 7):

∆ q t r a n s f e r r e d

∆ t
∝

Q · Q p r o b e

R 2
(2. 3 9)

As a p art of t h e pri n ci pl e, a n a m o u nt ∆ q t r a n s f e r r e d c a us es a
m o m e nt u m tr a nsf er ∆ p t r a n s f e r r e d pr o p orti o n al t o ∆ q t r a n s f e r r e d:

∆ q t r a n s f e r r e d ∝ ∆ p t r a n s f e r r e d, ( 2. 4 0)

A c c or di n g t o N e wt o n’s a cti o n pri n ci pl e (s e c o n d a xi o m, N e w-

t o n ( 1 6 8 7)), t h e pr o bi n g p arti cl e Q p r o b e e x p eri e n c es a f or c e F q ,

w hi c h is e q u al t o t h e m o m e nt u m tr a nsf err e d p er ti m e:

|F q | =
∆ p t r a n s f e r r e d

∆ t
(2. 4 1)

H er e, w e us e t h e r el ati o ns f or t h e tr a nsf err e d o bj e cts of i nt er-

a cti o n i n E qs. ( 2. 4 0, 2. 3 9):

|F q | =
∆ p t r a n s f e r r e d

∆ t
∝

∆ q tr a n s f e r r e d

∆ t
∝

Q · Q p r o b e

R 2
(2. 4 2)

We s u m m ari z e i n t h e f or m of a d e fi niti o n:
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D e fi ni ti o n 5 P ri n ci pl e of t r a n sf e r of i n t e r a c ti o n

A f u n d a m e nt al f o r c e i s t r a n sf e r r e d b y o bj e ct s of i nt e r a cti o n.

T h e r e b y, wit h o ut s c r e e ni n g, t h e f oll o wi n g h ol d s i n t h r e e - di-

m e n si o n al s p a c e, s e e e. g. Z yl a et al. ( 2 0 2 0 ).

( 1 ) A s o u r c e Q e mit s a n a m o u nt ∆ q of o bj e ct s of i nt e r a cti o n

p e r ti m e ∆ t p r o p o rti o n al t o Q . S o, t h e c o r r e s p o n di n g c u r r e n t

i s a s f oll o w s:

∆ q

∆ t
= I q ∝ Q (2. 4 3)

( 2 ) A n a m o u nt ∆ q t r a n s f e r r e d of o bj e ct s of i nt e r a cti o n t r a n sf e r r e d

t o a p r o bi n g p a rti cl e Q p r o b e c a u s e s a m o m e nt u m t r a n sf e r, n a m e d

∆ p t r a n s f e r r e d, t h at i s p r o p o rti o n al t o ∆ q t r a n s f e r r e d:

∆ q t r a n s f e r r e d ∝ ∆ p t r a n s f e r r e d, ( 2. 4 4)

( 3 ) If a p r o bi n g p a rti cl e h a s a s o u r c e Q p r o b e , a n d if it i s at a

di st a n c e R f r o m Q , a n d if it h a s a c r o s s s e cti o n A Q p r o b e
, t h e n

t h e a m o u nt ∆ q t r a n s f e r r e d of o bj e ct s of i nt e r a cti o n t r a n sf e r r e d t o

Q p r o b e p e r ti m e ∆ t i s a s f oll o w s: T h e r ati o
∆ q t r a n s f e r r e d

∆ t i s p r o-

p o rti o n al t o t h e p r o d u ct j q · A Q p r o b e
of t h e c u r r e n t d e n si t y , t h e

c u r r e nt I q p e r a r e a A ; j q = I q / A a n d t h e c r o s s s e cti o n A Q p r o b e
:

∆ q t r a n s f e r r e d

∆ t
∝ j q · A Q p r o b e

∝ j q · Q p r o b e ∝
Q · Q p r o b e

R 2
(2. 4 5)

( 4 ) A c o r r e s p o n di n g f o r c e |F q | i s a s f oll o w s:

|F q | =
∆ p t r a n s f e r r e d

∆ t
∝

Q · Q p r o b e

R 2
(2. 4 6)

2. 8 G r a vi t y n e a r a m a s s, G G

I n t his s e cti o n, w e i ntr o d u c e t h e s e c o n d b asi c pri n ci pl e of gr a v-

it y. F or it, w e us e t h e gr a vit ati o n al p ar all a x dist a n c e d G P a n d
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M

G ∗ fi el d li n e

Fi g ur e 2. 1 2: M ass M wit h fi el d li n es ( d ott e d) a n d v e ct ors (s oli d)
of t h e gr a vit ati o n al fi el d G ∗ . T h e gr a vit ati o n al fi el d is pr o p or-
ti o n al t o a c orr es p o n di n g o ut w ar ds fl o wi n g c urr e nt d e nsit y j p ,
s e e d e fi niti o n ( 5).

t h e o bj e cts of i nt er a cti o n. As a c o ns e q u e n c e, t h er e will b e a

1 / R 2 l a w. A c c or di n gl y, w e n a m e t h at gr a vit y g e n er ali z e d G a us-

si a n gr a vit y, G G, as G a ussi a n gr a vit y e x hi bits t h e s a m e l a w.

T h e pr es e nt gr a vit y is m or e g e n er al, as it pr o vi d es c ur v at ur e of

s p a c e, i n a d diti o n, s e e e. g. C ar m esi n ( 2 0 2 1 d).

F or it, w e a p pl y t h e d e fi niti o n ( 5) t o t h e c as e of gr a vit y.

H er e b y, t h e s o ur c e Q is t h e c o nsi d er e d m ass M , t h e pr o bi n g

p arti cl e Q p r o b e is a pr o b e m ass m p r o b e , a n d t h e dist a n c e R is t h e

gr a vit ati o n al p ar all a x dist a n c e d G P . T h us, t h e gr a vit ati o n al

f or c e is as f oll o ws5

|F G | ∝
M · m p r o b e

d 2
G P

( 2. 4 7)

H er e b y, t h e pr o p orti o n alit y f a ct or is t h e u ni v ers al c o nst a nt of

gr a vit ati o n ( Z yl a et al., 2 0 2 0, t a bl e 1. 1):

G = 6 .6 7 4 3 0( 1 5) · 1 0 − 1 1 m 3

k g · s 2
(2. 4 8)

5 N ot e t h at t h e p r o p orti o n alit y i n E q. ( 2. 4 7) i s i n a c c or d a n c e wit h t h e a n al y si s of
gr a vit y b y G a u s s ( 1 8 4 0).
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T h us, t h e c orr es p o n di n g f or c e is as f oll o ws:

F G =
G · M · m p r o b e

d 2
G P

· e d o w n w a r d s u nit v e ct o r ( 2. 4 9)

B y d e fi niti o n, t h e gr a vit ati o n al f or c e di vi d e d b y t h e pr o b e m ass

is t h e gr a vit ati o n al fi el d:

G ∗ =
F G

m p r o b e
( 2. 5 0)

As a c o ns e q u e n c e, t h e gr a vit ati o n al fi el d is as f oll o ws:

G ∗ =
G · M

R 2
· e d o w n w a r d s u nit v e ct o r wit h R = d G P ( 2. 5 1)

We s u m m ari z e o ur r es ults:

T h e o r e m 2 L a w of i n v e r s e s q u a r e d di s t a n c e

F o r a f u n d a m e nt al f o r c e t h at i s t r a n sf e r r e d b y o bj e ct s of i nt e r-

a cti o n a c c o r di n g t o d e fi niti o n ( 5 ), t h e f oll o wi n g h ol d s:

( 1 ) If a s o u r c e Q a n d a p r o bi n g o bj e ct Q p r o b e a r e at a di st a n c e

R = d G P , a n d if n o s c r e e ni n g t a k e s pl a c e, t h e n t h e f o r c e of i nt e r-

a cti o n |F q | b et w e e n Q a n d Q p r o b e i s p r o p o rti o n al t o t h e i n v e r s e

s q u a r e d di st a n c e a s f oll o w s:

|F q | ∝
Q · Q p r o b e

R 2
(2. 5 2)

( 2 ) I n p a rti c ul a r, if a m a s s M a n d a p r o b e m a s s m p r o b e a r e at

a di st a n c e R = d G P , t h e n t h e g r a vit ati o n al f o r c e of i nt e r a cti o n

F G b et w e e n M a n d m p r o b e i s a s f oll o w s:

F G =
G · M · m p r o b e

R 2
· e d o w n w a r d s u nit v e ct o r ( 2. 5 3)

( 3 ) T h u s, t h e c o r r e s p o n di n g g r a vit ati o n al fi el d i s a s f oll o w s:

G ∗ =
G · M

R 2
· e d o w n w a r d s u nit v e ct o r ( 2. 5 4)
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R = d G P

fi x e d

d τ 1 → 2

d τ 2 → 3

M

Fi g ur e 2. 1 3: T w o di m e nsi o n al s c h e m e of a n o bs er v er l o c ali z e d at
a c o nst a nt gr a vit ati o n al p ar all a x dist a n c e R = d G P a n d at z er o
a n g ul ar v el o cit y ω = 0. H e m e as ur es t h e h ei g ht h (τ ) of a f alli n g
b all as a f u n cti o n of ti m e τ a n d e v al u at es t h e gr a vit ati o n al a c-
c el er ati o n a = h ′′(τ ).

2. 8. 1 C o n s e q u e n c e: m e a s u r e m e n t of a m a s s M

I n t his s e cti o n, w e d es cri b e h o w a n o bs er v er c a n m e as ur e a

dist a nt m ass or d y n a mi c m ass M .

D e fi ni ti o n 6 M e a s u r e m e n t of a di s t a n t m a s s M

A n o b s e r v e r c a n m e a s u r e t h e m a s s o r d y n a mi c m a s s M of a

di st a nt o bj e ct b y t h e f oll o wi n g p r o c e d u r e, f o r a n ill u st r ati o n s e e

Fi g. ( 2. 1 3 ):

( 1 ) T h e o b s e r v e r m e a s u r e s t h e g r a vit ati o n al p a r all a x di st a n c e

d G P , s e e d e fi niti o n ( 4 ).

( 2 ) T h e o b s e r v e r pl a c e s hi s l a b o r at o r y i n s u c h a m a n n e r t h at
t w o c o n diti o n s a r e o b e y e d:

( 2 a ) T h e g r a vit ati o n al p a r all a x di st a n c e d G P d o e s n ot c h a n g e a s

a f u n cti o n of ti m e.
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( 2 b ) T h e a n g ul a r v el o cit y i s z e r o. F o r it, t h e o b s e r v e r c a n u s e

a g y r o s c o p e.

d G P = c o n st a nt a n d ( ω 1 , ω2 , ω3 ) = ( 0, 0 , 0) ( 2. 5 5)

( 2 c ) T h u s, t h e o b s e r v e r h a s c o n st a nt p ol a r c o o r di n at e s R = d G P

a n d θ a n d φ r el ati v e t o t h e m a s s M .

( 2 d ) T h e n c e, t h e o b s e r v e r h a s a fi x e d p o siti o n r el ati v e t o t h e

m a s s M .

( 3 ) T h e o b s e r v e r m e a s u r e s t h e a c c el e r ati o n a of a b all t h at i s

f r e el y f alli n g i n hi s l a b o r at o r y. F o r it, t h e o b s e r v e r c a n a p pl y

t h e f oll o wi n g st e p s:

( 3 a ) T h e o b s e r v e r st a rt s t h e f alli n g of a b all.

( 3 b ) T h e o b s e r v e r m e a s u r e s t h e h ei g ht h (τ ) of t h e b all a s a f u n c-

ti o n of ti m e τ .

( 3 c ) T h e o b s e r v e r e v al u at e s t h e s e c o n d d e ri v ati v e of t h e m e a-

s u r e d f u n cti o n h (τ ) a n d i d e nti fi e s it wit h t h e a c c el e r ati o n a :

∂ 2 h

∂ τ 2
= |a | (2. 5 6)

a = |a | · e d o w n w a r d s u nit v e ct o r ( 2. 5 7)

( 4 ) T h e o b s e r v e r d et e r mi n e s t h e g r a vit ati o n al fi el d G ∗ b y u s-

i n g t h e p ri n ci pl e of e q ui v al e n c e of t h e a c c el e r ati o n a a n d t h e

g r a vit ati o n al fi el d G ∗ :

G ∗ = a ( 2. 5 8)

( 5 ) T h e o b s e r v e r a p pli e s t h e t e r m f o r t h e g r a vit ati o n al fi el d G ∗ ,

a n d s ol v e s it f o r t h e m a s s M :

|G ∗ | =
G · M

R 2
, th us ( 2. 5 9)

M =
|G ∗ | · R 2

G
, w it h R = d G P We s u m m ari z e : ( 2. 6 0)
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C o r oll a r y 5 O b s e r v e r a t a n i s o t r o pi c vi ci ni t y of M

A n o b s e r v e r i n a n i s ot r o pi c vi ci nit y of a m a s s M c a n o b s e r v e

t h e f oll o wi n g p h y si c al q u a ntiti e s, t h at a r e p a rt of p h y si c al r e alit y:

( 1 ) T h e o b s e r v e r c a n m e a s u r e t h e p ol a r c o o r di n at e s ( E q. 2. 3 2 ):

(d G P , θ, φ) = gr a vit y b as e d s p a c e str u ct ur e ( 2. 6 1)

( 2 ) T h e o b s e r v e r c a n m e a s u r e t h e a c c el e r ati o n a n d t h e g r a vit a-

ti o n al fi el d ( E q. 2. 5 8 ):

G ∗ = a ( 2. 6 2)

( 3 ) T h e o b s e r v e r c a n m e a s u r e t h e m a s s M ( E q. 2. 3 3 ):

M =
|G ∗ | · R 2

G
, w it h R = d G P ( 2. 6 3)

( 4 ) T h e o b s e r v e r c a n c o n fi r m t h e g r a vit ati o n al fi el d |G ∗ | a s a

f u n cti o n of t h e g r a vit ati o n al p a r all a x di st a n c e R = d G P ( E q.

2. 5 9 ):

|G ∗ (R )| =
G · M

R 2
, w it h R = d G P ( 2. 6 4)

C o r oll a r y 6 O b s e r v e d e ff e c ti v e m a s s M e f f

If a n o b s e r v e r s e a r c h e s f o r a m a s s a c c o r di n g t o D E F ( 6 ), t h e n

t h e f oll o wi n g h ol d s:

( 1 ) If t h e o b s e r v e r m e a s u r e s a n o n z e r o a n gl e p g r a v , h e / s h e c a n

i nt e r p r et t h e r e s ult i n t e r m s of a m a s s M o r a n e ff e cti v e m a s s

M e f f . I n b ot h c a s e s, t h e o b s e r v e r c a n d e ri v e a di st a n c e R o r a n

e ff e cti v e di st a n c e R e f f a s w ell a s a g r a vit ati o n al fi el d G ∗ .

( 2 ) If t h e o b s e r v e r m e a s u r e s a z e r o a n gl e p g r a v , h e / s h e c a n i n-

t e r p r et t h e r e s ult a s f oll o w s: T h e r e i s n o m e a s u r a bl e m a s s M o r

e ff e cti v e m a s s M e f f . A c c o r di n gl y, t h e r e i s n eit h e r a m e a s u r a bl e
fi nit e di st a n c e R o r R e f f t o a m a s s o r e ff e cti v e m a s s, n o r a

m e a s u r a bl e n o n z e r o g r a vit ati o n al fi el d G ∗ . S o t h e g r a vit ati o n al

fi el d i s z e r o wit hi n t h e a c c u r a c y of t h e m e a s u r e m e nt.
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2. 9 D y n a mi c v ol u m e, D V

I d e a: A p ossi bl e a c c el er at e d e x p a nsi o n of t h e u ni v ers e is d e-

s cri b e d b y a c o s m ol o gi c al c o n s t a n t Λ. It h as b e e n i ntr o d u c e d

i n a h y p ot h eti c m a n n er b y Ei nst ei n ( 1 9 1 7).

Z el d o vi c h ( 1 9 6 8) s u g g est e d a d e n sit y of t h e c o s m ol o gi c al c o n-

st a nt ρ Λ wit h Ω Λ = ρ Λ

ρ c r.
= Λ c 2

3 H 2 (E q. VII. 2). H er e b y, ρ c r. 0 is t h e

pr es e nt- d a y v al u e of t h e criti c al d e nsit y. T h er e b y, t h e gl o b al

c ur v at ur e of s p a c e is z er o at t h e criti c al d e nsit y, C. ( 5), H o bs o n

et al. ( 2 0 0 6). F or t h e d e nsit y ρ Λ , Z el d o vi c h ( 1 9 6 8) pr o p os e d

a ’ d e nsit y of a cl assi c al v a c u u m’ ρ Λ = ρ cl a s si c al v a c u u m , Z el d o vi c h ≈

2 · 1 0 − 2 6 k g
m 3 [E q. VII. 1]. Si mil arl y, t h e d e nsit y ρ Λ h as b e e n

n a m e d d e n sit y of v a c u u m ρ v a c = Λ c 2

8 π G , s e e ( H o bs o n et al., 2 0 0 6,

E q 2. 8. 2 2, 1 5. 1, 1 5. 5):

ρ v a c = ρ Λ = ρ 0 − ρ m, 0 − ρ r, 0 =
3 H 2

0

8 π G
= ρ c r. 0 ( 2. 6 5)

H er e b y, H 0 is t h e H u b bl e c o nst a nt, ρ m, 0 is t h e pr es e nt- d a y v al u e

of t h e d e nsit y of m att er, a n d ρ r, 0 is t h e pr es e nt- d a y v al u e of t h e

d e nsit y of r a di ati o n, C. ( 5), H o bs o n et al. ( 2 0 0 6). T h e d e nsiti es

i n E q. ( 2. 6 5) ar e b asi c c o nstit u e nts of t h e Λ C D M m o d el of c os-

m ol o g y, Pl a n c k- C oll a b or ati o n ( 2 0 2 0), K os o ws k y et al. ( 2 0 0 2),

Z yl a et al. ( 2 0 2 0).

2. 9. 1 E vi d e n c e f o r a d e n si t y ρ Λ

P erl m utt er P erl m utt er et al. ( 1 9 9 8), Ri ess et al. ( 2 0 0 0) a n d

S m o ot ( 2 0 0 7) dis c o v er e d t h e a c c el er at e d e x p a nsi o n of t h e u ni-

v ers e.

I n t h e fr a m e w or k of g e n er al r el ati vit y, t h at a c c el er at e d e x p a n-

si o n is e x pl ai n e d wit h a n o n z er o v al u e of t h e c os m ol o gi c al c o n-

st a nt Λ or of t h e c orr es p o n di n g d e nsit y ρ Λ or e n er g y d e nsit y

u Λ = ρ Λ · c 2 . T h e c orr es p o n di n g e n er g y δ E Λ = u Λ · δ V h as b e e n

n a m e d d a r k e n e r g y , H ut er er a n d T ur n er ( 1 9 9 8). We m ar k it b y
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t h e s u bs cri pt D E . T h e o bs er v e d v al u e is as f oll o ws, s e e e. g.

Pl a n c k- C oll a b or ati o n ( 2 0 2 0):

ρ D E = u D E / c 2 ≈ 5 · 1 0 − 2 7 k g

m 3
(2. 6 6)

T h us, t h e a c c el er at e d e x p a nsi o n is b asi c all y d es cri b e d b y t h e

c os m ol o gi c al c o nst a nt Λ. H o w e v er, wit hi n g e n er al r el ati vit y,

t h at c o nst a nt h as n ot b e e n d eri v e d, s o t h e o bs er v e d v al u e c a n n ot

b e t est e d or f alsi fi e d P o p p er ( 1 9 7 4).

C ar m esi n ( 2 0 2 1 d) o v er c a m e t h at i m p ossi bilit y of f alsi fi c a-

ti o n b y d eri vi n g Λ, ρ Λ a n d u Λ fr o m first pri n ci pl es (s e e als o

e. g. C ar m esi n ( 2 0 1 8 c), C ar m esi n ( 2 0 1 8 b), C ar m esi n ( 2 0 1 9 b),

C ar m esi n ( 2 0 2 1 b), C ar m esi n ( 2 0 2 1 a), C ar m esi n ( 2 0 2 3 a)).

2. 9. 2 H 0 t e n si o n

Di s c o v e r y of t h e H 0 t e n si o n: Ri ess et al. ( 2 0 2 2) dis c o v er e d

t h at o bs er v e d v al u es of t h e H u b bl e c o nst a nt H 0 c a n e x hi bit

di ff er e n c es at a hi g h l e v el of c o n fi d e n c e of fi v e σ .

I n t h e fr a m e w or k of t h e Λ C D M m o d el of c os m ol o g y, t h e d e n-

siti es ρ D E , ρ Λ a n d ρ v a c c o ul d b e d et er mi n e d fr o m t h e o bs er v e d

v al u e H 0 , a c c or di n g t o E q. ( 2. 6 5). H o w e v er, t h e o bs er v e d v al-

u es of H 0 e x hi bit di ff er e n c es at t h e 5 σ c o n fi d e n c e l e v el, Ri ess

et al. ( 2 0 2 2). S o, t h e f oll o wi n g q u esti o n aris es: H o w c a n t h e

c o n c e p t of d a r k e n e r g y b e i m p r o v e d b y p ri n ci pl e s of

p h y si c s ?

2. 9. 3 P r o p e r ti e s of t h e d y n a mi c v ol u m e

I n t his s e cti o n, w e pr es e nt a s c h e m e of o ur f u n d a m e nt al d y-

n a mi cs of v ol u m e a n d its d e nsit y. T h at d y n a mi cs of v ol u m e is

el a b or at e d i n p art (II) a n d a p pli e d i n p arts (III, I V):

T h er e is o nl y o n e v ol u m e i n n at ur e, a n d it h as o nl y o n e d e n-

si t y of v ol u m e ρ v ol = Ω v ol · ρ c r. 0 . H er e b y, Ωv ol = ρ v ol / ρ c r. 0 is
t h e d e nsit y p ar a m et er of v ol u m e.



3 6 C H A P T E R 2. B A SI C P RI N CI P L E S

( 1) V ol u m e is us u all y m e as ur e d o n t h e b asis of t h e li g ht tr a v el

dist a n c e d L T , C. ( 2, 7, 1 7).

( 2) T h e d e nsit y of t hr e e- di m e nsi o n al v ol u m e, ρ v ol , is d et er mi n e d

b y t h e q u a nt a of v ol u m e i n C. ( 2 2, 2 0): Ω v ol = 2 / 3, i n pr e cis e

a c c or d a n c e wit h o bs er v ati o n.

( 3) H et er o g e n eit y c a us es a n a d diti o n al s u m m a n d i n E q. ( 2. 6 5).

T h at s u m m a n d is e q ui v al e nt t o a d e nsit y. A c c or di n gl y, t h at

s u m m a n d is c all e d ρ h et, e q ui . Wit h it, t h e d e nsit y ρ Λ is t h e f u n c-

ti o n f Λ (ρ v ol + ρ h et, e q ui ) i n E q. ( 2 5. 2).

ρ Λ = f Λ (ρ v ol + ρ h et, e q ui ) ( 2. 6 7)

T h us, t h e d ar k e n er g y h as t w o c o m p o n e nts, t h e d e nsit y of t hr e e-

di m e nsi o n al v ol u m e a n d t h e e q ui v al e nt d e nsit y of h et er o g e n eit y,
i n pr e cis e a c c or d a n c e wit h o bs er v ati o n.

I n e arli er p u bli c ati o ns, I di d n ot al w a ys disti n g uis h ρ v ol a n d

ρ h et, e q ui . C orr es p o n di n gl y, I oft e n d es cri b e d t h e d e nsit y ρ Λ .

( 4) It e ms ( 1- 3) i n di c at e t h at v ol u m e e x hi bits a d y n a mi cs, s o w e

c all it v a c u u m d y n a mi cs. A n d w e c all t h e v ol u m e t h e d y n a mi c

v ol u m e, D V.

2. 1 0 S p a c e ti m e q u a d r u pl e, S Q

T h e s et of t h e f o ur b asi c p h ysi c al pri n ci pl es, s p e ci al r el ati v-

it y, S R, e q ui v al e n c e pri n ci pl e, E P, g e n er ali z e d G a ussi a n gr a v-

it y, G G, a n d t h e p h ysi c al r e alit y of t h e d y n a mi c v ol u m e, D V,

is n a m e d as f oll o ws: s p a c e ti m e q u a d r u pl e, S Q .



C h a p t e r 3

U ni v e r s al P o si ti o n F a c t o r

I d e a : If a m ass m 0 is i n t h e is otr o pi c vi ci nit y of a fi el d g e n-

er ati n g m ass M , t h e n M c a us es a c o nst a nt p h ysi c al sit u ati o n

i n its vi ci nit y. T h us, t h e N o et h er ( 1 9 1 8) t h e or e m i m pli es t h at

t h e l a w of e n er g y c o ns er v ati o n c a n b e a p pli e d. If m 0 st arts at

z er o v el o cit y, t h e n it st arts wit h t h e e n er g y E = E 0 = m 0 c
2 .

If t h e m ass is at fr e e f all, t h e n its v el o cit y v i n cr e as es, a n d its

dist a n c e R fr o m M d e cr e as es. T h er e b y, v c a us es a n i n cr e as e of

t h e e n er g y b y t h e L or e nt z f a ct or γ (v ). H o w e v er, t h at f a ct or is

c o m p e ns at e d b y a p ositi o n f a ct or ε E (R ), as t h e e n er g y is c o n-

s er v e d. T h us, it s h o ul d b e p ossi bl e t o d eri v e t h e p ositi o n f a ct or

fr o m t h e L or e nt z f a ct or.

3. 1 P o si ti o n f a c t o r ε E (R )

I n t his s e cti o n, w e d eri v e t h e e n er g y f u n cti o n E (R, v ) of a pr o b e

m ass m 0
1 t h at is at fr e e f all t o w ar ds a fi el d g e n er ati n g m ass M .

3. 1. 1 Fr e el y f alli n g m a s s m 0

I n t his s e cti o n, w e d eri v e t h e e n e r g y f u n c ti o n E (R, v ) of a

m ass m 0 t h at is f alli n g i n t h e fi el d of a m ass M , a n d t h at st arts

at t h e r a di al dist a n c e d G P = R → ∞ a n d at t h e v el o cit y v =

1 O f c o u r s e, a n o bj e ct wit h n o n z er o r e st m a s s h a s v el o cit y b el o w c , s e e e. g. M o or e
( 2 0 1 3).

3 7
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E

R

v

◦

◦

◦ E (d R, d v )

d Rd eri v ati v e ∂ E
∂ R

d v

∂ E
∂ R · d R

∂ E
∂ v · d v

Fi g ur e 3. 1: C h a n g e d E of E (R, v ) ( ◦ ): T h e t w o sl o p e tri a n gl es
r es ult i n t h e c h a n g es ∂ E

∂ v ·d v a n d ∂ E
∂ R ·d R . T h e t ot al c h a n g e d E =

E (R + d R, v + d v ) − E (R, v ) is t h e s u m d E = ∂ E
∂ v · d v + ∂ E

∂ R · d R .

0. T h er e b y, t h e v el o cit y v a n d t h e r a di al c o or di n at e R ar e

m e as ur e d r el ati v e t o t h e m ass M , a n d t h e o w n m ass or r est

m ass 2 ar e d e n ot e d b y m o w n = m 0 . S ol uti o ns wit h m or e g e n er al

i niti al c o n diti o ns ar e el a b or at e d i n ( C ar m esi n ( 2 0 2 0 b)).

F or it, w e a p pl y t h e p ri n ci pl e of e n e r g y c o n s e r v a ti o n , s e e

s e cti o n ( 2. 5). I n p arti c ul ar, w e a p pl y t h e r el a ti vi s ti c e n e r g y

d eri v e d i n S R, s e e s e cti o n ( 2. 3).

E (v ) = m 0 · c 2 · γ (v ) i n S R a n d wit h γ (v ) =
1

1 − v 2 / c 2

( 3. 1)

As m 0 is f alli n g, t h e v el o cit y v i n cr e as es a n d R d e cr e as es.

H e n c e, t h e e n er g y w o ul d i n cr e as e b y t h e f a ct or γ (v ), a c c or di n g

t o E q. ( 3. 1). C orr es p o n di n gl y, t h e e n er g y d e cr e as es b y a p o si-

ti o n f a c t o r ε E (R ) = 1/ γ (v ), s o t h at t h e e n er g y is c o ns er v e d.

T h us, w e d eri v e:

E = m 0 · c 2 · γ (v ) · ε E (R ) wit h γ (v ) = 1/ ε E (R ) ( 3. 2)

T h e f u n cti o n al t er m of ε E (R ) m ust b e d et er mi n e d. We c o nsi d er

2 N ot e t h at w e d o n ot u s e t h e c o n c e pt of a r el ati vi sti c m a s s i n t hi s b o o k.
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t h e c h a n g e d E of t h e e n er g y, w hi c h cl e arl y d e p e n ds o n R a n d v

( Fi g. 3. 1). A c c or di n gl y, w e d eri v e:

d E =
∂ E

∂ R
d R +

∂ E

∂ v
d v ( 3. 3)

Fr o m t his e q u ati o n, w e o bt ai n a di ff er e nti al e q u ati o n, D E Q,

f or ε E (R ). A c c or di n g t o t h e pri n ci pl e of e n er g y c o ns er v ati o n,

d E is z er o. T h e p arti al d eri v ati v e r e g ar di n g v is ∂ E
∂ v = E ·γ 2 ·v / c 2 ,

w hil e t h e p arti al d eri v ati v e wit h r es p e ct t o R is ∂ E
∂ R = E · ε ′

E / ε E

wit h ε ′
E = ∂ ε E

∂ R . T h us, w e d eri v e:

0 = E ·
ε ′

E

ε E
· d R + E · γ 2 ·

v

c 2
· d v ( 3. 4)

We di vi d e b y E a n d d τ , a n d w e us e v = d R
d τ a s w ell as a = d v

d τ ,

se e Fi g. ( 2. 1 3). We als o r es ol v e f or ε ′
E . T h e n c e, w e o bt ai n:

ε ′
E = −

ε E · γ 2

c 2
· a (3. 5)

We us e γ (v ) = 1/ ε E (R ) ( E q. 3. 2). We utili z e t h e e q ui v al e n c e

pri n ci pl e a = |G ∗ |, s e e s e cti o n ( 2. 2). A d diti o n all y, w e a p pl y E q.

( 2. 6 4). S o, w e d eri v e:

ε ′
E =

1

ε E · c 2
·
G · M

R 2
(3. 6)

We us e t h e w ell k n o w n t er m R S = 2 G ·M
c 2 for t h e S c h w a r z s c hil d

r a di u s . S o, w e d eri v e t h e f oll o wi n g D E Q f or ε E (R ):

ε ′
E =

1

ε E
·

R S

2 R 2
( 3. 7)

S o l u ti o n of t h e D E Q f o r ε E : F or t h e c as e of a c o nst a nt m ass M ,

w e s ol v e t h e D E Q f or ε E wit h t h e f oll o wi n g A ns at z:

ε E (R ) = 1 −
R S

R
( 3. 8)
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T h e d eri v ati v e c orr es p o n ds t o t h e D E Q ( 3. 7). T h us, E q. ( 3. 8)

is a s ol uti o n. We us e t h e t w o f a ct ors ε E (R ) a n d γ (v ) i n E qs.

( 3. 2, 3. 8, 3. 1)). S o, w e d eri v e a t er m f or t h e i n v a ri a n t e n er g y

d e p e n di n g o n R a n d v :

E (R, v ) = m 0 · c 2 ·
1 − R S

R

1 − v 2 / c 2
( 3. 9)

T his t er m g e n er all y r e pr es e nts t h e f u n cti o n al d e p e n d e n c e of t h e

e n er g y o n R a n d v . L a n d a u a n d Lifs c hit z ( 1 9 8 1) o bt ai n t h e s a m e

r es ult ( p a g e 2 9 9), t his c o n fir ms o ur d eri v ati o n. We s u m m ari z e:

P r o p o si ti o n 1 E n e r g y i n a n i s o t r o pi c vi ci ni t y of a m a s s:

I n t h e c o n st a nt i s ot r o pi c vi ci nit y of a fi el d g e n e r a ti n g m a s s

o r d y n a mi c m a s s M , a n d at a ci r c u mf e r e nti al r a di al c o o r-

di n at e R ( o r at a g r a vit ati o n al p a r all a x di st a n c e R ), a p r o b e

m a s s m 0 h a s t h e f oll o wi n g p r o p e rti e s:

( 1 ) T h e e n e r g y of t h e m a s s m 0 c a n b e di r e ctl y a n al y z e d.

( 2 ) M g e n e r at e s a r a di al g r a vit ati o n al fi el d wit h t h e v al u e G ∗ =

|G ∗ | = G M
R 2 .

( 3 ) A l o c al o b s e r v e r at R c a n l o c all y o b s e r v e t h e b o d y’ s r a-

di al v el o cit y v (R ) = ∂ R
∂ τ a n d it s r a di al c o o r di n at e R = d G P , s e e

s e cti o n ( 2. 6 ) a n d Fi g. ( 2. 1 3 ).

( 4 ) If t h e p r o b e m a s s f all s f r e el y i n t h e fi el d of M , a n d if v = 0 at

R → ∞ , t h e n t h e e n e r g y f u n c ti o n E (R, v ) of m 0 i s d e s c ri b e d

b y E q. ( 3. 9 ):

E (R, v ) = m 0 · c 2 ·
1 − R S

R

1 − v 2 / c 2
= m 0 · c 2 · γ (v ) · ε E (R ) ( 3. 1 0)

( 5 ) I n p a rti c ul a r, t h at e n e r g y f u n cti o n E (R, v ) of m 0 r e p r e s e nt s

a n i n v a ri a n t of t h e m oti o n i n t h e f r a m e i n w hi c h M i s at r e st
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a n d at t h e o ri gi n. T h e r e a s o n i s t h at t h e l a w of e n e r g y c o n s e r-

v ati o n h ol d s i n t h at f r a m e, a s t h e vi ci nit y of M i s c o n st a nt, s o

t h at t h e N o et h e r ( 1 9 1 8 ) t h e o r e m c a n b e a p pli e d:

1 = γ (v ) · ε E (R ) ( 3. 1 1)

3. 2 D e ri v a ti o n of t h e S c h w a r z s c hil d m e t ri c

I d e a : If t h e m ass m 0 is at fr e e f all t o w ar ds t h e fi el d g e n er ati n g

m ass M , t h e n it h as a v el o cit y v r el ati v e t o M at a dist a n c e R
fr o m M . As a c o ns e q u e n c e of t h e v el o cit y v , i n t h e fr a m e of M ,

t h e m ass m 0 c o ul d b e d es cri b e d b y t h e Mi n k o ws ki m etri c 3 , s e e

E q. ( 2. 1 7):

d s 2 =
− c 2 · dt 2

γ 2 (v )
+ d x 2 · γ 2 (v ) + d y 2 + d z 2 = 0 ( 3. 1 2)

If w e tr a nsf or m t h e L or e nt z f a ct or γ (v ) t o t h e p ositi o n f a ct or

ε E (R ), t h e n w e o bt ai n a m etri c as a f u n cti o n of R . T h at m etri c

is el a b or at e d i n t his s e cti o n.

We c o nsi d er t h e m ass m 0 at fr e e f all i n t h e is otr o pi c vi ci nit y

of t h e fi el d g e n er ati n g m ass M . F or o ur a n al ysis, w e us e t h e

r est fr a m e of M . At a dist a n c e R fr o m M , t h e m ass m 0 h as a

v el o cit y v . As a c o ns e q u e n c e of t h e v el o cit y v al o n e, t h e m ass

m 0 w o ul d b e d es cri b e d b y t h e f oll o wi n g li n e el e m e nt ( E q. 2. 1 7):

d s 2 (v ) =
− c 2 · dt 2

γ 2 (v )
+ d x 2 · γ 2 (v ) + d y 2 + d z 2 ( 3. 1 3)

We tr a nsf or m it t o a f u n cti o n of t h e dist a n c e R al o n e. F or it,

w e us e t h e r el ati o n of e n er g y c o ns er v ati o n 1 = γ (v ) · ε E (R ):

d s 2 (R ) = − c 2 dt 2 · ε 2
E (R ) +

d x 2

ε 2
E (R )

+ d y 2 + d z 2 ( 3. 1 4)

3 R e mi n d t h at w e m ar k i n cr e m e nt s of ti m e a n d r a di u s b y dt a n d d R i n a d G P - m a p,
w hil e w e m ar k i n cr e m e nt s of ti m e a n d r a di u s b y d τ a n d d L i n a d L T - m a p. H er e b y, w e u s e
b ot h m a p s a s t o ol s o nl y. F or i n st a n c e, y o u c a n r e p r e s e nt E art h wit h a t er r e st ri al gl o b e
or wit h m a p s i n a n atl a s. Of c o u r s e, if y o u u s e a m a p i n a n atl a s, y o u d o p r e s u m a bl y still
t hi n k t h at E art h i s n e arl y a b all or elli p s oi d or g e oi d.
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If t h e m ass m 0 is at fr e e f all u ntil it r e a c h es t h e dist a n c e R fr o m

M , a n d if t h e v el o cit y is sl o w e d d o w n t o z er o at R , t h e n t h e

a b o v e li n e el e m e nt d es cri b es t h e s yst e m c orr e ctl y, as t h e m etri c

d e p e n ds o n R o nl y i n t h at c as e.

Us u all y, s p h eri c al p ol ar c o or di n at es ar e us e d. I n t h at c as e,

t h e a b o v e li n e el e m e nt is e x pr ess e d as f oll o ws:

d s 2 = − c 2 dt 2 ε 2
E (R ) +

d R 2

ε 2
E (R )

+ R 2 d ϑ 2 + R 2 si n 2 ϑ d ϕ 2 ( 3. 1 5)

T his m etri c d es cri b e d b y t h e a b o v e li n e el e m e nt is c all e d

S c h w ar zs c hil d m etri c, S M, s e e S c h w ar zs c hil d ( 1 9 1 6) or e. g.

Str a u m a n n ( 2 0 1 3), C ar m esi n ( 1 9 9 6), H o bs o n et al. ( 2 0 0 6), s e e

als o C ar m esi n ( 2 0 2 2 d). H er e b y, t h e ti m e i n cr e m e nt dt is r e-

d u c e d b y t h e p ositi o n f a ct or ε E (R ). T his p h e n o m e n o n is c all e d

gr a vit ati o n al ti m e dil ati o n. M or e o v er, t h e r a di al l e n gt h i n cr e-

m e nt d R is i n cr e as e d b y t h e i n v ers e p ositi o n f a ct or 1/ ε E (R ). S o

t h er e o c c urs a gr a vit ati o n al i n cr e as e of l e n gt h. We s u m m ari z e

o ur fi n di n gs:

T h e o r e m 3 D e ri v a ti o n of t h e S c h w a r z s c hil d m e t ri c

( 1 ) I n a n i s ot r o pi c vi ci nit y of a m a s s M , t h e g r a vit ati o n al fi el d

of t h e m a s s M a n d t h e g r a vit ati o n al p a r all a x di st a n c e R = d G P

c a n b e m e a s u r e d.

( 2 ) O n t h e b a si s of t h e g r a vit ati o n al p a r all a x di st a n c e R = d G P ,

t h e p ol a r c o o r di n at e s (R, θ, φ ) c a n b e i nt r o d u c e d.

( 3 ) O n t h e b a si s of t h e p o siti o n f a ct o r ε E (R ), t h e m et ri c t e n s o r

g i k(R, θ, φ ) c a n b e d e ri v e d. T h e r e s ulti n g m et ri c t e n s o r d e s c ri b e s

t h e S c h w a r z s c hil d m et ri c:

g i k(R, θ ) =








1 − R S

R 0 0 0

0 1

1 −
R S
R

0 0

0 0 R 2 0

0 0 0 R 2 si n 2 ϑ








( 3. 1 6)
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wit h η i k =







− 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1





 a n d ( 3. 1 7)

d s 2 =

3

i= 0

3

k = 0

g i k · η i k · d x i · d x k or ( 3. 1 8)

d s 2 = − c 2 dt 2 ε 2
E (R ) +

d R 2

ε 2
E (R )

+ R 2 d ϑ 2 + R 2 si n 2 ϑ d ϕ 2 ( 3. 1 9)

( 4 ) I n p a rti c ul a r, a ti m e i nt e r v al dt i n a fl at g r a vit ati o n al p a r al-

l a x s p a c e i s t r a n sf o r m e d t o a d L T -ti m e d τ i n a c u r v e d li g ht-t r a v el

ti m e s p a c e:

d τ = dt · 1 − R S / R ( 3. 2 0)

Si mil a rl y, r a di al i nt e r v al s b et w e e n t w o l o c ati o n s A a n d B a r e

r el at e d a s f oll o w s:

d L = d L (A, B ) =
d R (A, B )

1 − R S / R
=

d R

1 − R S / R
( 3. 2 1)

3. 3 U ni v e r s ali t y of t h e p o si ti o n f a c t o r

Q u e s ti o n : I n t h e is otr o pi c vi ci nit y of a m ass M , e a c h pr o b e

m ass m 0 h as t h e e n er g y f u n cti o n E (R, v ) = m 0 · c 2 · γ (v ) · ε E (R ),

wit h t h e s a m e p ositi o n f a ct or ε E (R ) f or e a c h pr o b e m ass. D o es

a m o n o c hr o m ati c li g ht si g n al or a n y ot h er o bj e ct h a v e t h e s a m e

p ositi o n f a ct or ?

D e fi ni ti o n 7 E n e r g y a v ail a bl e f o r t r a n sf o r m a ti o n

If a n o bj e ct i s at a ci r c u mf e r e nti al r a di al c o o r di n at e o r g r a vit a-

ti o n al p a r all a x di st a n c e R f r o m a fi el d g e n e r ati n g m a s s M , t h e n

t h e f oll o wi n g c a n b e d e fi n e d:

( 1 ) If R i s n e a r t h e li mit t o i n fi nit y, t h e n w e c all t h e r a di u s R ∞ :

R ∞ ≈ li m
R → ∞

R or ( 3. 2 2)
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1

R ∞
< < 1 ( 3. 2 3)

T h e v al u e of a p h y si c al q u a ntit y q at R ∞ i s c all e d q ∞ :

q ∞ = q (R ∞ ) ( 3. 2 4)

( 2 ) If a n o bj e ct, c all e d o b j e ct b , st a rt s a f r e e f all at R ∞ wit h t h e

e n e r g y E ∞ , t h e n t h e o bj e ct h a s t h e s a m e e n e r g y at R :

E (R ) = E ∞ ( 3. 2 5)

T h e r e b y, E (R ) c o n si st s of a f a ct o r E a v, b (R ) t h at i s a v ail a bl e f o r

a t r a n sf o r m ati o n of e n e r g y at R a n d of a p o siti o n f a ct o r ε E, b (R )

of o b j e ct b t h at i s i n h e r e nt t o t h e p o siti o n of t h at o bj e ct:

E (R ) = E a v, b (R ) · ε E, b (R ) or ( 3. 2 6)

ε E, b (R ) =
E (R )

E a v, b (R )
( 3. 2 7)

H e r e b y, E a v, b (R ) i s c all e d a v ail a bl e e n e r g y of t h e o bj e ct. It

c a n b e m e a s u r e d at R wit h h el p of a t r a n sf o r m ati o n of t h at e n-

e r g y. F o r i n st a n c e, a si g n al of m o n o c h r o m ati c li g ht c a n b e a b-

s o r b e d at R b y a bl a c k b o d y, w h e r e b y t h at si g n al i s t r a n sf o r m e d

i nt o t h e r m al e n e r g y. I n t hi s m a n n e r, t h e a v ail a bl e e n e r g y i s

b a si c all y d e fi n e d b y s u c h a m e a s u r e m e nt at R .

( 3 ) If a n o b j e ct b st a rt s a f r e e f all at R ∞ wit h t h e e n e r g y E ∞ ,

t h e n t h e a v ail a bl e e n e r g y E a v (R ) i s a p r o d u ct of E ∞ a n d a f a ct o r

γ b (R ):

γ b (R ) =
E a v, b (R )

E ∞
(3. 2 8)

H e r e b y, γ b (R ) d e s c ri b e s t h e i n c r e a s e of i nt e r n al e n e r g y d u ri n g

f r e e f all, a n d γ b (R ) i s c all e d i n t e r n al e n e r g y f a c t o r.

I n or d er t o s h o w t h e u ni v ers alit y of t h e p ositi o n f a ct or, w e s h o w

t h e p ositi o n f a ct or ε E, b (R ) of o b j e ct b is e q u al t o t h e p ositi o n
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f a ct or ε E (R ). R e mi n d t h at ε E (R ) is t h e i n v ers e of t h e L or e nt z

f a ct or.

F or it, w e c o nsi d er a s e q u e n c e of c h a n g es of t h e e n er g y E ∞ =

m 0 c
2 of a pr o b e m ass, w h er e b y e n er g y c o ns er v ati o n h ol ds at

e a c h c h a n g e:

T h e o r e m 4 U ni v e r s ali t y of t h e p o si ti o n f a c t o r

If a p r o b e m a s s m 0 a n d a n o b j e ct b a r e at ci r c u mf e r e nti al r a di al

c o o r di n at e s o r g r a vit ati o n al p a r all a x di st a n c e s R f r o m a fi el d

g e n e r ati n g m a s s M a n d i n t h e i s ot r o pi c vi ci nit y of M , t h e n t h e

f oll o wi n g h ol d s:

( 1 ) If t h e p r o b e m a s s m 0 i s at v = 0 at R ∞ , t h e n m 0 h a s it s

e n e r g y:

E ∞ = m 0 c
2 ( 3. 2 9)

( 2 ) I n a fi r st c h a n g e, t h e p r o b e m a s s m 0 i n p a rt ( 1 ) i s t r a n s-

f o r m e d t o a n o b j e ct b . T h u s, o b j e ct b h a s t h e e n e r g y E ∞ i n E q.

( 3. 2 9 ):

E b (R ∞ ) = E ∞ = m 0 c
2 ( 3. 3 0)

( 3 ) I n a s e c o n d c h a n g e, t h e o b j e ct b i n p a rt ( 2 ) f all s f r e el y f r o m

R ∞ t o R . T h u s, t h e e n e r g y E b i n E q. ( 3. 3 0 ) i s f a ct o ri z e d a s

f oll o w s, s e e E q. ( 3. 2 6 ):

E b (R ) = E ∞ = E a v, b (R ) · ε E, b (R ) ( 3. 3 1)

( 4 ) I n a t hi r d c h a n g e, a c o p y of t h e p r o b e m a s s m 0 i n p a rt ( 1 )

f all s f r e el y f r o m R ∞ t o R . T h u s, t h e e n e r g y E ∞ i n E q. ( 3. 2 9 )

i s f a ct o ri z e d a s f oll o w s, s e e E q. ( 3. 2 6 ):

E ∞ = E a v (R ) · ε E (R ) ( 3. 3 2)

R e mi n d t h at t h e p o siti o n f a ct o r i s e q u al t o t h e i n v e r s e L o r e nt z

f a ct o r, a s m 0 i s a m a s s.

( 5 ) I n a f o u rt h c h a n g e, o b j e ct b at R i n p a rt ( 3 ) i s t r a n sf o r m e d t o
a m a s s at R . T h u s, t h e a v ail a bl e e n e r g y E a v, b (R ) of t h e o bj e ct
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i s t r a n sf o r m e d t o t h e a v ail a bl e e n e r g y E a v (R ) of a m a s s t h at

h a s t h e s a m e e n e r g y a n d t h at e x p e ri e n c e d t h e s a m e f r e e f all. A s

t h e a v ail a bl e e n e r g y E a v, b (R ) i s t r a n sf o r m e d i nt o t h e a v ail a bl e

e n e r g y E a v (R ), t h e t w o a v ail a bl e e n e r gi e s a r e e q u al:

E a v (R ) = E a v, b (R ) ( 3. 3 3)

( 6 ) A s e a c h of t h e c h a n g e s i n p a rt s ( 2- 5 ) c o n s e r v e s t h e e n e r g y

of t h e o bj e ct, T h e r e s ulti n g e n e r gi e s i n E q s. ( 3. 3 1 ) a n d ( 3. 3 2 )

a r e e q u al:

E a v (R ) · ε E (R ) = E a v, b (R ) · ε E, b (R ) ( 3. 3 4)

A c c o r di n g t o p a rt ( 5 ), t h e a v ail a bl e e n e r gi e s i n t h e a b o v e E q.

a r e e q u al:

E a v (R ) · ε E (R ) = E a v (R ) · ε E, b (R ) ( 3. 3 5)

A s t h e a v ail a bl e e n e r gi e s i n t h e a b o v e E q. c a n c el o ut, t h e p o si-

ti o n f a ct o r s i n t h e a b o v e E q. a r e e q u al:

ε E (R ) = ε E, b (R ) ( 3. 3 6)

( 7 ) A s o b j e ct b i s a n a r bit r a r y o bj e ct i n s p a c e, all o bj e ct s i n s p a c e

h a v e t h e s a m e p o siti o n f a ct o r ε E (R ) a s a f u n cti o n of R . T h u s,

t h e p o siti o n f a ct o r i s u ni v e r s al.

P r o of: T h e pr o of is pr o vi d e d b y t h e tr a nsf or m ati o ns d es cri b e d

wit hi n t h e a b o v e t h e or e m.

I n t h e n e xt s e cti o n, w e s h o w t h at t h e u ni v ers alit y of t h e p ositi o n

f a ct or h as f ar r e a c hi n g c o ns e q u e n c es f or t h e f a ct of q u a nti z ati o n

a n d f or t h e u ni v ers alit y of t h e q u a nti z ati o n c o nst a nt.
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U ni v e r s al Q u a n ti z a ti o n

I d e a : A si g n al of m o n o c hr o m ati c li g ht c a n b e d es cri b e d i n t w o

w a ys:

as a w a v e wit h a cir c ul ar fr e q u e n c y ω

a n d as a p orti o n E of e n er g y wit h t h e m o m e nt u m p = E / c .

T h us, e v e n at t h e cl assi c al l e v el, t h er e is a w a v e - p arti cl e d u al-

it y, a n d w e c a n tr y t o d eri v e a u ni v ers al q u a nti z ati o n t h er efr o m.

I n t his c h a pt er, w e s h o w t h e f oll o wi n g: If p orti o ns of a p h ysi c al

q u a ntit y pr o p a g at e at t h e gr o u p v el o cit y, s e e e. g. ( S c h e c k,

2 0 1 3, s e cti o n 1. 3. 1) or ( K u m ar, 2 0 1 8, s e cti o ns 3. 2 a n d 5. 2), d ω
d k =

v g = c in a dir e cti o n e j , a n d if t h e y h a v e a c orr es p o n di n g w a v e

v e ct or c o m p o n e nt k j = k as w ell as a cir c ul ar fr e q u e n c y ω , t h e n

t h e p orti o ns ar e q u a nti z e d i n a n e m er g e nt m a n n er 1 .

I n S R, s u c h a p orti o n h as a n e n er g y d E a n d a c orr es p o n di n g

m o m e nt u m c o m p o n e nt d p j = p = |p |, s o t h at t h e f oll o wi n g

h ol ds, ( L a n d a u a n d Lifs c hit z, 1 9 7 1, E q. 9. 6):

d E

d p
= c o r

d E

d p j
= c in dir e cti o n of t h e u nit v e ct or e j ( 4. 1)

T h er e b y, t h e r ati o of t h e cir c ul ar fr e q u e n c y d ω a n d t h e c orr e-

s p o n di n g c o m p o n e nt of a w a v e v e ct or d k j is as f oll o ws, ( L a n d a u

a n d Lifs c hit z, 1 9 7 1, E q. 4 8. 4):

1 T h e r e s ult s of t hi s c h a pt er h a v e b e e n d eri v e d i n si mil ar c o nt e xt s i n C ar m e si n ( 2 0 2 2 d),
C ar m e si n ( 2 0 2 2 a).

4 7
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d ω

d k
= c o r

d ω

d k j
= c in dir e cti o n of e j ( 4. 2)

S o, t h e a b o v e fr a cti o ns ar e e q u al:

d ω

d k
=

d E

d p
= c o r

d ω

d k j
=

d E

d p j
= c in dir e cti o n of e j ( 4. 3)

As d ω is n o n z er o, w e c a n d eri v e t h e f oll o wi n g r el ati o n:

d p

d k
=

d E

d ω
o r

d p j

d k j
=

d E

d ω
in dir e cti o n of e j ( 4. 4)

4. 1 P o s si bl e mi ni m al p o r ti o n

I n t his s e cti o n, w e a n al y z e a p ossi bl e mi ni m al m e as ur a bl e p or-

ti o n of e n er g y d E = E mi n, ω 1
t h at m a y o c c ur at a cir c ul ar fr e-

q u e n c y ω 1 . H er e b y, ω = ω (k ) is a f u n cti o n of t h e w a v e v e ct or.

At pr o p a g ati o n t o w ar ds e = e j , ω = ω (k ) is a f u n cti o n of t h e

a bs ol ut e v al u e k of t h e w a v e v e ct or. T h er e b y, t h e el o n g ati o n of

t h e w a v e is c o n c e ntr at e d ar o u n d a c e ntr al v al u e k 1 , a n d ω 1 is

t h e v al u e of t h e cir c ul ar fr e q u e n c y at t h at v al u e k 1 , ω 1 = ω (k 1 ),

s e e e. g. ( S c h e c k, 2 0 1 3, 1. 3. 1).

T h e c orr es p o n di n g p orti o n of m o m e nt u m is d p = p j, mi n, ω 1
=

E mi n, ω 1
/ c . S o, t h e a b o v e r el ati o ns, s e e E qs. ( 4. 1, 4. 2, 4. 3, 4. 4),

c a n b e d eri v e d f or t h e mi ni m al v al u es i n a si mil ar m a n n er. T h us,

t h e r el ati o n c orr es p o n di n g t o E q. ( 4. 4) is o bt ai n e d:

p mi n, ω 1

k 1
=

E mi n, ω 1

ω 1
o r

p j, mi n, ω 1

d k j ,1
=

E mi n, ω 1

ω 1
for e = e j ( 4. 5)

T h e t w o fr a cti o ns r e pr es e nt t h e s a m e r ati o K (ω ).

p mi n, ω 1

k 1
=

E mi n, ω 1

ω 1
= K (ω 1 ) or

p j, mi n, ω 1

k j ,1
=

E mi n, ω 1

ω 1
= K (ω 1 ) f or e = e j ( 4. 6)
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As t h e r ati o K (ω 1 ) h as t h e s a m e f or m as i n t h e q u a nti z ati o n

of li g ht, s e e e. g. Gri ffit hs ( 1 9 9 4) or K u m ar ( 2 0 1 8), w e c all it

q u a nti z ati o n r ati o.

4. 2 U ni v e r s ali t y of t h e q u a n ti z a ti o n r a ti o

Q u e s ti o n : D o di ff er e nt cir c ul ar fr e q u e n ci es ω 1 a n d ω 2 h a v e t h e

s a m e q u a nti z ati o n r ati os K (ω 1 ) a n d K (ω 2 ) ?

F or it, w e c o nsi d er t w o mi ni m al p orti o ns wit h cir c ul ar fr e-

q u e n ci es ω 1 a n d ω 2 :

T h e o r e m 5 U ni v e r s al q u a n ti z a ti o n

W e a n al y z e t w o mi ni m al p o rti o n s i n s e cti o n ( 4. 1 ) t h at p r o p a g at e

at v = c wit h t w o di ff e r e nt ci r c ul a r f r e q u e n ci e s. T h e r e b y, w e

c all t h e s m all e r ci r c ul a r f r e q u e n c y ω 1 a n d t h e l a r g e r ci r c ul a r

f r e q u e n c y ω 2 . T h e c o r r e s p o n di n g q u a nti z ati o n f a ct o r s a r e c all e d

K (ω 1 ) a n d K (ω 2 ).

( 1 ) T h e l o c ati o n s a r e n ot r e st ri ct e d, at w hi c h t h e mi ni m al p o r-

ti o n s i n s e cti o n ( 4. 1 ) p r o p a g at e. T h u s, w e c a n a n al y z e t h e s e

p o rti o n s i n a n i s ot r o pi c vi ci nit y of a fi el d g e n e r ati n g m a s s M .

T h e r e b y, w e c a n c h o o s e ci r c u mf e r e nti al r a di al c o o r di n at e s o r
g r a vit ati o n al p a r all a x di st a n c e s R of t h e p o rti o n s a s d e si r e d.

( 2 ) W e a n al y z e t h e mi ni m al p o rti o n wit h ci r c ul a r f r e q u e n c y ω 1

at t h e r a di u s R = R ∞ ( D E F 7 ). A c c o r di n g t o E q. ( 4. 6 ), t h at

p o rti o n h a s t h e f oll o wi n g e n e r g y:

E mi n, ω 1
= K (ω 1 ) · ω 1 f or R ∞ ( 4. 7)

( 3 ) A c c o r di n g t o T H M ( 3 ), i n c r e m e nt s of ti m e at R ∞ a n d at R

a r e r el at e d a s f oll o w s:

dt (R )

dt ∞
= ε E (R ) ( 4. 8)

I n p a rti c ul a r, s u c h ti m e i n c r e m e nt s c a n b e p e ri o di c ti m e s T of

r a di ati o n. T hi s i s p o s si bl e, a s i n e a c h f r a m e, t h e ti m e b et w e e n
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t h e s a m e t w o m a xi m a of t h e el o n g ati o n i s t h e p e ri o di c ti m e:

T (R )

T ∞
= ε E (R ) ( 4. 9)

A c c o r di n g t o t h e d e fi niti o n of t h e ci r c ul a r f r e q u e n c y ω = 2 π / T ,

t h e p o siti o n f a ct o r i s t h e f oll o wi n g r ati o of t h e ci r c ul a r f r e q u e n-

ci e s:

ε E (R ) =
ω 1

ω 2
o r ( 4. 1 0)

1 −
R S

R
= ε E (R ) =

ω 1

ω 2
=

ω ∞

ω (R )
(4. 1 1)

( 4 ) A s t h e vi ci nit y of M i s c o n st a nt, t h e N o et h e r ( 1 9 1 8 ) t h e o-

r e m i s a p pli c a bl e, s o t h at e n e r g y i s c o n s e r v e d. T h u s, t h e e n e r g y

E mi n, ω 1
at t h e st a rt of t h e f r e e f all i n p a rt ( 2 ) i s e q u al t o t h e

e n e r g y at R i n p a rt ( 3 ), s e e T H M ( 4 ):

E mi n, ω 1
= K (ω 1 ) · ω 1 = E a v (R ) · ε E (R ) ( 4. 1 2)

T h u s, t h e a v ail a bl e e n e r g y i s t h e r ati o of t h e e n e r g y K (ω 1 ) · ω 1

at R ∞ a n d t h e p o siti o n f a ct o r at R :

E a v (R ) =
K (ω 1 ) · ω 1

ε E (R )
=

E ∞

ε E (R )
(4. 1 3)

( 5 ) T h e a v ail a bl e e n e r g y E a v (R ) i s d e fi n e d b y it s m e a s u r e m e nt,

s e e D E F ( 7 ). Si mil a rl y, t h e ci r c ul a r f r e q u e n c y ω 2 i s m e a s u r e d

at R . F o r i n st a n c e, t h e w a v el e n gt h λ of li g ht i s m e a s u r e d wit h a
s p e ct r o m et e r, a n d it c a n b e t r a n sf o r m e d b y ω = 2 π · c

λ . T h u s, t h e

mi ni m al e n e r g y E mi n, ω 2
i s m e a s u r e d at R . H e n c e, t h e mi ni m al

e n e r g y E mi n, ω 2
a n d t h e a v ail a bl e e n e r g y at R a r e e q u al:

E mi n, ω 2
= K (ω 2 ) · ω 2 = E a v (R ) ( 4. 1 4)
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W e a p pl y t h e a v ail a bl e e n e r g y i n E q. ( 4. 1 3 ) t o t h e e n e r g y

E mi n, ω 2
at R i n E q. ( 4. 1 4 ):

E mi n, ω 2
= K (ω 2 ) · ω 2 =

K (ω 1 ) · ω 1

ε E (R )
(4. 1 5)

W e a p pl y t h e p o siti o n f a ct o r i n E q. ( 4. 1 1 ) t o t h e e n e r g y E mi n, ω 2

at R i n E q. ( 4. 1 5 ):

E mi n, ω 2
= K (ω 2 ) · ω 2 =

K (ω 1 ) · ω 1
ω 1

ω 2

= K (ω 1 ) · ω 2 (4. 1 6)

W e di vi d e t h e e n e r g y i n t h e a b o v e E q. ( 4. 1 6 ) b y ω 2 :

K (ω 2 ) = K (ω 1 ) ( 4. 1 7)

T h u s, w e s h o w e d t h at t h e q u a nti z ati o n f a ct o r s d o n ot d e p e n d o n

t h e ci r c ul a r f r e q u e n c y ω . A c c o r di n g t o E q. ( 4. 2 ), t h at q u a nti z a-

ti o n r ati o K (ω ) d o e s n ot d e p e n d o n t h e w a v e n u m b e r. T h e n c e,

t h e q u a nti z ati o n r ati o K (ω ) i s a u ni v e r s al c o n st a nt.

( 6 ) T h e r e b y, t h e v al u e of t h e u ni v e r s al q u a nti z ati o n r ati o K (ω )

h a s b e e n m e a s u r e d, a n d 2 π · K (ω ) t a k e s t h e f oll o wi n g v al u e:

2 π · K (ω ) = 6.6 2 6 0 7 0 1 5 · 1 0 − 3 4 Js ( 4. 1 8)

( 7 ) T h e u ni v e r s al q u a nti z ati o n r ati o K (ω ) i s n a m e d r e d u c e d

Pl a n c k c o n st a nt , w h e r e b y 2 π · i s n a m e d Pl a n c k c o n st a nt

h :

K (ω ) = =
h

2 π
(4. 1 9)

A s a c o n v e nti o n, t h e v al u e of t h e Pl a n c k c o n st a nt i n E q. ( 4. 1 8 )

i s d e fi n e d t o b e a n e x a ct v al u e, s e e e. g. N e w ell et al. ( 2 0 1 8 ) o r

W o r k m a n et al. ( 2 0 2 2 ).

( 8 ) T h e t r a n sf o r m ati o n f r o m a g r a vit ati o n al p a r all a x di st a n c e

d R a n d a c o r r e s p o n di n g ti m e dt t o t h e v al u e s d L a n d d τ i n
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c u r v e d s p a c eti m e, i s p r o vi d e d b y t h e S c h w a r z s c hil d m et ri c i n

c h a pt e r ( 3 ).

( 9 ) W e s h o w t h at t h e u ni v e r s alit y of q u a nti z ati o n h ol d s i n a n

e v e n m o r e g e n e r al i n v e sti g ati o n: I n t h e S c h w a r z s c hil d m et ri c,

t h e fi el d g e n e r ati n g o r c u r v at u r e g e n e r ati n g m a s s M i s cl e a rl y

di sti n g ui s h e d f r o m t h e p r o b e m a s s m 0 . M o r e g e n e r all y, t h e p r o b e

m a s s m 0 d o e s i n fl u e n c e t h e a v ail a bl e e n e r g y of t h e fi el d g e n e r-

ati n g m a s s M . W h e n t h e a v ail a bl e e n e r g y of M c a u s e s t h e

c u r v at u r e, t h e n R S i s i n fl u e n c e d b y m 0 a n d b y t h e di st a n c e R .

A c c o r di n gl y, t h e p o siti o n f a ct o r i s a f u n cti o n of t h e s e q u a ntiti e s,

ε E, m or e g e n er al = 1 − R S (M , m0 , R)
R . I n s u c h a c a s e, E q. ( 4. 1 0 ) c a n

still b e a p pli e d, w h e r e b y t h e t e r m i n E q. ( 4. 1 1 ) b e c o m e s m o r e

c o m pli c at e d. H o w e v e r, t h e d e ri v ati o n c a n still b e a p pli e d. I n

g e n e r al, t h e q u a nti z ati o n r ati o i s u ni v e r s al, w h e n e v e r t h e ti m e

dil ati o n i s e x p r e s s e d b y a f a ct o r, T (R )
T ∞

= ε E , m or e g e n er al (R ) = ω ∞

ω (R )

= ω 1

ω 2
. T hi s s h o ul d b e t h e c a s e, w h e n e v e r t h e ti m e i s a s c al a r

q u a ntit y, n ot a v e ct o r o r t e n s o r, f o r i n st a n c e. T hi s i s a v e r y

g e n e r al c o n diti o n. I n p a rti c ul a r, t hi s r el ati o n i s m o r e g e n e r al

t h a n t h e f r a m e w o r k of t h e Ei n st ei n fi el d e q u ati o n, s e e e. g.

Ei n st ei n ( 1 9 1 5 ), Hil b e rt ( 1 9 1 5 ). T h e r el ati o n s h o w s t h e f oll o w-

i n g:

N at u r e i s q u a nti z e d.

T h e c o n st a nt of q u a nti z ati o n i s u ni v e r s al.

T h e Ei n st ei n fi el d e q u ati o n i s a s e mi cl a s si c al a p p r o xi m ati o n

C a r m e si n ( 2 0 2 2f ), C a r m e si n ( 2 0 2 3 b ).

( 1 0 ) W e s h o w t h at t h e u ni v e r s alit y of q u a nti z ati o n h ol d s at

hi g h e r di m e n si o n. N ot e t h at hi g h e r di m e n si o n h a s b e e n o b-

s e r v e d, s e e L o h s e et al. ( 2 0 1 8 ) o r Zil b e r b e r g et al. ( 2 0 1 8 ).

If a c h a n g e of t h e di m e n si o n f r o m a di m e n si o n D 1 t o a l o w e r

di m e n si o n D 2 c a u s e s a n i n c r e a s e of a w a v el e n gt h λ v ol, D 1
of v ol-

u m e t o t h e w a v el e n gt h λ v ol, D 2
a c c o r di n g t o a di m e n si o n al di s-
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t a n c e e nl a r g e m e nt f a ct o r Z D 1 → D 2
a s f oll o w s

λ v ol, D 2
= λ v ol, D 1

· Z D 1 → D 2
, ( 4. 2 0)

t h e n t h e f oll o wi n g h ol d s:

( 1 0 a ) T h e w a v e s of v ol u m e a r e q u a nti z e d, a s t h e y p r o p a g at e wit h

v = c . T h e r e b y, t h e r e o c c u r s a c o n st a nt of q u a nti z ati o n:

E mi n, ω v ol, D 1
= K (ω v ol, D 1

) · ω v ol, D 1
( 4. 2 1)

( 1 0 b ) T h e c o r r e s p o n di n g ci r c ul a r f r e q u e n ci e s c h a n g e a s f oll o w s:

ω v ol, D 1

ω v ol, D 2

= Z D 1 → D 2
( 4. 2 2)

( 1 0 c ) At t h e di m e n si o n al t r a n siti o n, t h e a v ail a bl e e n e r g y ( of

t h e q u a nt u m ) at D 1 , E mi n, ω v ol, D 1
i s r e d u c e d b y t h e i n c r e a s e of t h e

w a v el e n gt h t o t h e f oll o wi n g a v ail a bl e e n e r g y at D 2 :

E a v (D 2 ) =
E mi n, ω v ol, D 1

Z D 1 → D 2

=
K (ω v ol, D 1

) · ω v ol, D 1

Z D 1 → D 2

(4. 2 3)

( 1 0 d ) Si mil a rl y a s i n p a rt ( 5 ), t h e a v ail a bl e e n e r g y at D 2 i s e q u al

t o t h e mi ni m al e n e r g y of t h e q u a nt u m:

E a v (D 2 ) = K (ω v ol, D 2
) · ω v ol, D 2

= E mi n, ω v ol, D 2
( 4. 2 4)

( 1 0 e ) A s a c o n s e q u e n c e of t h e e n e r gi e s i n E q s. ( 4. 2 2, 4. 2 3,

4. 2 4 ), t h e c o n st a nt s of q u a nti z ati o n a r e e q u al:

K (ω v ol, D 2
) · ω v ol, D 2

=
K (ω v ol, D 1

) · ω v ol, D 1

Z D 1 → D 2

= K (ω v ol, D 1
) · ω v ol, D 2

( 4. 2 5)

or K (ω v ol, D 2
) = K (ω v ol, D 1

) ( 4. 2 6)

( 1 1 ) I n p ri n ci pl e, t h e q u a nti z ati o n c o n st a nt K (ω v ol, D 1
) of t h e

v ol u m e c o ul d b e di ff e r e nt f r o m t h e q u a nti z ati o n c o n st a nt K (ω 1 )

of r a di ati o n. H o w e v e r, if a mi ni m al p o rti o n of e n e r g y of v ol u m e
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i s at it s z e r o- p oi nt o s cill ati o n at a w a v el e n gt h λ , a n d if a mi ni-

m al p o rti o n of e n e r g y of r a di ati o n i s at it s z e r o- p oi nt o s cill ati o n

at t h e s a m e w a v el e n gt h λ , t h e n t h e w a v e f u n cti o n s a r e g e o m et-

ri c all y e q u al. A c c o r di n gl y, t h e y s h o ul d h a v e t h e s a m e z e r o- p oi nt

e n e r g y, Z P E:

K (ω 1 ) ·
π · c

λ
= Z P E r a di ati o n = Z P E v ol = K (ω v ol, D 1

) ·
π · c

λ
(4. 2 7)

or K (ω 1 ) = K (ω v ol, D 1
) ( 4. 2 8)

C o r r e s p o n di n gl y, t h e s a m e c o n st a nt of q u a nti z ati o n o c c u r s f o r

a n o bj e ct at di ff e r e nt ci r c ul a r f r e q u e n ci e s a n d f o r di ff e r e nt t y p e s

of o bj e ct s.

( 1 2 ) T h e ci r c ul a r f r e q u e n c y ω (k ) a s a f u n cti o n of t h e w a v e n u m-

b e r k i s o bt ai n e d b y i nt e g r ati o n:

ω (k ) = ω 0 +
k

0

d ω

d k 3
d k 3 ( 4. 2 9)

wit h ω 0 = ω (k = 0) ( 4. 3 0)

H e r e b y, t h e d e ri v ati v e d ω
d k 3

i s e q u al t o t h e g r o u p v el o cit y v g = c .

S o w e o bt ai n:

ω (k ) = ω 0 + c · k ( 4. 3 1)

A s a c o n s e q u e n c e, t h e p h a s e v el o ci t y v p , s e e e. g. ( K u m a r,

2 0 1 8, E q. 3. 2. 8 ), i s a s f oll o w s:

v p =
ω (k )

k
=

ω 0

k
+ c =

ω 0

k
+ v g (4. 3 2)

T h u s, t h e p h a s e v el o cit y v p c a n di ff e r f r o m t h e g r o u p v el o cit y v g ,

s e e e. g. ( K u m a r, 2 0 1 8, s e cti o n 5. 2 o r p. 1 9 1 ). F o r i n st a n c e,
s u c h a di ff e r e n c e v p = v g o c c u r s i n t h e C h e r e n k o v r a di ati o n,

s e e e. g. ( L a n d a u a n d Lif s c hit z, 1 9 6 3, s e cti o n 1 1 5 ). A n ot h e r

e x a m pl e i s p r o vi d e d b y d e B r o gli e ( 1 9 2 5 ) i n hi s t h e o r y of m att e r

w a v e s: T h e s e e x hi bit p h a s e v el o citi e s v p l a r g e r t h a n t h e v el o cit y
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of li g ht a n d l a r g e r t h a n t h e g r o u p v el o cit y v g , v p > c > v g ( s e e

E q s. 1. 2. 3, 1. 2. 6 ).

I n t h e c a s e of n o n z e r o ω 0 , a n d i n t h e li mit of z e r o m o m e nt u m

p = k o r i n fi nit e w a v el e n gt h λ , t h e p h a s e v el o cit y v p t e n d s t o

i n fi nit y:

li m
p → 0

v p = li m
k → 0

v p = li m
λ → ∞

v p = ∞ ( 4. 3 3)

A s t h e li g ht h o ri z o n i s fi nit e, t h at li mit i s al m o st, b ut n ot f ull y,

a c hi e v e d i n a c a u s al s y st e m i n s p a c eti m e.

F o r i n st a n c e, i n el e ct r o m a g n eti c w a v e s, t h e p h a s e v el o cit y i n

v a c u u m i s c , s o ω 0 i s z e r o. H o w e v e r, i n c h a pt e r ( 8 ), w e will

d e ri v e v a ri o u s p h a s e v el o citi e s, c o r r e s p o n di n g t o n o n z e r o ω 0 , i n

t h e d y n a mi c s of v ol u m e.

E x a m pl e: A n e x a m pl e f or s u c h a mi ni m al p orti o n is t h e p h o-

t o n. P o u n d a n d R e b k a ( 1 9 6 0) h a v e c o n fir m e d t h e gr a vit ati o n al

r e ds hift of t h e p h ot o n e x p eri m e nt all y, w e a n al y z e d t h at r e ds hift

a b o v e t h e or eti c all y.

Alt o g et h er, S R t o g et h er wit h t h e c ur v at ur e of s p a c eti m e d e-

s cri b e d b y t h e p ositi o n f a ct or c a us e t h e q u a nti z ati o n of w a v es

pr o p a g ati n g at v = c , w e n a m e it e m er g e nt q u a nti z ati o n.
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C h a p t e r 5

C l a s si c al E x p a n si o n of S p a c e

I d e a : T h e ki n eti c g as t h e or y s h o ws h o w t h e d y n a mi cs of l o-

c al m ol e c ul es pr o vi d es t h e e q u ati o n of st at e of t h e gl o b al i d e al

g as. Si mil arl y, t h e S c h w ar zs c hil d m etri c of a l o c al m ass s h o ul d

pr o vi d e t h e gl o b al d y n a mi cs of s p a c e.

A c c or di n gl y, i n t his s e cti o n, w e u nif y t h e cl assi c al l o c al d y-

n a mi cs of t h e p ositi o n f a ct or a n d t h e cl assi c al gl o b al e x p a nsi o n

of s p a c e. F or it, w e d eri v e t h e Fri e d m a n n L e m aı̂ t r e e q u a-

ti o n, F L E fr o m t h e p ositi o n f a ct or.

5. 1 E x p a n si o n of s p a c e

Ei nst ei n ( 1 9 1 7) a n al y z e d a p ossi bl e e x p a nsi o n of t h e s p a c e.

Sli p h er ( 1 9 1 5) dis c o v er e d t h e r e ds hift of dist a nt g al a xi es, Wirt z

( 1 9 2 2) a n al y z e d e m piri c al e vi d e n c e f or t h e e x p a nsi o n of s p a c e,

a n d H u b bl e ( 1 9 2 9) o bt ai n e d a c o n vi n ci n g e m piri c al b asis f or

t h at e x p a nsi o n of s p a c e. T h at e x p a nsi o n is us u all y d es cri b e d

b y a u nif o r m s c ali n g .

M o d els of t h at e x p a nsi o n of s p a c e si n c e t h e Bi g B a n g t y pi-
c all y a p pl y t h e c os m ol o gi c al pri n ci pl e: is otr o p y a n d h o m o g e n e-

it y of s p a c e, i n cl u di n g its c o nt e nt, s e e e. g. K artt u n e n et al.

( 1 9 9 6). A c c or di n gl y, w e m o d el s p a c e b y a h o m o g e n e o us b all

wit h a d e nsit y ρ , s e e Fi g. ( 5. 1). S o, w e d eri v e t h e D E Q f or t h e

ti m e e v ol uti o n of t h e r a di us of s u c h a h o m o g e n e o us b all.

5 7
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ρ

surr o u n di n gs

m

M

ρ R

Fi g ur e 5. 1: B all wit h m ass M a n d r a di us R e m b e d d e d i n a h o-
m o g e n e o us s urr o u n di n g a n d e x hi bit e d t o a pr o b e m ass m or
m 0 .

5. 2 D e ri v a ti o n of t h e F L E

I n t his s e cti o n, w e d eri v e t h e Fri e d m a n n L e m aı̂ tr e e q u ati o n,

Fri e d m a n n ( 1 9 2 2) a n d L e m aitr e ( 1 9 2 7). T h e D E Q d es cri b es

t h e e x p a nsi o n of s p a c e si n c e t h e Bi g B a n g. F or it, w e a p pl y t h e

p ositi o n f a ct or.

5. 2. 1 D E Q of u nif o r m s c ali n g: d e ri v a ti o n

T h e s urr o u n di n gs of t h e b all d o n ot g e n er at e a fi el d G ∗ i n t h e

e m b e d d e d s p h er e (s e cti o n 2 5. 2. 1). A h o m o g e n e o us s p h er e wit h

a m ass M g e n er at es a fi el d i n its vi ci nit y t h at is e q u al t o t h e

fi el d g e n er at e d b y t h e m ass M i n t h e c e nt er of t h e b all ( G a uss

( 1 8 4 0)). S o t h e p ositi o n f a ct or a p pli es ( E q. 3. 9), a n d t h us t h e

e n er g y of a pr o b e m ass wit h t h e c o n diti o n ( R |v ) = (R | ˙R ) =

(∞| 0) at s o m e ti m e is as f oll o ws ( ot h er c o n diti o ns ar e a n al y z e d

i n C ar m esi n ( 2 0 2 0 b)):

E (R, v ) = m 0 · c 2 · γ (v ) · ε E (R ) = E 0 ali as E r e f ( 5. 1)
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T h er e b y, t h e f a ct ors ar e as f oll o ws:

γ (v ) =
1

1 − v 2 / c 2
; ε E (R ) = 1 −

R S

R
a n d m 0 · c 2 = E 0

( 5. 2)

T h e E q. ( 5. 1) r e pr es e nts a D E Q, as it c o nt ai ns v , w hi c h i n t ur n

r e pr es e nts a d eri v ati v e. T his D E Q d es cri b es t h e d y n a mi cs of

t h e pr o b e m ass. N e xt, w e t r a n sf o r m t his D E Q, i n or d er t o

o bt ai n a tr a nsf or m e d D E Q, still d es cri bi n g t h e d y n a mi cs of m
a n d R (t).

5. 2. 2 S t r u c t u r e d e n e r g y f u n c ti o n

I n t his s e cti o n, w e d eri v e a s t r u c t u r e d e n e r g y f u n c ti o n . T his

m a y b e i nt er pr et e d as a r es ult of a m at h e m ati c al tr a nsf or m ati o n

of t h e D E Q, or it m a y b e i nt er pr et e d p h ysi c all y i n a d diti o n:

T h e str u ct ur e d e n er g y f u n cti o n mi g ht b e i nt er pr et e d as a

n or m ali z e d e x c e s s e n e r g y ( C ar m esi n ( 2 0 2 0 b)) as f oll o ws:

I n S R, t h e di ff er e n c e of t h e s q u ar e E 2 of t h e e n er g y a n d of

t h e s q u ar e of t h e o w n e n er g y m 2
0 · c 4 = E 2

0 r e pr es e nts t h e s q u ar e

of t h e ki n eti c e n er g y p 2 · c 2 . B y c o nstr u cti o n, it r e pr es e nts t h e

s q u ar e of t h e e x c ess e n er g y t h at t h e m ass m h as c o m p ar e d t o

its o w n m ass m 0 .
A c c or di n g t o t h e p ositi o n f a ct or, t h at e x c ess e n er g y c o nt ai ns

t h e ki n eti c e n er g y a n d, a d diti o n all y, a gr a vit ati o n al e n er g y i n

t h e fi el d.

C orr es p o n di n gl y, w e d eri v e t h e e x c ess e n er g y as f oll o ws: We

t a k e t h e s q u ar e of E q. ( 5. 1), a n d w e s u btr a ct t h e s q u ar e d o w n

e n er g y m 2
0 c

4 (s o w e o bt ai n t h e s q u ar e of t h e g e n er ali z e d e x c ess

e n er g y):

E (R, v ) 2 − m 2
0 c

4 = m 2
0 · c 4 · (ε E (R ) 2 · γ (v ) 2 − 1) ( 5. 3)

T h e m o d el of t h e u nif or m s c ali n g of s p a c e d o es n ot a p pl y

a n o bj e ct m o vi n g or pr o p a g ati n g t hr o u g h s p a c e, a c c or di n gl y,

i n t h at m o d el t h er e is n o f a ct or γ 2 . C orr es p o n di n gl y, i n or d er
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t o tr a nsf or m t h e l o c al p h ysi cs of t h e pr o b e m ass t o t h e gl o b al

p h ysi cs of t h e u nif or m s c ali n g of s p a c e, w e di vi d e b y γ 2 ( E q.

5. 1):

E (R, v ) 2 − m 2
0 c

4

γ 2
= m 2

0 · c 4 · (ε E (R ) 2 − γ (v ) − 2 ) ( 5. 4)

I n or d er t o si m plif y, w e i ns ert t h e f a ct ors ε E (R ) a n d γ (v ):

E (R, v ) 2 − m 2
0 c

4

γ 2
= m 2

0 c
4 ·

v 2

c 2
−

R S

R
( 5. 5)

C o n v e n ti o n al f o r m: I n t his p ar a gr a p h, w e d eri v e a c o n v e nti o n al

e n er g y f u n cti o n wit h a c o n v e nti o n al ki n eti c a n d p ot e nti al e n er g y
t er m. F or it, w e di vi d e b y 2 m 0 c

2 . S o, w e d eri v e:

E (R, v ) 2 − m 2
0 c

4

2 γ 2 m 0 c 2
= m 0 · c 2 ·

v 2

c 2
−

R S

R
·
1

2
(5. 6)

We a p pl y t h e S c h w ar zs c hil d r a di us R S = 2 G M
c 2 : S o, t h e r es ult

is a c o n v e nti o n al str u ct ur e d e n er g y f u n cti o n. We d e n ot e t h at

e n er g y f u n cti o n b y a b ar, Ē (R, v ). T h us, w e d eri v e Ē (R, v ):

E (R, v ) 2 − E 2
0

2 γ 2 E 0
= : Ē (R, v ) =

m 0 · v 2

2
−

G · M · m 0

R
( 5. 7)

F o r m wi t h t h e H u b bl e p a r a m e t e r: I n t his p art, w e tr a nsf or m t h e

D E Q ( 5. 5) f urt h er, s o t h at w e o bt ai n a t er m f or t h e H u b bl e

p a r a m e t e r :

H =
˙R

R
a n d R = 0 ( 5. 8)

F or it, w e m ulti pl y E q. ( 5. 5) wit h 1
m 2

0 ·c 4 · c 2

R 2 , a n d w e us e t h e

d e nsit y ρ = M
R 3 ·4 π / 3 . S o, w e d eri v e:

E (R, ˙R ) 2 − m 2
0 c

4

m 2
0 · c 4 γ 2

·
c 2

R 2
=

˙R 2

R 2
−

8 π G · ρ

3
(5. 9)
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We i d e ntif y t h e s c al e d s q u ar e d e n er g y − E (R, ṙ ) 2 − m 2
0 c 4

m 2
0 ·c 4 γ 2 , or t h e

s c al e d e n er g y t er m − 2 Ē ( R, ˙R )
m 0 ·c 2 , wit h t h e c u r v a t u r e p a r a m e-

t e r k ( Fri e d m a n n ( 1 9 2 2), L e m aitr e ( 1 9 2 7), St e p h a ni ( 1 9 8 0)),

C ar m esi n ( 2 0 2 1 d), C ar m esi n ( 2 0 2 1 a)). We i d e ntif y
˙R 2

R 2 w it h t h e

s q u ar e d H u b bl e p ar a m et er H 2 , a n d w e s ol v e f or H 2 . S o, w e d e-

ri v e t h e Fri e d m a n n L e m aı̂ t r e e q u a ti o n, F L E ( Fri e d m a n n

( 1 9 2 2) a n d L e m aitr e ( 1 9 2 7)), t h e D E Q f or t h e h o m o g e n e o us

s yst e m:

H 2 =
8 π G · ρ

3
− k ·

c 2

R 2
( 5. 1 0)

In t h e a b o v e E q. t h e c ur v at ur e p ar a m et er is − 2
m 0 c 2 m ulti pli e d

b y t h e str u ct ur e d e n er g y t er m:

k = −
2

m 0 c 2
· Ē (R , ˙R ) = −

2

m 0 c 2
·
E (R , ˙R ) 2 − E 2

0

2 γ 2 E 0
(5. 1 1)

H er e b y, t h e e n er g y E (R, ˙R ) t a k es t h e v al u e E 0 at R t o i n fi nit y.

T h us, f or R t o i n fi nit y, t h e str u ct ur e d e n er g y f u n cti o n Ē (R, ˙R )

is z er o. H e n c e, Ē (R, ˙R ) is z er o d uri n g t h e w h ol e ti m e e v ol uti o n
of t h e s yst e m, as t h e l a w of e n er g y c o ns er v ati o n h ol ds. T h e n c e,

t h e c ur v at ur e p ar a m et er is z er o, as a r es ult of t h e d y n a mi cs,

k t h e o = 0.

T h at t h e or eti c al r es ult k t h e o = 0 is c o n fir m e d b y o bs er v ati o ns

( C oll a b or ati o n ( 2 0 2 0), B e n n ett et al. ( 2 0 1 3)). As t h e c ur v at ur e

p ar a m et er k is z er o, s p a c e is gl o b all y fl at. We s u m m ari z e o ur

d eri v ati o n:

T h e o r e m 6 F L E d e ri v e d f r o m t h e p o si ti o n f a c t o r

T h e e x p a n si o n of t h e u ni v e r s e h a s t h e f oll o wi n g p r o p e rti e s, s e e

( C a r m e si n, 2 0 2 1 d, T H M 3 ).

( 1 ) I n cl a s si c al G R, it i s d e s c ri b e d b y a u nif o r m s c ali n g wit h

a s c al e f a ct o r R (t) Fi g. ( 5. 1 ).
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( 2 ) I n cl a s si c al G R, t h e ti m e e v ol uti o n of t h e s c al e f a ct o r R (t)

i s d e s c ri b e d b y t h e F L E:

H 2 =
˙R

R

2

=
8 π G · ρ

3
− k ·

c 2

R 2
(5. 1 2)

( 3 ) T h e F L E of t h at u nif o r m s c ali n g c a n b e d e ri v e d f r o m t h e

ti m e e v ol uti o n of a mi c r o s c o pi c p r o b e m a s s m a s f oll o w s:

( 3 a ) At a d e n sit y ρ , t h e r e i s a h o m o g e n e o u s b all of t h e u ni v e r s e
wit h t h e s a m e d e n sit y a n d g e n e r ati n g a fi el d G ∗ , a n d m i s at

t h e s u rf a c e of t h at b all ( Fi g. 5. 1 ).

( 3 b ) T h e ti m e e v ol uti o n of t h e l o c ati o n of m i s d e ri v e d i n t h e

d G P f r a m e a n d f r o m t h e p o siti o n f a ct o r, s e e t h e D E Q ( 5. 1 ), a n d

t h e t r a n sf o r m e d D E Q ( 5. 7 ) i s d e ri v e d f r o m t h e p o siti o n f a ct o r.

( 4 ) T h e r e b y, t h e s e a b o v e t w o D E Q s u s e a s t r u c t u r e d e n e r g y

f u n c ti o n Ē (R, ˙R ) wit h Ē (R, ˙R ) = 0 = k = i n v a ri a nt:

− k : =
2 Ē (R, ˙R )

m 0 · c 2
w it h Ē (R, ˙R ) =

m 0
˙R 2

2
−

G M m 0

R
( 5. 1 3)

( 5 ) T h at s t r u c t u r e d e n e r g y f u n c ti o n of m 0 i s d e fi n e d a s

f oll o w s, w h e r e b y it i s p r o p o rti o n al t o E 0 a n d t o a n o r m ali z e d

e n e r g y E n o r m = Ē
E 0

:

E (R , ˙R ) 2 − E 2
0

2 γ 2 E 0
= : Ē (R, ˙R ) = E 0 ·

˙R 2

2 c 2
−

G · M

R · c 2
( 5. 1 4)

5 . 3 A s ol u ti o n of t h e fl a t n e s s p r o bl e m

If a l a w i n p h ysi cs is p arti c ul ar f or e a c h t y p e of at o m, m ol e c ul e,

m att er or e n er g y, t h e n t h at l a w is n ot u ni v ers al. C o n v ers el y, a

l a w i n p h ysi cs t h at h ol ds f or e a c h t y p e of m att er or e n er g y is

u ni v ers al.
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I n t his c h a pt er, f or t h e i d e al c as e of a h o m o g e n e o us u ni v ers e,

w e us e d t h e l o c al d y n a mi cs of t h e p ositi o n f a ct or, i n or d er t o d e-

ri v e t h e gl o b al fl at n ess of t h e f or m e d s p a c e. T his d eri v e d gl o b al

fl at n ess is u ni v ers al, as it d o es n ot d e p e n d o n t h e c o m p ositi o n

of t h e o bj e cts c o nt ai n e d i n s p a c e.

5. 4 S e c o n d s ol u ti o n of t h e fl a t n e s s p r o bl e m

I n t h e a b o v e s ol uti o n of t h e fl at n ess pr o bl e m, w e us e e n er g y
c o ns er v ati o n. I n o ur s e c o n d s ol uti o n, w e d o n ot us e e n er g y

c o ns er v ati o n. Of c o urs e, w e d o n ot st at e e n er g y c o ns er v ati o n

w o ul d b e vi ol at e d, b ut w e d o n ot a p pl y e n er g y c o ns er v ati o n.

I n pri n ci pl e, o n e mi g ht t hi n k t h at e n er g y c o ul d b e l ost at a

r e ds hift of r a di ati o n, if o n e d o es n ot c o nsi d er a c orr es p o n di n g

gr a vit ati o n al p ot e nti al, f or i nst a n c e.

5. 4. 1 N o t a ti o n s i n c o s m ol o g y

I n t his s e cti o n, w e s u m m ari z e n ot ati o ns. I n c os m ol o g y, d y n a mi-

c all y ess e nti al d e nsiti es ar e d e n ot e d as f oll o ws, s e e e. g. H o bs o n

et al. ( 2 0 0 6) or C ar m esi n ( 2 0 1 9 b) or ( C ar m esi n et al., 2 0 2 0, p p
2 9 6- 3 0 1).

E s s e n ti al d e n si ti e s i n c o s m ol o g y: T h e ess e nti al d e nsiti es i n c os-

m ol o g y ar e t h e d e nsit y of m att er ρ m , of r a di ati o n ρ r a n d of t h e

c os m ol o gi c al c o nst a nt ρ Λ , s e e Ei nst ei n ( 1 9 1 7), ( H o bs o n et al.,

2 0 0 6, p. 3 8 9, E q. 1 5. 5), K artt u n e n et al. ( 1 9 9 6), or t h e gl oss ar y:

ρ = ρ m + ρ r + ρ Λ ( 5. 1 5)

I n t h e c as e of t h e d e nsit y of m att er, h et er o g e n eit y is ess e n-

ti al, s e e e. g. P e e bl es ( 1 9 7 3), Kr a vts o v a n d B or g a ni ( 2 0 1 2),

C ar m esi n ( 2 0 2 1 d), H a u d e et al. ( 2 0 2 2).

Ti m e e v ol u ti o n: I n t h e ti m e e v ol uti o n, pr es e nt- d a y v al u es ar e

m ar k e d b y t h e s u bs cri pt z er o. F or i nst a n c e, t h e pr es e nt- d a y
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v al u e of t h e H u b bl e p ar a m et er is t h e H u b bl e c o nst a nt H 0 =

H (t0 ). T h e i n v ers e of t h e H u b bl e c o nst a nt is c all e d H u b bl e

ti m e, at a g o o d a p pr o xi m ati o n, s e e H o bs o n et al. ( 2 0 0 6) or

C ar m esi n ( 2 0 1 9 b), it is t h e a g e of t h e u ni v ers e:

tH 0
= 1 / H 0 ( 5. 1 6)

D uri n g t h e H u b bl e ti m e, li g ht tr a v el e d t h e li g ht-tr a v el dist a n c e

c · tH 0
, it is c all e d H u b bl e r a di us:

R H 0
= c · tH 0

= c / H 0 ( 5. 1 7)

T h e d e nsit y of fl at s p a c e is c all e d criti c al d e nsit y, w e d eri v e wit h

t h e F L E:

H 2 = 8 π G / 3 ρ c r a n d H 2
0 = 8 π G / 3 ρ c r. 0 ( 5. 1 8)

or ρ c r. 0 =
3 H 2

0

8 π G
( 5. 1 9)

T h e pr es e nt- d a y c ur v at ur e p ar a m et er is e x pr ess e d wit h a d e n-

sit y:

ρ k = − ρ c r
c 2

H 2 R 2
k o r Ω k = −

c 2

H 2 R 2
k (5. 2 0)

D e n si t y p a r a m e t e r s: T h e r ati o of a d e nsit y a n d t h e criti c al d e n-

sit y is c all e d d e nsit y p ar a m et er:

ρ j / ρ c r = Ω j a n d ρ j, 0 / ρ c r. 0 = Ω j, 0 wit h j ∈ { r, m, Λ , k} ( 5. 2 1)

Ei nst ei n ( 1 9 1 7) i ntr o d u c e d t h e c os m ol o gi c al c o nst a nt Λ. A c-

c or di n gl y, t h e c orr es p o n di n g d e nsit y is a c o nst a nt:

ρ Λ (t) = ρ Λ ,0 ( 5. 2 2)

As t h e v ol u m e is pr o p orti o n al t o t h e t hir d p o w er of t h e r a di us

R 3 (t), a n d as m att er d o es n ot c h a n g e as a c o ns e q u e n c e of e x-

p a nsi o n, t h e d e nsit y of m att er is pr o p orti o n al t o R − 3 (t):

ρ m (t) = ρ m, 0 · (R / R H 0
) − 3 = ρ m, 0 / a 3 ( 5. 2 3)
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H er e b y, w e i ntr o d u c e t h e s c al e d r a di us a n d t h e r e ds hift z =

∆ λ / λ :

a (t) = R (t)/ R H 0
= 1 / (z + 1) ( 5. 2 4)

As t h e v ol u m e is pr o p orti o n al t o t h e t hir d p o w er of t h e r a-

di us R 3 (t), a n d as t h e e n er g y or d y n a mi c al d e nsit y of r a di a-

ti o n c h a n g es as a c o ns e q u e n c e of e x p a nsi o n b y t h e r e ds hift pr o-

p orti o n al t o R − 1 (t), t h e d e nsit y of r a di ati o n is pr o p orti o n al t o

R − 4 (t):

ρ r (t) = ρ r, 0 · (R / R H 0
) − 4 = ρ m, 0 / a 4 ( 5. 2 5)

Usi n g t h e a b o v e d e fi niti o ns, w e e x pr ess t h e d e nsit y i n t er ms of

t h e d e nsit y p ar a m et ers as f oll o ws:

ρ (a ) = ρ c r. 0 ( Ω Λ + Ω k, 0 a
− 2 + Ω m, 0 a

− 3 + Ω r, 0 a
− 4 ) ( 5. 2 6)

A n d t h e d y n a mi cs i n t h e F L E ar e as f oll o ws:

H 2 = H 2
0 ( Ω Λ + Ω k, 0 a

− 2 + Ω m, 0 a
− 3 + Ω r, 0 a

− 4 ) ( 5. 2 7)

H er e b y, t h e s u m of t h e d e nsit y p ar a m et ers is o n e:

1 = Ω Λ + Ω k, 0 + Ω m, 0 + Ω r, 0 ( 5. 2 8)

T h e Pl a n c k- C oll a b or ati o n ( 2 0 2 0) m e as ur e d t h e f oll o wi n g p a-

r a m et ers, s e e t h e T T- m o d e i n t a bl e 2, t h e a bstr a ct as w ell as

C ar m esi n ( 2 0 1 9 b) f or a n e v al u ati o n of Ω r, 0 :

Ω Λ = 0 , 6 7 9 ± 0 .0 1 3 ( 5. 2 9)

Ω m, 0 = 0 .3 2 1 ± 0 .0 1 3 ( 5. 3 0)

Ω k, 0 = 0 .0 0 1 ± 0 .0 0 2 ( 5. 3 1)

Ω r, 0 = 9 .2 6 5 · 1 0 − 5 · ( 1 ± 0 .0 3 1) ( 5. 3 2)

H 0 = 6 6 .8 8 ± 0 .9 2
k m

s · M p c
( 5. 3 3)

S u m m a ri zi n g n o t a ti o n T h e pr o p orti o n alit y of a d e nsit y ρ j c a n

b e c h ar a ct eri z e d as f oll o ws:

ρ j ∝ R − 3 ·( 1 + w j ) wit h
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Fi g ur e 5. 2: M ass or d y n a mi c al m ass M i n t h e b all wit h pr es e nt-
d a y r a di us R H 0

as a f u n cti o n of t h e r e ds hift z . T h er e b y, t h e
d e nsit y ρ (z ) i n E q. ( 5. 2 6, 5. 2 4) is a f u n cti o n of t h e r e ds hift z ,
s e e E qs. ( 5. 3 5, 5. 3 6).

w j =






1 / 3 f or j = r

0 f or j = m

− 1 / 3 f or j = k

− 1 f or j = Λ

( 5. 3 4)

5. 4. 2 Ti m e e v ol u ti o n of M

As t h e o nl y p ossi bilit y f or a n o n z er o c ur v at ur e p ar a m et er is

a ti m e e v ol uti o n of t h e fi el d g e n er ati n g m ass M , w e a n al y z e

t h at ti m e e v ol uti o n. F or i nst a n c e, w e c o nsi d er a b all wit h t h e

pr es e nt- d a y r a di us e q u al t o t h e H u b bl e r a di us. At a s c al e d

r a di us a (t), t h at b all h a d t h e r a di us a (t). T h us, t h at b all

h a d t h e f oll o wi n g m ass or d y n a mi c al m ass, wit h t h e d e nsit y i n

E q. ( 5. 2 6), t h e criti c al d e nsit y a n d t h e p ar a m et ers (s e e s e cti o n

5. 4. 1):

M (a ) = ρ (a ) · 4 π / 3 · a 3 · R 3
H 0

or ( 5. 3 5)

M (z ) = ρ (z ) · 4 π / 3 · 1 / ( 1 + z ) 3 · R 3
H 0

( 5. 3 6)
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T h at m ass or d y n a mi c al m ass M as a f u n cti o n of t h e r e ds hift is

s h o w n i n Fi g. ( 5. 2). T h at f u n cti o n e x hi bits a l o c al mi ni m u m.

T h us, t h at ( d y n a mi c al) m ass M is c o nst a nt at t h e l o c al mi ni-

m u m z c o n st , s o t h at t h e d e nsit y p ar a m et er of c ur v at ur e is z er o

at t h at r e ds hift:

Ω k =
− c 2

H 2 R 2
· k a n d Ω k (z c o n st ) = 0 ( 5. 3 7)

T h at r es ult i m pli es t h at t h e c ur v at ur e is z er o als o at s m all er

r e ds hifts z ≤ z c o n st , or at l at er ti m es t ≥ tc o n st , s e e n e xt t w o

s e cti o ns.

5. 4. 3 Ti m e d e ri v a ti v e of Ω k

I n t his s e cti o n, w e d eri v e t h e ti m e d eri v ati v e of Ω k . It h as als o

b e e n pr o vi d e d i n ( H o bs o n et al., 2 0 0 6, E q. 1 5. 4 8).

We a p pl y t h e ti m e d eri v ati v e t o t h e F L E:

2 ˙R R̈

R 2
−

2 ˙R 3

R 3
=

8 π G

3
j = r , m, k,Λ

ρ c rit., 0 Ω j, 0

a 3( 1 + w j )

ȧ

a
(− 3 ( 1 + w j )) ( 5. 3 8)

We i d e ntif y a − 1 ȧ wit h H a n d ρ c rit., 0 · Ω j, 0 · a − 3( 1 + w j ) wit h ρ j , w e

us e H =
˙R

R , a n d w e m ulti pl y b y 1
2 H 3 :

R̈ R
˙R 2

− 1 = −
4 π G

3 H 2
·

j = r , m, k,Λ

ρ j · 3( 1 + w j ) or

R̈ R
˙R 2

= −
4 π G

3 H 2
·

j = r , m, k,Λ

ρ j · ( 1 + 3w j ) ( 5. 3 9)

We a p pl y t h e ti m e d eri v ati v e t o ρ j = ρ c rit., 0 · Ω j, 0 · a − 3( 1 + w j ) :

ρ̇ j = − 3( 1 + w j )H ρ j ( 5. 4 0)

We a p pl y t h e ti m e d eri v ati v e t o Ω j = 8 π G
3 H 2 ρ i:

Ω̇ j =
8 π G

3 H 2
· ρ̇ j −

2 ˙H

H
ρ j (5. 4 1)
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We c o m bi n e t h e a b o v e t w o e q u ati o ns:

Ω̇ j = − Ω j H · 3( 1 + w j ) +
2 ˙H

H 2
(5. 4 2)

We a p pl y 2 ˙H
H 2 = 2 R̈ R

˙R 2
− 2 t o t h e a b o v e e q u ati o n:

Ω̇ j = Ω j H · − 3 − 3 w j −
2 R̈ R

˙R 2
+ 2 ( 5. 4 3)

We us e E q. ( 5. 3 9):

Ω̇ j = Ω j H ·



 − 1 − 3 w j +
8 π G

3 H 2
·

j = r , m, k,Λ

ρ j · ( 1 + 3w j )



 or

Ω̇ j = Ω j H ·



 − 1 − 3 w j +
j = r, m, k, Λ

Ω j · ( 1 + 3w j )



 or

Ω̇ j = Ω j H · (− 1 − 3 w j + Ω m + 2 Ω r − 2 Ω Λ ) ( 5. 4 4)

I n p arti c ul ar, w e a p pl y t h e c as e j = k t o t h e a b o v e e q u ati o n.

Ω̇ k = Ω k H · ( Ω m + 2 Ω r − 2 Ω Λ ) ( 5. 4 5)

5. 4. 4 Ti m e e v ol u ti o n of Ω k

We a p pl y t h e m et h o d of t h e a n al ysis of t h e c ur v at ur e p ar a m et er

k a n d of t h e d e nsit y p ar a m et er Ω k as a f u n cti o n of t h e r a di us

r of t h e b all. Firstl y, at v er y s m all R or i n t h e v er y e arl y u ni-

v ers e, t h e r a di ati o n w as bl u e-s hift e d c o m p ar e d t o t h e pr es e nt-

d a y pri m or di al r a di ati o n, f or d et ails s e e C ar m esi n ( 2 0 2 1 a). I n

pri n ci pl e, t h at c o ul d h a v e c a us e d a n i n cr e as e d fi el d g e n er ati n g

m ass or d y n a mi c m ass M i n t h e b all i n Fi g. ( 5. 1). I n pri n ci pl e,

t h at c o ul d h a v e c a us e d a l ar g e p ositi v e c ur v at ur e, as pr o p os e d

b y ( H o bs o n et al., 2 0 0 6, p. 4 1 7) or b y G ut h ( 1 9 8 1). T his c o ul d

b e t h e c as e e v e n if t h at e ff e ct w as m a d e s m all er b y t h e er a of
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’ c os mi c i n fl ati o n’, s e e e. g. G ut h ( 1 9 8 1), C ar m esi n ( 2 0 1 9 b).

We will s h o w t h at s u c h p ossi bl e v al u es of c ur v at ur e i n t h e e arl y

u ni v ers e ar e n ot ess e nti al f or t h e c ur v at ur e i n t h e pr es e nt- d a y

u ni v ers e:

S e c o n dl y, t h e c ur v at ur e is z er o at z c o n st or at t h e ti m e tc o n st .

T hir dl y, t h e d e nsit y p ar a m et er Ω k i n E q. ( 5. 3 7) is a f u n cti o n of

ti m e. Wit h it a n d t h e F L E, t h e ti m e d eri v ati v e of t h at d e nsit y

p ar a m et er c a n b e d eri v e d, s e e s e cti o n ( 5. 4. 3):

Ω̇ k = Ω k [H · ( Ω m + 2 Ω r − 2 Ω Λ )] ( 5. 4 6)

As t h e t er m i n t h e r e ct a n g ul ar br a c k et d o es n ot b e c o m e i n fi nit e

at r e ds hifts z c o n st or at t h e ti m e tc o n st , t h at br a c k et is li mit e d b y

its m a xi m u m a n d b y its mi ni m u m:

[H · ( Ω m + 2 Ω r − 2 Ω Λ )] ≤ B m a x ( 5. 4 7)

[H · ( Ω m + 2 Ω r − 2 Ω Λ )] ≥ B mi n ( 5. 4 8)

Wit h it, w e d eri v e a n u p p er li mit Ω k, u p p e r a n d a l o w er li mit

Ω k,l o w e r of t h e d e nsit y p ar a m et er as f oll o ws:

Ω k,l o w e r ≤ Ω k ≤ Ω k, u p p e r ( 5. 4 9)

Ω k, u p p e r / dt = Ω k, u p p e r · B m a x ( 5. 5 0)

Ω k,l o w e r / dt = Ω k,l o w e r · B m a x ( 5. 5 1)

T h e s ol uti o ns ar e e x p o n e nti al f u n cti o ns wit h t h e i niti al v al u e

Ω k (z c o n st ):

Ω k, u p p e r = Ω k (z c o n st ) · e B m a x ·(t− tc o n s t ) = 0 ( 5. 5 2)

Ω k,l o w e r = Ω k (z c o n st ) · e B m i n ·(t− tc o n s t ) = 0 ( 5. 5 3)

As b ot h f u n cti o ns ar e z er o, a n d as t h e d e nsit y p ar a m et er is

li mit e d b y t h es e li miti n g s ol uti o ns, t h e d e nsit y p ar a m et er is

z er o at ti m es tc o n st or at r e ds hifts z c o n st :

Ω k = 0 f or t ≥ tc o n st or z ≤ z c o n st ( 5. 5 4)
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Alt o g et h er, w e d eri v e d t h at t h e c ur v at ur e is z er o at t h e pr es e nt-

d a y u ni v ers e. T h us, w e d eri v e d a s e c o n d s ol uti o n of t h e fl at n ess

pr o bl e m. We s u m m ari z e o ur fi n di n g, s e e als o C ar m esi n ( 2 0 2 1 d):

T h e o r e m 7 U ni fi c a ti o n of mi c r o- a n d m a c r o d y n a mi c s

( 1 ) T h e cl a s si c al e x p a n si o n of t h e u ni v e r s e si n c e t h e Bi g B a n g

h a s b e e n d e ri v e d i n t h e d G P f r a m e f r o m t h e l o c al d y n a mi c s of

s p a c e d e s c ri b e d b y t h e p o siti o n f a ct o r, s e e ( C a r m e si n, 2 0 2 1 d,

T H M 3 ). F o r it, a h o m o g e n e o u s d e n sit y h a s b e e n m o d el e d, a c-
c o r di n g t o t h e c o s m ol o gi c al p ri n ci pl e, s e e e. g. Ei n st ei n ( 1 9 1 7 ),

Fri e d m a n n ( 1 9 2 2 ), L e m ait r e ( 1 9 2 7 ), K a rtt u n e n et al. ( 1 9 9 6 ).

( 2 ) T h e r e b y, it h a s b e e n s h o w n t h at t h e c u r v at u r e p a r a m et e r i s

z e r o, i n d e p e n d e nt of t h e c o m p o siti o n of o bj e ct s i n s p a c e. S o, t h e

fl at n e s s p r o bl e m h a s b e e n s ol v e d i n a u ni v e r s al m a n n e r.

( 3 ) M o r e o v e r, t h e d e ri v ati o n s h o w s t h at t h e d G P f r a m e i s c o m-

p ati bl e wit h t h e F L E.

( 4 ) I n a s e c o n d s ol uti o n of t h e fl at n e s s p r o bl e m, s e e s e cti o n

( 5. 4 ), t h e fl at n e s s i s d e ri v e d o n t h e b a si s of c o s m ol o gi c al p a-

r a m et e r s, of a mi ni m u m of t h e m a s s o r d y n a mi c m a s s M i n

a p r ot ot y pi c al b all of t h e u ni v e r s e ( Fi g. 5. 2 ) a n d of t h e ti m e
d e ri v ati v e of t h e d e n sit y p a r a m et e r of c u r v at u r e Ω k .

( 5 ) Alt o g et h e r, a fi r st u ni fi c ati o n h a s b e e n d e ri v e d: t h e u ni fi-

c ati o n of t h e cl a s si c al l o c al d y n a mi c s i n G R wit h t h e cl a s si c al

gl o b al d y n a mi c s i n G R.
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E n e r g y D e n si t y of t h e
G r a vi t a ti o n al Fi el d G ∗

I d e a : If a pr o b e m ass c h a n g es its p ositi o n i n a gr a vit ati o n al

fi el d, t h e n t h e c h a n g e ∆ E of e n er g y of t h e pr o b e m ass c a n b e

d et er mi n e d. If t h at m oti o n c a us es a c h a n g e ∆ G ∗ of t h e fi el d,

t h e n t h e c h a n g e ∆ E mi g ht b e us e d i n or d er t o d eri v e t h e e n er g y

of t h e c h a n g e d fi el d ∆ G ∗ .

A c c or di n gl y, i n t his c h a pt er, w e a p pl y t h e l a w of e n er g y c o n-

s er v ati o n, i n or d er t o d eri v e t h e e n er g y d e nsit y u g r. f a n d t h e

d e nsit y ρ g r. f = u g r. f / c 2 of t h e gr a vit ati o n al fi el d G ∗ .

6. 1 A b s ol u t e v al u e of ρ g r. f.

I n t his s e cti o n, w e d eri v e t h e a bs ol ut e v al u e |ρ g r. f. | of t h e e n er g y

d e nsit y ρ g r. f. of t h e gr a vit ati o n al fi el d |G ∗ (R )| = |G ∗ (d G P )|. F or

it, w e a n al y z e t h e e n er g y ∆E M t h at is n e c ess ar y i n or d er t o lift

a m ass M i n a s h ell wit h a r a di us R t o a s h ell wit h a r a di us

R + ∆ R , s e e Fi g. ( 6. 1). T h er e b y, t h e m ass is lift e d as f oll o ws:

Di ff er e nti al p arts d M ar e lift e d, w hil e t h e p art M r e st is still at

R . M or e o v er, t h e v el o cit y of M r e m ai ns a p pr o xi m at el y z er o.

S o, a p art d M is lift e d at t h e f oll o wi n g gr a vit ati o n al fi el d of t h e

p art M r e st , s e e t h e or e m ( 2):

|G ∗
o f M r e s t

(R )| =
G · M r e st

R 2
(6. 1)

7 1
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s urr o u n di n gs G ∗

R

M r e st

∆ R

Fi g ur e 6. 1: A m ass M ( d ar k gr e y) i n a s h ell at a r a di us R is lift e d
t o a r a di us R + ∆ R as f oll o ws: Di ff er e nti al p arts d M ar e lift e d,
w hil e t h e r est M r e st is still at R . T h er e b y t h e fi el d G ∗ ( m e di u m
gr e y) i n t h e s h ell wit h r a di us R a n d t hi c k n ess ∆ R b e c o m es z er o,
w h e n t h e w h ol e m ass is at R + ∆ R (s e e Fi g. 6. 2).

S o, t h e fi el d |G ∗
o f M r e s t

| is pr o p orti o n al t o t h e p art M r e st ( Fi g.

6. 2). If a m ass d M is lift e d, a n d if t h e m ass M r e st is still at

R , t h e n d M e x p eri e n c es t h e f oll o wi n g f or c e, s e e t h e or e m ( 2):

|F G | = |G ∗
o f M r e s t

(R )| · d M . T h us, t h e f oll o wi n g e n er g y d E =

|F G | · ∆ R is r e q uir e d:

d E = |G ∗
o f M r e s t

(R )| · d M · ∆ R =
G · M r e st

R 2
· d M li f t e d · ∆ R ( 6. 2)

We d eri v e t h e f ull c h a n g e i n gr a vit ati o n al e n er g y ∆ E M b y i nt e-

gr ati n g t h e a b o v e E q.:

∆ E M =
E

0

d E ′ ( 6. 3)

We a p pl y E q. ( 6. 2):

∆ E M =
M

0

G · M r e st

R 2
d M li f t e d · ∆ R ( 6. 4)
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M r e st, p

|G ∗
M r e s t, p

|

M r e st0

|G ∗ |

Fi g ur e 6. 2: T h e fi el d |G ∗ | is s h o w n as a f u n cti o n of t h e m ass M r e st ,
t h at is still at t h e s h ell wit h t h e r a di us R . A p arti c ul ar v al u e
M r e st, p is m ar k e d.

We s u bstit ut e t h e c h a n g e d M li f t e d of t h e lift e d m ass t o t h e

c h a n g e d M r e st of t h e r est m ass. As t h e r est m ass M r e st is d e-

cr e as e d b y d M li f t e d, w e o bt ai n d M li f t e d = − d M r e st . At t h e l o w er

b o u n d of t h e i nt e gr al, M r e st h as t h e v al u e M of t h e c o m pl et e

m ass t h at is lift e d. A n d at t h e u p p er b o u n d of t h e i nt e gr al,

M r e st h as t h e v al u e z er o, as t h e w h ol e m ass h as b e e n lift e d.

Alt o g et h er, t h e s u bstit uti o n yi el ds:

∆ E M = −
0

M

G · M r e st

R 2
d M r e st · ∆ R ( 6. 5)

We e v al u at e t h e i nt e gr al:

∆ E M =
G · M 2 · ∆ R

2 R 2
(6. 6)

6. 2 Fr e e f all of M

I n or d er t o i d e ntif y t h e e n er g y d e nsit y of t h e gr a vit ati o n al fi el d,

w e a n al y z e t h e i n v ers e pr o c ess:

I niti all y, t h e m ass M is distri b ut e d is otr o pi c all y at R + ∆ R .

T h e n t h e m ass M f alls fr e el y t o w ar ds R . T h er e b y, t h e f oll o wi n g

h ol ds:
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Firstl y, t h e p ot e nti al e n er g y E p ot is d e cr e as e d b y t h e v al u e ∆E M

i n E q. ( 6. 6):

∆ E p ot = − ∆ E M = −
G · M 2 · ∆ R

2 R 2
(6. 7)

S e c o n dl y, t h e e n er g y E (M ) of M d o es n ot c h a n g e, a c c or di n g t o

t h e l a w of e n er g y c o ns er v ati o n.

T hir dl y, t h e m ass M d o es n ot c h a n g e, as M = E (M )/ c 2 .

F o urt hl y, t h e i nt er n al e n er g y E i nt e r n of M is e q u al t o ∆E M i n

E q. ( 6. 6), as t h e e n er g y of M d o es n ot c h a n g e:

∆ E i nt e r n al = ∆ E M =
G · M 2 · ∆ R

2 R 2
(6. 8)

Fift hl y, t h e p ot e nti al e n er g y E p ot is l o c at e d o utsi d e M . At a

r a di al c o or di n at e l ar g er t h a n R + ∆ R , t h er e is n o c h a n g e, as M

is n ot c h a n g e d. At a r a di al c o or di n at e s m all er t h a n R , t h er e is

n o c h a n g e, as t h er e is n o fi el d. T h us, t h e c h a n g e o c c urr e d i n t h e

s h ell at r a di al c o or di n at e b et w e e n R a n d R + ∆ R . M or e o v er,

i n t h at s h ell, t h er e e m er g e d t h e gr a vit ati o n al fi el d a c c or di n g t o

t h e or e m ( 2). A c c or di n gl y, w e d eri v e t h e e n er g y d e nsit y i n t h at

s h ell, a n d w e i d e ntif y t h at e n er g y d e nsit y b y t h e e n er g y d e nsit y

of t h e gr a vit ati o n al fi el d u g r. f .

T h e a b o v e a n al ysis h ol ds f or a n o bs er v er, w h o i nt er pr ets M

as a s u m of r est m ass es, e. g. of el e m e nt ar y p arti cl es 1 .

A b s ol u t e v al u e |u g r. f | of t h e e n e r g y d e n si t y u g r. f of t h e fi el d: T h e

fi el d |G ∗ | is i n t h e s h ell wit h r a di us R a n d t hi c k n ess ∆ R (s e e

Fi g. 6. 1). T h e c orr es p o n di n g v ol u m e is ∆ V = 4 π · R 2 · ∆ R . S o,

w e d eri v e t h e e n er g y d e nsit y b y di vi di n g t h e e n er g y ∆ E M b y

t h e v ol u m e ∆V . S o, w e g et:

|u g r. f | =
∆ E M

∆ V
=

G · M 2 · ∆ R

2 R 2 · 4 π · R 2 · ∆ R
(6. 9)

1 If t h e o b s er v er a s si g n s t h e c h a n g e of e n er g y vi a t h e p o siti o n f a ct or ε E t o t h e m a s s
M , t h e n t h e s a m e e n er g y c a n h ar dl y b e a s si g n e d a s e c o n d ti m e t o t h e fi el d.
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E

E = M · c 2 + E g r. f.

R

∆ E M

E = M · c 2

R + ∆ R

Fi g ur e 6. 3: T h e e n er g y of t h e m ass is s h o w n at t h e i niti al r a di us
R a n d at t h e fi n al r a di us R + ∆ R .

We si m plif y t h e a b o v e t er m, w e e x p a n d b y G , a n d w e a p pl y t h e

fi el d |G ∗ | = G ·M
R 2 , s e e t h e or e m ( 2). S o, w e d eri v e:

|u g r. f | =
G ∗ 2

8 π · G
= |ρ g r. f. | · c 2 ( 6. 1 0)

H e r e b y, ρ g r. f. is t h e m ass d e nsit y c orr es p o n di n g t o t h e e n er g y

d e nsit y of t h e gr a vit ati o n al fi el d a c c or di n g t o t h e e q ui v al e n c e of

m ass a n d e n er g y.

6. 2. 1 Si g n of u g r. f

As t h e p ot e nti al e n er g y h as a n e g ati v e si g n, t h e e n er g y d e nsit y

u g r. f. of t h e gr a vit ati o n al fi el d h as a n e g ati v e si g n as w ell. N ot e

t h at t h e n e g ati v e si g n of t h e e n er g y d e nsit y u g r. f. is a dir e ct

c o ns e q u e n c e of t h e f a ct t h at gr a vit y is attr a cti v e. M or e o v er,

t h at n e g ati v e si g n d o es n ot c a us e a n y di ffi c ult y i n t h e f oll o wi n g,

s e e als o C ar m esi n ( 2 0 2 1 d):

T h e o r e m 8 E n e r g y d e n si t y of t h e g r a vi t a ti o n al fi el d

( 1 ) T h e g r a vit ati o n al e n e r g y i s i n h e r e nt t o m o di fi c ati o n s of s p a c e

s u c h a s c u r v at u r e o r a d diti o n all y f o r m e d v ol u m e o r a g r a vit a-

ti o n al fi el d.
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( 2 ) A g r a vit ati o n al fi el d G ∗ h a s t h e e n e r g y d e n sit y u f, p a r, g r a v a s

f oll o w s:

u f, p a r, g r a v = ρ g r. f. · c 2 = −
G ∗ 2

8 π · G
o r

|u f, p a r, g r a v | = |ρ g r. f. | · c 2 =
G ∗ 2

8 π · G
(6. 1 1)

( 3 ) I n a n i s ot r o pi c vi ci nit y of a fi el d g e n e r ati n g m a s s M a n d

at a di st a n c e R = d G P f r o m t h e m a s s M , a g r a vit ati o n al fi el d

G ∗ (R ) o c c u r s a s f oll o w s, s e e t h e o r e m ( 2 ):

|G ∗ | =
G · M

R 2
(6. 1 2)



P a r t I I

T h e o r y of D y n a mi c V ol u m e

7 7





C h a p t e r 7

C a u s e d A d di ti o n al V ol u m e

I n t his c h a pt er, w e s h o w t h at a n o n z er o m ass or d y n a mi c m ass
M wit h a n i s ot r o pi c vi ci nit y of M c a us es a d diti o n al v ol u m e a n d

a c orr es p o n di n g a d diti o n al d ar k e n er g y or e n er g y of t h e v ol u m e.

7. 1 A m a s s c a u s e s c u r v a t u r e of s p a c e ti m e

I d e a: We c o m p ar e t h e i s ot r o pi c vi ci nit y of a n o n z e r o m a s s

M wit h t h e s a m e vi ci nit y i n t h e z e r o m a s s li mit . T h er e b y, w e

r e ali z e t h at t h e m ass M c a us es c ur v at ur e of s p a c eti m e a c c or di n g

t o t h e S c h w ar zs c hil d m etri c. T his c o m p aris o n is ill ustr at e d i n

Fi g. ( 7. 1).

T h e o r e m 9 A m a s s c a u s e s c u r v a t u r e of s p a c e ti m e.

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e
f oll o wi n g h ol d s:

( 1 ) T h e vi ci nit y of M i s i s ot r o pi c.

( 2 ) T h e vi ci nit y of M i s c h a r a ct e ri z e d b y t h e S c h w a r z s c hil d

m e t ri c i n T H M ( 3 ):

7 9
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d Rd Rd Rd Rd R

d Ld Ld Ld Ld L

A

B

d L T, M → 0

d L T

M

R

Fi g ur e 7. 1: T w o m a ps: A m ass M c a us es n o n z er o c ur v at ur e i n its
vi ci nit y, ill ustr at e d b y t h e u p p er m a p. I n t h e z er o m ass li mit,
t h at c ur v at ur e v a nis h es, ill ustr at e d b y t h e l o w er m a p.

i n p ol ar c o or di n at es : ( 7. 1)

g i k, S M (R, ϑ ) =







ε 2
E 0 0 0

0 ε − 2
E 0 0

0 0 R 2 0

0 0 0 R 2 si n 2 ϑ





 ( 7. 2)

wit h R S =
2 G · M

c 2
(7. 3)

a n d ε E (R ) = 1 −
R S

R
(7. 4)

H e r e b y, t h e S c h w a r z s c hil d r a di u s R S i s u s e d a s a n a b b r e vi a-

ti o n, a n d ε E (R ) i s t h e p o si ti o n f a c t o r .
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( 3 ) I n t h e z e r o m a s s li mi t , t h e i s ot r o pi c vi ci nit y of M i s c h a r-

a ct e ri z e d b y t h e m et ri c of fl at s p a c e:

i n p ol ar c o or di n at es : ( 7. 5)

g i k, f l at(R, ϑ ) = li m
M → 0

g i k, S M (R, ϑ ) ( 7. 6)

g i k, f l at(R, ϑ ) =







1 0 0 0

0 1 0 0

0 0 R 2 0

0 0 0 R 2 · si n 2 ϑ





 ( 7. 7)

T h e m et ri c of fl at s p a c e h a s z e r o c u r v at u r e.

( 4 ) A n o n z e r o v al u e of t h e m a s s o r d y n a mi c M c a u s e s a n o n z e r o

c u r v at u r e of s p a c eti m e a c c o r di n g t o t h e S c h w a r z s c hil d m et ri c.

P r o of

( 1) As M d o es n ot r ot at e, it d o es n ot c a us e a n y a nis otr o pi c dr a g,

s e e e. g. K err ( 1 9 6 3). As M is n ot c h ar g e d, it d o es n ot c a us e

a n y c o n c ei v a bl e a nis otr o pi c i nt er a cti o n, s e e e. g. W or k m a n

et al. ( 2 0 2 2). As t h e vi ci nit y of M is e m pt y, t h er e is n o e xt er n al

a nis otr o pi c e ff e ct. Alt o g et h er, t h e vi ci nit y of M is is otr o pi c.

( 2) As M a n d its vi ci nit y ar e is otr o pi c, t h at vi ci nit y is c h ar a c-

t eri z e d b y t h e S c h w ar zs c hil d m etri c, s e e S c h w ar zs c hil d ( 1 9 1 6)

or T H M ( 3).

( 3) I n t h e z er o m ass li mit, t h e S c h w ar zs c hil d r a di us is z er o:

li m
M → 0

R S = li m
M → 0

2 G · M

c 2
= 0 ( 7. 8)

As a c o ns e q u e n c e, t h e p ositi o n f a ct or is o n e:

li m
M → 0

ε E (R ) = li m
M → 0

1 −
R S

R
= 1 ( 7. 9)

C o ns e q u e ntl y, t h e z er o m ass li mit of t h e S c h w ar zs c hil d m etri c

is t h e m etri c of fl at s p a c e:



8 2 C H A P T E R 7. C A U S E D A D DI TI O N A L V O L U M E

li m
M → 0

g i k, S M ( 7. 1 0)

= li m
M → 0







ε 2
E 0 0 0

0 ε − 2
E 0 0

0 0 R 2 0

0 0 0 R 2 si n 2 ϑ





 ( 7. 1 1)

=







1 0 0 0

0 1 0 0
0 0 R 2 0

0 0 0 R 2 · si n 2 ϑ





 ( 7. 1 2)

= g i k, f l at(R, ϑ ) ( 7. 1 3)

Fl at s p a c e h as z e r o c u r v at u r e .

( 4) I n t h e is otr o pi c vi ci nit y of M , a n o n z er o v al u e of M c a us es

a n o n z er o v al u e of t h e S c h w ar zs c hil d r a di us:

M > 0 → R S =
2 G · M

c 2
> 0 ( 7. 1 4)

A n o n z er o v al u e of t h e S c h w ar zs c hil d r a di us c a us es a v al u e of

t h e p ositi o n f a ct or s m all er t h a n o n e:

R S > 0 → ε E (R ) = 1 −
R S

R
< 1 ( 7. 1 5)

A v al u e of t h e p ositi o n f a ct or s m all er t h a n o n e c a us es a c ur-

v at ur e of s p a c eti m e a c c or di n g t o t h e S c h w ar zs c hil d m etri c. I n

t h at c as e, t h e S c h w ar zs c hil d m etri c di ff ers fr o m t h e m etri c of

fl at s p a c e. T h us, t h e S c h w ar zs c hil d m etri c h as n o n z e r o c u r v a-

t u r e, i n t his c as e.

As a c o ns e q u e n c e of t h e tr a nsiti vit y of i m pli c ati o ns, a n o n z er o

v al u e of M c a us es a n o n z er o c ur v at ur e of s p a c eti m e a c c or di n g

t o t h e S c h w ar zs c hil d m etri c.

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.
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d Rd Rd Rd Rd R

d Ld Ld Ld Ld L

d L T, M → 0

d L T

M

R

d V L , dΩ

Fi g ur e 7. 2: I n cr e m e nt al v ol u m e d V L, d Ω = d Ω · R 2 · d L at t h e s oli d
a n gl e d Ω = d ϑ · si n 2 ϑ · d ϕ ( bl a c k). T h e u p p er gr e y s h ell h as t h e
s oli d a n gl e d Ω = 4 π a n d t h e v ol u m e d V L = 4 π · R 2 · d L . T h e
i n cr e m e nt al v ol u m e d V L, d Ω is i n t h at u p p er gr e y s h ell.

7. 2 A m a s s c a u s e s a d di ti o n al v ol u m e

I d e a: We c o m p ar e a s h ell S M i n t h e i s ot r o pi c vi ci nit y of a

n o n z e r o m a s s M wit h t h e c orr es p o n di n g s h ell S M → 0 i n z e r o

m a s s li mit . T h er e b y, w e r e ali z e t h at t h e s h ell S M h as a l ar g er

v ol u m e t h a n t h e s h ell S M → 0 , as a c o ns e q u e n c e of c ur v at ur e.

A c c or di n gl y, t h e m ass M c a us es a d diti o n al v ol u m e δ V .

T h at a d diti o n al v ol u m e δ V h as t h e c orr es p o n di n g d a r k e n-

e r g y δ E v ol = δ V · u v ol , s e e e. g. H ut er er a n d T ur n er ( 1 9 9 8);

Pl a n c k- C oll a b or ati o n ( 2 0 2 0); W or k m a n et al. ( 2 0 2 2). T his c o m-

p aris o n is ill ustr at e d i n Fi g. ( 7. 1).

T h e o r e m 1 0 A m a s s c a u s e s a d di ti o n al v ol u m e.

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, a n d if t w o
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l o c ati o n s A a n d B h a v e t h e s a m e a n g ul a r c o o r di n at e s a n d a n

i n c r e m e nt al di st a n c e d L T (A, B ), t h e n t h e f oll o wi n g h ol d s ( Fi g.

( 7. 1 ):

( 1 ) A n o n z e r o M c a u s e s n o n z e r o c u r v at u r e of s p a c eti m e a c c o r d-

i n g t o t h e S c h w a r z s c hil d m e t ri c, S M wit h a r a di al c o o r di n at e

R .

( 2 ) A n o b s e r v e r Ali c e at a l o c ati o n A c a n i n p ri n ci pl e o b s e r v e

h e r r a di al c o o r di n at e R A . A n o b s e r v e r B o b at a l o c ati o n B

c a n i n p ri n ci pl e o b s e r v e hi s r a di al c o o r di n at e R B . Ali c e a n d

B o b c a n i n p ri n ci pl e o b s e r v e t h ei r m ut u al li g ht-t r a v el di st a n c e

d L T (A, B ) =: d L , a n d t h e y c a n e v al u at e t h ei r m ut u al r a di al
di st a n c e d R (A, B ) = R A − R B =: d R . H e r e b y, w e a b b r e vi at e

d R (A, B ) b y d R a n d d L T (A, B ) b y d L .

( 3 ) T h e i n c r e m e nt d L i s l a r g e r t h a n t h e i n c r e m e nt d R . T h e

di ff e r e n c e δ R i s c a u s e d b y t h e m a s s M a n d h a s t h e f oll o wi n g

a m o u nt:

δ R = d L − d R = d R ·
1

ε E
− 1 (7. 1 6)

( 4 ) T h e s h ell S M wit h t h e c e nt e r at M , t h e r a di u s R a n d t h e

t hi c k n e s s d L ( Fi g. 7. 1 ) h a s t h e f oll o wi n g v ol u m e d V L :

d V L = 4 π · R 2 · d L ( 7. 1 7)

I n t h e s h ell, t h e s oli d a n gl e

d Ω = d ϑ · si n 2 ϑ · d ϕ ( 7. 1 8)

i s e q u al t o 4 π . I n a s oli d a n gl e d Ω , t h e c o r r e s p o n di n g p a rt d V L, d Ω

of t h e v ol u m e d V L i s a s f oll o w s ( Fi g. 7. 2 ):

d V L, d Ω = d Ω · R 2 · d L ( 7. 1 9)

( 5 ) T h e s h ell S M → 0 wit h t h e c e nt e r at M , t h e r a di u s R a n d t h e

t hi c k n e s s d R ( Fi g. 7. 1 ) h a s t h e f oll o wi n g v ol u m e d V R :

d V R = 4 π · R 2 · d R ( 7. 2 0)
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I n a s oli d a n gl e d Ω , t h e c o r r e s p o n di n g p a rt d V R, d Ω of t h e v ol u m e

d V R i s a s f oll o w s:

d V R, d Ω = d Ω · R 2 · d R ( 7. 2 1)

( 6 ) T h e s h ell S M h a s a l a r g e r v ol u m e t h a n t h e s h ell S M → 0 . T h e

di ff e r e n c e δ V i s c a u s e d b y t h e m a s s M a n d h a s t h e f oll o wi n g

a m o u nt:

δ V : = d V L − d V R ( 7. 2 2)

= 4 π · R 2 · δ R or ( 7. 2 3)

δ V = 4 π · R 2 · d R ·
1

ε E
− 1 (7. 2 4)

T h e c o r r e s p o n di n g r el ati o n s i n a s oli d a n gl e d Ω a r e a s f oll o w s:

δ V d Ω : = d V L, d Ω − d V R, d Ω ( 7. 2 5)

= d Ω · R 2 · δ R or ( 7. 2 6)

δ V d Ω = d Ω · R 2 · d R ·
1

ε E
− 1 (7. 2 7)

T h e di ff e r e n c e s δ V a n d δ V d Ω a r e c all e d a d di ti o n al v ol u m e s .

T h e c o r r e s p o n di n g mi n u e n d s d V L a n d d V L, d Ω a r e n a m e d c o m-

pl e t e v ol u m e . T h e s u bt r a h e n d d V R i s c all e d r ef e r e n c e v ol-

u m e .

( 7 ) T h e a d diti o n al v ol u m e δ V h a s t h e f oll o wi n g a d di ti o n al

d a r k e n e r g y :

δ E v ol = δ V · u v ol ( 7. 2 8)

T h e r e b y, u v ol i s t h e e n e r g y d e n sit y of d a r k e n e r g y. T h at e n-

e r g y d e n sit y i s alt e r n ati v el y a n d u s u all y n a m e d d y n a mi c d e n sit y

of d a r k e n e r g y ρ v ol : = u v ol / c
2 , s e e e. g. Pl a n c k- C oll a b o r ati o n

( 2 0 2 0 ); W o r k m a n et al. ( 2 0 2 2 ); H o b s o n et al. ( 2 0 0 6 ).

( 8 ) A n a d diti o n al v ol u m e δ V o r δ V d Ω di vi d e d b y t h e c o r r e s p o n d-

i n g c o m pl et e v ol u m e i s c all e d r el a ti v e a d di ti o n al v ol u m e ε L ,
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1 2 3 4 5

0 .2

0 .4

0 .6

R
R S

ε L

Fi g ur e 7. 3: R el ati v e a d diti o n al v ol u m e ε L .

a n d it c a n b e c al c ul at e d a s f oll o w s ( Fi g. 7. 3 ):

ε L : =
δ V

d V L
=

δ V d Ω

d V L , dΩ
a n d ( 7. 2 9)

ε L = 1 − ε E ( 7. 3 0)

P r o of

( 1) T h e S c h w ar zs c hil d m etri c is a f u n cti o n of t h e r a di al c o or di-

n at e R , s e e t h e or e m ( 9) or S c h w ar zs c hil d ( 1 9 1 6); H o bs o n et al.
( 2 0 0 6).

( 2) Ali c e a n d B o b c a n m e as ur e t h eir r a di al c o or di n at es R A a n d

R B b as e d o n t h e li g ht-tr a v el dist a n c e. F or it, t h e y c a n m e a-

s ur e t h e cir c u mf er e nti al r a di al c o or di n at e R ci r c u m f e r e nti al = U
2 π ,

se e s e cti o n ( 2. 6. 4. 1). Alt er n ati v el y, Ali c e a n d B o b c a n m e as ur e

t h eir r a di al c o or di n at es wit h h el p of t h e gr a vit ati o n al p ar all a x

dist a n c e, s e e s e cti o n ( 2. 6. 4).

T h e r a di al c o or di n at es pr o vi d e t h e c orr es p o n di n g r a di al di ff er-

e n c e d R = R A − R B .

Ali c e a n d B o b c a n m e as ur e t h eir m ut u al dist a n c e d L b y m e a-

s uri n g t h e li g ht-tr a v el dist a n c e.
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( 3) A n o n z er o m ass M c a us es a p ositi o n f a ct or s m all er 1, s e e

t h e or e m ( 9). T h e S c h w ar zs c hil d m etri c c a n b e e x pr ess e d b y a

li n e el e m e nt d s as f oll o ws, s e e e. g. ( L a n d a u a n d Lifs c hit z, 1 9 7 1,

E q. 8 2. 1):

d s 2 = − c 2 dt 2 ε 2
E + d R 2 / ε 2

E + R 2 d ϑ 2 + R 2 · si n 2 ϑ · d ϕ 2 ( 7. 3 1)

If t h e i n cr e m e nts dt , d ϑ a n d d ϕ ar e z er o, t h e n t h e i n cr e m e nt al

l e n gt h d L is e q u al t o t h e li n e el e m e nt d s , s e e e. g. L a n d a u a n d

Lifs c hit z ( 1 9 7 1):

d s = d L = d R ·
1

ε E
(7. 3 2)

T h e a b o v e r el ati o n i m pli es E q. ( 7. 1 6). T h us, a m ass or d y n a mi c

m ass M c a us es t h e a d diti o n al i n cr e m e nt δ R a c c or di n g t o E q.

( 7. 1 6).

( 4) T h e v ol u m e of t h e s h ell is t h e pr o d u ct of t h e ar e a A of

t h e s urf a c e of t h e s h ell m ulti pli e d b y t h e t hi c k n ess d L , as t h e

t hi c k n ess is i n cr e m e nt al. As t h er e is n o c h a n g e of l e n gt h i n

t h e a n g ul ar dir e cti o ns of ϑ a n d ϕ , t h e cir c u mf er e n c e h as t h e

l e n gt h 2π · R a n d t h e ar e a A of t h e s urf a c e is e q u al t o A =

4 π R 2 . T h e n c e, w e d eri v e d V L = 4 π R 2 d L . Si mil arl y, w e d eri v e

d V L, d Ω = d Ω R 2 d L .

( 5) T h e v ol u m e of t h e s h ell is t h e pr o d u ct of t h e ar e a A = 4 π R 2

of t h e s urf a c e of t h e s h ell m ulti pli e d b y t h e t hi c k n ess d R , as

t h e t hi c k n ess is i n cr e m e nt al. T h us, w e o bt ai n d V R = 4 π R 2 d R .

Si mil arl y, w e d eri v e d V R, d Ω = d Ω R 2 d R .

( 6) T h e di ff er e n c e δ V = d V L − d V R is d eri v e d b y i ns erti n g E qs.
( 7. 1 6, 7. 2 0, 7. 1 7). Si mil arl y, w e d eri v e δ V d Ω = d V L, d Ω − d V R, d Ω .

( 7) T h e a d diti o n al e n er g y δ E v ol is d eri v e d b y m ulti pli c ati o n of
t h e a d diti o n al v ol u m e δ V wit h t h e c orr es p o n di n g e n er g y d e nsit y

u v ol . S o w e d eri v e δ E v ol = δ V · u v ol .

( 8) I n t h e r el ati v e a d diti o n al v ol u m e ε L = δ V
d V L

, t h e d e fi niti o n of
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a d diti o n al v ol u m e δ V ( E q. 7. 2 2) pr o vi d es ε L as a f u n cti o n of

d R / d L :

ε L = 1 −
d V R

d V L
= 1 −

d R

d L
(7. 3 3)

Si mil arl y, w e d eri v e:

ε L = 1 −
d V R, d Ω

d V L , dΩ
= 1 −

d R

d L
(7. 3 4)

T h e r ati o d R / d L is e q u al t o t h e p ositi o n f a ct or ε E ( E q. 7. 3 2).

T h us, ε L as a f u n cti o n of t h at f a ct or:

ε L = 1 − ε E ( 7. 3 5)

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.

C o r oll a r y 7 A d di ti o n al v ol u m e

( 1 ) Ali c e a n d B o b c a n o b s e r v e t h ei r r a dii R A a n d R B . F o r

i n st a n c e, t h e y c a n o b s e r v e t h e ci r c u mf e r e nti al r a di al c o o r di n at e
R ci r c u m f e r e nti al = U

2 π , s e e s e cti o n ( 2. 6. 4. 1 ). O r t h e y c a n o b s e r v e

t h e g r a vit ati o n al p a r all a x di st a n c e d G P , s e e s e cti o n ( 2. 6. 4 ).

( 2 ) T h u s, Ali c e a n d B o b c a n o b s e r v e t h e i n c r e m e nt s d R a n d

d L . Wit h it, t h e y c a n o b s e r v e t h e a d diti o n al v ol u m e δ V . A s a

c o n s e q u e n c e, t h e a d diti o n al v ol u m e δ V i s a n el e m e nt of p h y si c al

r e alit y. Wit h it, r el ati v e a d diti o n al v ol u m e ε L i s a n el e m e nt of

p h y si c al r e alit y.

( 3 ) M o r e o v e r, t h e e n e r g y d e n sit y of v ol u m e u v ol c a n b e o b s e r v e d.

S o it i s a n el e m e nt of p h y si c al r e alit y a s w ell.

( 4 ) A s a c o n s e q u e n c e of it e m s ( 2 ) a n d ( 3 ), t h e a d diti o n al e n e r g y

δ E v ol = u v ol · δ V c a n b e o b s e r v e d. T h u s, it i s a n el e m e nt of

p h y si c al r e alit y t o o.
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1 2 3 4 5

0

0 .2

0 .4

0 .6

0 .8

1

R
R S

|G
∗
|·

2R
S

c2

Fi g ur e 7. 4: A bs ol ut e v al u e of t h e gr a vit ati o n al fi el d |G ∗ | · 2 R S

c 2 .

7 . 3 ε L p r o vi d e s a g r a vi t a ti o n al p o t e n ti al

I d e a: T h e r el ati v e a d diti o n al v ol u m e ε L = 1 − ε E (R ) is a n

el e m e nt of p h ysi c al r e alit y ( c or oll ar y 7). M or e o v er, ε L is a

s c al ar, a n d it d e cr e as es m o n ot o n o usl y, w h e n t h e dist a n c e t o

M i n cr e as es. S o, ε L mi g ht b e pr o p orti o n al t o a gr a vit ati o n al

p ot e nti al.

T his p ossi bilit y is a n al y z e d n e xt. T h er e b y, t h e pr e cis e d et ails

of a n e x a ct gr a vit ati o n al p ot e nti al ar e d eri v e d.

T h e o r e m 1 1 A n e x a c t g r a vi t a ti o n al p o t e n ti al

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e

f oll o wi n g h ol d s:

( 1 ) At e a c h r a di u s R > R S , a n o b s e r v e r c a n m e a s u r e t h e f oll o w-

i n g g r a vit ati o n al fi el d G ∗ a s a f u n cti o n of R , s e e s e cti o n ( 2. 6. 4 )

a n d ( M o o r e, 2 0 1 3, E q. 9. 9 ) ( Fi g. 7. 4 ):

|G ∗ | =
G · M

R 2
=

c 2

2 R S
·

R S

R

2

(7. 3 6)
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1 2 3 4 5

− 0 .6

− 0 .4

− 0 .2

R
R S

Φ
L
/c

2

Fi g ur e 7. 5: Gr a vit ati o n al p ot e nti al Φ L / c 2 , a c c or di n g t o t h e
d eri v ati v e wit h r es p e ct t o t h e li g ht-tr a v el dist a n c e d L .

T h e fi el d i s a nti p a r all el t o t h e r a di al u nit v e ct o r e L ( Fi g. 7. 6 ):

G ∗ = −
G · M

R 2
· e L ( 7. 3 7)

( 2 ) At e a c h l o c ati o n wit h R ≥ R S , t h e g r a vit ati o n al p ot e nti al

Φ L (R ) i s e q u al t o t h e r el ati v e a d diti o n al v ol u m e m ulti pli e d b y

− c 2 , s e e Fi g. ( 7. 5 ),

Φ L : = − c 2 ε L ( 7. 3 8)

a n d t h e fi el d i s t h e g r a di e nt of t h e p ot e nti al:

G ∗ = −
∂

∂ L
Φ L · e L , t h e n c e, ( 7. 3 9)

G ∗ = − g r a d L Φ L or wit h ∂ L : = g r a d L ( 7. 4 0)

G ∗ = − ∂ L Φ L ( 7. 4 1)

P r o of

( 1) T h e gr a vit ati o n al fi el d as a f u n cti o n of R is pr o vi d e d i n

T H M ( 2).
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( 2) I n or d er t o c o n fir m t h e p ot e nti al

Φ L = − c 2 ε L , ( 7. 4 2)

w e a p pl y t h e d eri v ati v e, a n d w e us e ε L = 1 − ε E :

−
∂

∂ L
Φ L = − c 2 ∂

∂ L
(1 − ε E (R )) ( 7. 4 3)

We a p pl y t h e c h ai n r ul e, a n d w e us e ε E = 1 − R S

R :

−
∂

∂ L
Φ L = − c 2 ∂ R

∂ L
ε E

∂

∂ R
1 − 1 −

R S

R
(7. 4 4)

We e v al u at e t h e d eri v ati v e:

−
∂

∂ L
Φ L = − c 2 ε E

1

2 ε E

− R S

R 2
(7. 4 5)

We us e t h e S c h w ar zs c hil d r a di us R S = 2 G M
c 2 , a n d w e i d e ntif y

t h e fi el d ( E q. 7. 3 7):

−
∂

∂ L
Φ L = c 2 1

2

2 G M

c 2 R 2
=

G M

R 2
= |G ∗ | (7. 4 6)

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.
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d Rd Rd Rd Rd R

d Ld Ld Ld Ld L

d L T, M → 0

d L T

M

R

Fi g ur e 7. 6: V e ct ors of t h e gr a vit ati o n al fi el d.



C h a p t e r 8

P r o p a g a ti o n of A d di ti o n al
V ol u m e

I n t his c h a pt er, w e a n al y z e t h e pr o p a g ati o n of d y n a mi c v ol u m e

i n t h e vi ci nit y of a m ass M . I n p arti c ul ar, w e d eri v e t h e di ff er-

e nti al e q u ati o n, D E Q, f or r el ati v e a d diti o n al v ol u m e. M or e o v er,

w e a n al y z e pl a n e w a v e s ol uti o ns of t h at D E Q. F urt h er m or e, w e

g e n er ali z e t h at pr o p a g ati o n s o t h at t h e D E Q d o es n ot d e p e n d

o n t h e m ass M .

o bs er v er

L

o ut w ar d pr o p a g ati o n: σ o ut = 1
δ

i n w ar d pr o p a g ati o n: σ o ut = − 1

δ

Fi g ur e 8. 1: If a p orti o n δ i n cr e as es its li g ht-tr a v el dist a n c e t o a n
o bs er v er, t h e n t h e p orti o n pr o p a g at es o ut w ar ds. I n t h at c as e, a
c orr es p o n di n g si g n f u n cti o n h as t h e v al u e o n e, σ o ut = 1. If t h at
dist a n c e d e cr e as es, t h e n t h e si g n f u n cti o n h as t h e v al u e mi n us
o n e, σ o ut = − 1.

9 3
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D e fi ni ti o n 8 U ni di r e c ti o n al p r o p a g a ti o n

( 1 ) If at e a c h l o c ati o n R , a p r o p a g ati o n t a k e s pl a c e i n e x a ctl y

o n e di r e cti o n, t h e n t h e p r o p a g ati o n i s c all e d u ni di r e c ti o n al

p r o p a g a ti o n . F o r i n st a n c e, t h e r a di al p r o p a g ati o n i n t h e vi ci n-

it y of a m a s s M i s u ni di r e cti o n al.

( 2 ) T h e r a di al di r e cti o n h a s t h e di r e cti o n v e ct o r e L .

( 3 ) If a p o rti o n δ i n c r e a s e s it s li g ht-t r a v el di st a n c e t o a n o b-

s e r v e r, t h e n t h e p o rti o n p r o p a g at e s o ut w a r d s, s e e Fi g. ( 8. 1 ).

( 4 ) If a p o rti o n δ d e c r e a s e s it s li g ht-t r a v el di st a n c e t o a n o b-

s e r v e r, t h e n t h e p o rti o n p r o p a g at e s i n w a r d s.

( 5 ) F o r a p o rti o n δ p r o p a g ati n g r el ati v e t o a n o b s e r v e r, w e d e fi n e

a si g n f u n cti o n σ o ut a s f oll o w s:

If δ p r o p a g at e s o ut w a r d s, t h e n σ o ut = 1 .

If δ p r o p a g at e s i n w a r d s, t h e n σ o ut = − 1 .

Ot h e r wi s e, t h e v al u e i s σ o ut = 0 .

8. 1 R el a ti v e a d di ti o n al v ol u m e

I d e a: A p o r ti o n of r el ati v e a d diti o n al v ol u m e h as z er o r est

m ass. A c c or di n gl y, s u c h a p orti o n s h o ul d pr o p a g at e at t h e v e-

l o cit y of li g ht, as d eri v e d b el o w. We i n v esti g at e t h at pr o p a g a-

ti o n i n t his s e cti o n.

T h e o r e m 1 2 P r o p a g a ti o n of r el a ti v e a d di ti o n al v ol u m e

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e

f oll o wi n g h ol d s:

( 1 ) Wit hi n n at u r al v ol u m e, f o r a p o r ti o n of r el ati v e a d diti o n al

v ol u m e, t h e g r o u p v el o cit y v g i s e q u al t o t h e v el o cit y of li g ht

v g = c .
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( 2 ) A p o rti o n of r el ati v e a d diti o n al v ol u m e p r o p a g at e s p a r all el

o r a nti p a r all el t o t h e r a di al di r e cti o n v e ct o r e L .

( 3 a ) A p o r ti o n of r el ati v e a d diti o n al v ol u m e p r o p a g at e s a s f ol-

l o w s, s e e ( Fi g s. 8. 1 a n d 8. 2 ) a n d D E F ( 8 ):

L (τ 0 + τ ) = L (τ 0 ) + c · τ · σ o ut , t h us, ( 8. 1)
∂ L

∂ τ
= c · σ o ut , wit h d τ = dt · ε E ( 8. 2)

( 4 a ) T h e u ni di r e cti o n al p r o p a g ati o n of a p o r ti o n of r el ati v e

a d diti o n al v ol u m e i s d ri v e n b y t h e g r a vit ati o n al p ot e nti al a s f ol-

l o w s:

∂

∂ L
Φ L = − c 2 ∂ τ

∂ L

σ o u t / c

·
∂

∂ τ
ε L , im pli e d D E Q : ( 8. 3)

∂

∂ L
Φ L = − c · σ o ut ·

∂

∂ τ
ε L , o r ( 8. 4)

|G ∗ | = |c ·
∂

∂ τ
ε L |, (8. 5)

wit h r a di al dir e cti o n e L of pr o p a g ati o n ( 8. 6)

( 3 b ) I n p a rt s ( 3 a ) a n d ( 4 a ), w e t r e at e d p o rti o n s of r el ati v e a d-

diti o n al v ol u m e. I n p a rt s ( 3 b ) a n d ( 4 b ), c o r r e s p o n di n gl y, w e

t r e at e d p h a s e s of r el ati v e a d diti o n al v ol u m e.

A p h a s e of a h a r m o ni c w a v e of r el ati v e a d diti o n al v ol u m e p r o p-

a g at e s a s f oll o w s, s e e ( Fi g s. 8. 1 a n d 8. 2 ) a n d D E F ( 8 ):

L (τ 0 + τ ) = L (τ 0 ) + v p · τ · σ o ut , t h us, ( 8. 7)

∂ L

∂ τ
= v p · σ o ut , wit h d τ = dt · ε E ( 8. 8)

( 4 b ) I n t h e u ni di r e cti o n al p r o p a g ati o n of r el ati v e a d diti o n al v ol-

u m e, t h e p r o p a g ati o n of t h e p h a s e of a h a r m o ni c w a v e i s d ri v e n

b y t h e g r a vit ati o n al p ot e nti al a n d c h a r a ct e ri z e d b y t h e p h a s e v e-

l o cit y v p a s f oll o w s ( s e e T H M 5, p a rt 1 2 ). I n g e n e r al, v p i s a
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f u n cti o n of t h e w a v e n u m b e r |k | a s f oll o w s:

∂

∂ L
Φ L = − c 2 ∂ τ

∂ L

σ o u t / v p

·
∂

∂ τ
ε L , im pli e d D E Q : ( 8. 9)

∂

∂ L
Φ L = −

c

v p
· c · σ o ut ·

∂

∂ τ
ε L , o r ( 8. 1 0)

|G ∗ | =
c

v p
· c ·

∂

∂ τ
ε L , (8. 1 1)

1

c

v p

c
· G ∗ =

∂

∂ τ
ε L , (8. 1 2)

wit h r a di al dir e cti o n e L of pr o p a g ati o n ( 8. 1 3)

T h e g r a di e nt of t h e p ot e nti al ∂
∂ L Φ L o r t h e fi el d |G ∗ | c a n c a u s e

a hi g h p h a s e v el o cit y v p . S u c h hi g h v p c a n o c c u r e s p e ci all y at

l a r g e w a v el e n gt h s, s e e T H M ( 5, p a rt ( 1 2 ) ).

C o r r e s p o n di n gl y, t h e p ot e nti al a n d t h e fi el d c a n c a u s e a hi g h r at e

of r el ati v e a d diti o n al v ol u m e ε̇ L . H e r e b y t h at r at e i s i n c r e a s e d

b y t h e f a ct o r
v p

c . A c c o r di n gl y, t h e r e c a n b e a s u ffi ci e nt r at e of

r el ati v e a d diti o n al v ol u m e ε̇ L f o r a hi g h p h a s e v el o cit y, b y w hi c h

t h e r el ati v e a d diti o n al v ol u m e ε L c a n p r o p a g at e.

U si n g t h e D E Q ( 8. 1 0 ) a n d t h e p ot e nti al Φ L = − c 2 ·ε L , w e d e ri v e

t h e D E Q of r el ati v e a d diti o n al v ol u m e:

v p ·
∂

∂ L
ε L = σ o ut ·

∂

∂ τ
ε L ( 8. 1 4)

T h at D E Q i s f ull y g e o m et ri c i n s p a c eti m e. C o r r e s p o n di n gl y,

t h at D E Q d o e s n ot d e p e n d o n a n y p h y si c al c o n st a nt s u c h a s G, c

o r h . A c c o r di n gl y, t h e p h a s e v el o cit y v p of a h a r m o ni c w a v e of

v ol u m e i s n ot li mit e d.

P r o of

( 1) A p orti o n of v ol u m e c a n tr a nsf or m at a p h as e tr a nsiti o n t o

a m ass, a c c or di n g t o t h e Hi g gs ( 1 9 6 4) m e c h a nis m, s e e C ar m esi n
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d Rd Rd Rd Rd R

d Ld Ld Ld Ld L

d L T, M → 0

d L T

M

R

Fi g ur e 8. 2: P r o p a g ati o n of a d diti o n al v ol u m e ( bl a c k w a v ef or m).

( 2 0 2 1 a) f or a n e x pli cit a n al ysis t h er e of. S u c h a p h as e tr a nsiti o n

is t h e o nl y m e c h a nis m, b y w hi c h a p orti o n of v ol u m e c a n a c hi e v e

a n o n z er o r est e n er g y E 0 . T h us, e a c h p orti o n of n at ur al t hr e e-

di m e nsi o n al v ol u m e h as z er o r est e n er g y E 0 = 0.

I n S R, t h e f oll o wi n g e n er g y r el ati o n h ol ds:

E 2 = E 2
0 ·

1

1 − v 2 / c 2
( 8. 1 5)

We s ol v e f or v 2 / c 2 :

1 −
E 2

0

E 2
=

v 2

c 2
(8. 1 6)

If a p orti o n of v ol u m e w o ul d h a v e a r est e n er g y, t h e n a n o bs er v er
c o ul d i n pri n ci pl e m e as ur e his p ositi o n r el ati v e t o t h at p orti o n

( as p ositi o ns c a n i n pri n ci pl e b e d et er mi n e d r el ati v e t o a n o bj e ct

wit h r est e n er g y). H o w e v er, n o p ositi o n r el ati v e t o a p orti o n of

n at ur al v ol u m e c a n b e m e as ur e d i n S R. T h us, a p orti o n of s u c h
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v ol u m e h as n o r est e n er g y E 0 . As t h e r est e n er g y E 0 is z er o,

e a c h p orti o n of n at ur al t hr e e- di m e nsi o n al a d diti o n al v ol u m e h as

t h e v el o cit y v = c wit hi n n at ur al t hr e e- di m e nsi o n al v ol u m e, s e e

E q. ( 8. 1 6).

( 2) A p orti o n of a d diti o n al v ol u m e pr o p a g at es p ar all el or a n-

ti p ar all el t o t h e r a di al dir e cti o n. As a p orti o n of a d diti o n al

v ol u m e pr o p a g at es at t h e v el o cit y v = c , s e e p art ( 1), t h e li g ht-

tr a v el dist a n c e L (τ 0 ) i n cr e as es b y c · σ o ut · τ , d uri n g a ti m e τ .

T h us t h e pr o p a g ati o n is d es cri b e d b y E q. ( 8. 1).

( 3 a) We us e t h e p ot e nti al ( E q. 7. 3 8), a n d w e a p pl y t h e d eri v a-

ti v e:

∂

∂ L
Φ L = − c 2 ∂

∂ L
ε L (8. 1 7)

w e a p pl y t h e c h ai n r ul e:

∂

∂ L
Φ L = − c 2 ∂ τ

∂ L

σ o u t / c

∂

∂ τ
ε L (8. 1 8)

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m. T h er e b y, t h e

p arts ( 3 b) a n d ( 4 b) ar e s h o w n i n a si mil arl y t o p arts ( 3 a) a n d

( 4 a).

C o r oll a r y 8 I n t e r p r e t a ti o n of p h a s e v el o ci t y of v ol u m e

( 1 ) I n a m o n o c h r o m ati c h a r m o ni c el e ct r o m a g n eti c w a v e i n v ol-

u m e ( o r v a c u u m ), t h e e n e r g y d e n sit y p r o p a g at e s at t h e p h a s e

v el o cit y, s e e e. g. ( L a n d a u a n d Lif s c hit z, 1 9 7 1, s e cti o n 3 1 ).

A c c o r di n g t o S R, e n e r g y d o e s n ot p r o p a g at e f a st e r t h a n c . C o r-

r e s p o n di n gl y, t h e p h a s e v el o cit y of cl a s si c al li g ht i n v ol u m e ( o r

v a c u u m ) i s li mit e d b y c = 1√
ε 0 ·µ 0

, wit h µ 0 = 4 π · 1 0 − 7 N
A 2 . I n t h e

q u a nt u m t h e o r y of t h e el e ct r o m a g n eti c fi el d, t h e q u a nt u m p r o p-

e rti e s a r e a d d e d t o t h e p r o p e rti e s of cl a s si c al el e ct r o m a g n eti c

w a v e s, s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n 1 9 ), ( L a n d a u a n d

Lif s c hit z, 1 9 8 2, c h a pt e r I ).
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( 2 ) I n c o nt r a st, a p o s si bl e h a r m o ni c r at e g r a vit y w a v e of v ol u m e

( C. 8 ) h a s z e r o e n e r g y d e n sit y u a n d m o m e nt u m d e n sit y u / c =

p / V ( C. 6, 1 1 ). A c c o r di n gl y, t h e p h a s e v el o cit y v p of v ol u m e i s

n ot li mit e d b y t h e v el o cit y c of li g ht i n v ol u m e ( o r v a c u u m ).

8. 2 Pl a n e w a v e s

I d e a: T h e gr a di e nt of t h e p ot e nti al r e pr es e nts a dri vi n g f or c e

f or t h e r el ati v e a d diti o n al v ol u m e, s e e T H M ( 1 2, p art 3) a n d

Fi g. ( 8. 3). T h us, t h e D E Q of u ni dir e cti o n al pr o p a g ati o n of

r el ati v e a d diti o n al v ol u m e ( E q. 8. 5) mi g ht h a v e s ol uti o ns r e p-

r es e nti n g pl a n e w a v es. We i n v esti g at e t h at p ossi bilit y i n t his

s e cti o n.

T h e o r e m 1 3 Pl a n e w a v e s of r el a ti v e a d di ti o n al v ol u m e

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e

f oll o wi n g h ol d s:

( 1 ) T h e f oll o wi n g pl a n e w a v e s a r e s ol uti o n s of t h e D E Q ∂
∂ L Φ L =

− c ·σ o ut · ∂
∂ τ ε L ( E q. 8. 4 ) of r el ati v e a d diti o n al v ol u m e ( Fi g. 8. 2 ):

ε L, ω = ε̂ L, ω · e x p( i · ω · τ − i · k · L ) a n d ( 8. 1 9)

Φ L, ω = Φ̂ L, ω · e x p( i · ω · τ − i · k · L ), wit h ( 8. 2 0)

dir e cti o n e L of u ni dir e cti o n al pr o p a g ati o n ( 8. 2 1)

σ o ut = 1 ( 8. 2 2)

( 2 ) I n s e rti n g t h e s e w a v e s i nt o t h e D E Q yi el d s t h e f oll o wi n g r e-

l ati o n s:

T h e a m plit u d e s a r e s u m m a ri z e d a s f oll o w s:

Φ̂ L, ω = c 2 · ε̂ L, ω ( 8. 2 3)

T h e s e pl a n e w a v e s a r e s u m m a ri z e d a s f oll o w s:

Φ L, ω = c 2 · ε L, ω ( 8. 2 4)
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T h e D E Q of t h e s e pl a n e w a v e s p r o p a g ati n g o ut w a r d s a r e s u m-

m a ri z e d a s f oll o w s:

− c
∂

∂ L
ε L , ω =

∂

∂ τ
ε L , ω ( 8. 2 5)

( 3 ) All fi nit e, di s c r et e i n fi nit e o r c o nti n u o u sl y i n fi nit e s u ffi-

ci e ntl y c o n v e r gi n g li n e a r c o m bi n ati o n s a r e al s o s ol uti o n s of t h e

D E Q i n p a rt ( 2 ). T h u s, e v e n n o n- p e ri o di c s ol uti o n s a r e i n-

cl u d e d. A c c o r di n gl y, t h e o nl y p a rti c ul a r p r o p e rt y of t h e s e s o-

l uti o n s i s t h e p r o p a g ati o n i n t h e p o siti v e di r e cti o n of t h e u nit

v e ct o r e L :.

− c
∂

∂ L
ε L =

∂

∂ τ
ε L , o r ( 8. 2 6)

−
∂

∂ L
Φ L = c ·

∂

∂ τ
ε L , w it h ( 8. 2 7)

dir e cti o n v e ct or e L of pr o p a g ati o n ( 8. 2 8)

I n v e ct o r n ot ati o n a n d i n o p e r at o r n ot ati o n of t h e d e ri v ati v e s,

t h e D E Q i s a s f oll o w s:

− c | · ∂ L ε L | = ∂ τ ε L , or ( 8. 2 9)

−| ∂ L Φ L | = c · ∂ τ ε L wit h ( 8. 3 0)

ε L = ε L (τ, L ) a n d Φ L = Φ L (τ, L ) ( 8. 3 1)

W a v e s of a d diti o n al v ol u m e, a s w ell a s w a v e s of v ol u m e i n

g e n e r al, h a v e b e e n c all e d r a t e g r a vi t y w a v e s, R G W , s e e e.

g. C a r m e si n ( 2 0 2 1 d, a, 2 0 2 2 d, a ).

P r o of

( 1) We i ns ert t h e pr o p os e d s ol uti o ns i n E q. ( 8. 2 0) i nt o t h e D E Q

( E q. 8. 4) ∂
∂ L Φ L = − c · σ o ut · ∂

∂ τ ε L o f r el ati v e a d diti o n al v ol u m e:

∂

∂ τ
ε L , ω = i ω · ε̂ L, ω · e x p( i · ω · τ − i · k · L ) a n d ( 8. 3 2)

∂

∂ L
Φ L , ω = − i · k · Φ̂ L, ω · e x p( i · ω · τ − i · k · L ) ( 8. 3 3)
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Fi g ur e 8. 3: Pl a n e w a v e of r el ati v e a d diti o n al v ol u m e ε L ( d ot-
t e d) a n d s c al e d gr a di e nt of gr a vit ati o n al p ot e nti al ∂

∂ L Φ L · − 1
c 2 ·k

(d as h e d). T h e s c al e d gr a di e nt of t h e p ot e nti al is t h e dri vi n g
f or c e f or t h e r el ati v e a d diti o n al v ol u m e.

S o w e d eri v e:

− c · i · ω · ε̂ L, ω · e x p( i · ω · τ − i · k · L ) ( 8. 3 4)

= − i · k · Φ̂ L, ω · e x p( i · ω · τ − i · k · L ) ( 8. 3 5)

T h e a b o v e E q. i m pli es:

c · ω · ε̂ L, ω = k · Φ̂ L, ω ( 8. 3 6)

Wit h it, t h e r el ati o n c = ω
k im pli es:

c 2 · ε̂ L, ω = Φ̂ L, ω ( 8. 3 7)

( 2) We i ns ert E q. ( 8. 3 7) i nt o E q. ( 8. 2 0), a n d w e c o m p ar e wit h

E q. ( 8. 1 9). S o w e d eri v e t h e r el ati o n:

c 2 · ε L, ω = Φ L, ω ( 8. 3 8)

We i ns ert E q. ( 8. 3 8) i nt o t h e D E Q ( E q. 8. 5). S o w e d eri v e t h e

D E Q i n ( 8. 2 5).
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( 3) P art ( 3) is a c o ns e q u e n c e of t h e F o uri er tr a nsf or m, Tes c hl

( 2 0 1 4) or B all e nti n e ( 1 9 9 8) or S a k ur ai a n d N a p olit a n o ( 1 9 9 4).

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.

C o r oll a r y 9 W a v e p a c k e t s

( 1 ) A p r o p a g ati n g p o rti o n c a n b e d e s c ri b e d a s a w a v e p a c k et. F o r

i n st a n c e, at a p r o p a g ati o n i n a di r e cti o n k , a o n e- di m e n si o n al

a n al y si s i s a p p r o p ri at e: A w a v e p a c k et c a n b e d e s c ri b e d a s a li n-

e a r c o m bi n ati o n of w a v e v e ct o r s, ( S c h e c k, 2 0 1 3, s e cti o n 1. 3. 1 ):

ε L (t, x) = ε̂ L

∞

− ∞

d k
√

2 π
ε̃ L (k ) e x p( i ωt − i k x) ( 8. 3 9)

A w a v e p a c k et h a s a c e nt r al w a v e n u m b e r k 0 . Wit h it, a w a v e

n u m b e r k c a n b e e x p r e s s e d a s f oll o w s:

k · x = k 0 · x + ( k − k 0 ) · x ( 8. 4 0)

A s t h e ci r c ul a r f r e q u e n c y ω i s a f u n cti o n of t h e w a v e n u m b e r k ,

it c a n b e d e s c ri b e d r el ati v e t o ω (k 0 ) = ω 0 :

ω (k ) =̇ ω 0 +
∂ ω

∂ k
|k 0

· (k − k 0 ) ( 8. 4 1)

Wit h it, t h e w a v e i n E q. i s a s f oll o w s:

ε L (t, x) = ε̂ L e x p( i ω0 t − i k0 x )· ( 8. 4 2)

·
∞

− ∞

d k
√

2 π
ε̃ L (k ) e x p i

∂ ω

∂ k
|k 0

· (k − k 0 )t − i(k − k 0 )x (8. 4 3)

I n t h e l a r g e b r a c k et, i(k − k 0 ) i s f a ct o ri z e d:

ε L (t, x) = ε̂ L e x p( i ω0 t − i k0 x )· ( 8. 4 4)

·
∞

− ∞

d k
√

2 π
ε̃ L (k ) e x p i(k − k 0 )

∂ ω

∂ k
|k 0

· t − x ( 8. 4 5)

T h e i nt e g r al r e p r e s e nt s t h e e n v el o p e of t h e p a c k et. It t a k e s it s

m a xi m u m, if t h e i nt e g r a n d d o e s n ot o s cill at e, a s o s cill ati o n di-

mi ni s h e s t h e i nt e g r al. T h u s, t h e r e ct a n g ul a r b r a c k et i s z e r o at
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t h e m a xi m u m. H e n c e, t h e d e ri v ati v e r e p r e s e nt s t h e v el o cit y v g

of t h e w a v e p a c k et:

m a xi m u m at
∂ ω

∂ k
|k 0

· t − x = 0 ( 8. 4 6)

∂ ω

∂ k
|k 0

· t = x = v g · t (8. 4 7)

( 2 ) A w a v e p a c k et of v ol u m e p r o p a g at e s at v = c , a c c o r di n g t o

S R.

( 3 ) I n a h a r m o ni c w a v e of v ol u m e, t h e p h a s e c a n n ot b e u s e d f o r

a d et e r mi n ati o n of a n a b s ol ut e p o siti o n. A c c o r di n gl y, S R d o e s

n ot p o s e a r e st ri cti o n t o t h e p h a s e v el o cit y of a h a r m o ni c w a v e

of v ol u m e.

8. 3 I n v a ri a n t a n d g e n e r ali z e d d y n a mi c s

I d e a: E q u ati o n ( 8. 5) pr o vi d es t h e r at e of c h a n g e of r el ati v e

a d diti o n al v ol u m e ∂
∂ τ ε L a s a f u n cti o n of t h e gr a vit ati o n al fi el d

G ∗ . T h at fi el d c a n b e m e as ur e d ( c h a pt er 2) i n a m a n n er i n d e-

p e n d e nt of a m ass. F or it, a n e ff e cti v e m ass is us e d ( c h a pt er

2). T h us, E q. ( 8. 5) g e n er ali z es t h e d y n a mi cs of ∂
∂ τ ε L so t h at n o

m ass is n e c ess ar y.

M or e o v er, w e a n al y z e a p ossi bl e L or e nt z i n v ari a n c e of t h e

d y n a mi cs d es cri b e d b y t h at e q u ati o n ( 8. 5). F or it, w e pr o vi d e

d e fi niti o ns a n d a s u m m ari zi n g c or oll ar y first.

D e fi ni ti o n 9 F o u r- v e c t o r a n d f o u r- s c al a r

( 1 ) T h e r a t e g r a vi t y v e c t o r, R G V L , a f o u r- v e ct o r, i s t h e

f oll o wi n g c o m bi n ati o n of t h e r at e ∂
∂ τ ε L a n d of t h e g r a vit ati o n al

fi el d G ∗ :
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R G V L =







c ∂
∂ τ ε L

G ∗
x

G ∗
y

G ∗
z





 (8. 4 8)

( 2 ) I n a r el ati vi sti c s c al a r p r o d u ct of t w o f o u r- v e ct o r s, w e a p pl y

t h e f oll o wi n g c o m m o n si g n c o n v e nti o n, s e e e. g. M o o r e ( 2 0 1 3 );

St r a u m a n n ( 2 0 1 3 ):

(η i k) =







− 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1





 ( 8. 4 9)

Wit h it, t h e r el ati vi sti c s c al a r p r o d u ct of t w o f o u r- v e ct o r s a =





a 0

a 1

a 2

a 3





 a n d b =







b 0

b 1

b 2

b 3





 i s a s f oll o w s, s e e e. g. ( L a n d a u a n d

Lif s c hit z, 1 9 7 1, § 6 ) o r M o o r e ( 2 0 1 3 ); St r a u m a n n ( 2 0 1 3 ):

(a |b ) =

3

i= 0

3

k = 0

a i · η i k · b k ( 8. 5 0)

( 3 ) T h e r a t e g r a vi t y s c al a r, R G S L i s t h e r el ati vi sti c s c al a r

p r o d u ct of t h e r at e g r a vit y f o u r- v e ct o r R G V L wit h it s elf.

( 4 ) T h e sl o p e f o u r- v e c t o r, S F V L e x p r e s s e s t h e fi el d i n t h e

R G V L b y t h e p ot e nti al, s e e e. g. ( C a r m e si n, 2 0 2 1 d, s e cti o n

5. 2. 1 ):

S F V L =








c ∂
∂ τ ε L

− ∂
∂ L 1

Φ L

− ∂
∂ L 2

Φ L

− ∂
∂ L 3

Φ L








(8. 5 1)
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( 5 ) T h e sl o p e f o u r- s c al a r, S F S L i s t h e r el ati vi sti c s c al a r p r o d-

u ct of t h e sl o p e f o u r- v e ct o r S F V L wit h it s elf.

C o r oll a r y 1 0 F o u r- v e c t o r s

( 1 ) A s c al a r p r o d u ct i n f o u r- di m e n si o n al s p a c eti m e i s i n v a ri a nt

wit h r e s p e ct t o a n y r ot ati o n of t h e f o u r- di m e n si o n al c o o r di n at e

s y st e m, i n cl u di n g L o r e nt z t r a n sf o r m ati o n s, s e e e. g. ( L a n d a u

a n d Lif s c hit z, 1 9 7 1, § 6 ) o r C a r m e si n ( 1 9 9 6 ).

( 2 ) A f o u r- s c al a r i s c all e d a L o r e nt z i n v a ri a nt o r a L o r e nt z

s c al a r.

T h e o r e m 1 4 I n v a ri a n t a n d g e n e r ali z e d d y n a mi c s

I n n at u r al v ol u m e a n d at a n e ff e cti v e m a s s o r m a s s, t h e f oll o w-

i n g h ol d s:

( 1 a ) T h e d y n a mi c e q u ati o n ( 8. 5 ) of r el ati v e a d diti o n al v ol u m e

i m pli e s t h e r at e g r a vit y s c al a r:

0 = − c 2 ·
∂

∂ τ
ε L

2

+ (G ∗
x ) 2 + ( G ∗

y )
2 + ( G ∗

z )
2 = R G S L ( 8. 5 2)

T h e a b o v e e q u ati o n i s a n i m pli e d d y n a mi c e q u ati o n of r el ati v e

a d diti o n al v ol u m e.

( 1 b ) I n t h e i m pli e d d y n a mi c e q u ati o n ( 8. 5 2 ) of r el ati v e a d di-

ti o n al v ol u m e, t h e i nf o r m ati o n a b o ut t h e si g n σ o ut i s l o st.

( 1 c ) T h e i m pli e d d y n a mi c e q u ati o n ( 8. 5 2 ) of r el ati v e a d diti o n al

v ol u m e i s i n v a ri a nt wit h r e s p e ct t o L o r e nt z t r a n sf o r m ati o n s.

( 1 d ) T h e r at e g r a vit y s c al a r R G S L i s a f u n cti o n of t h e fi el d a n d

of t h e r el ati v e a d diti o n al v ol u m e ε L . T h u s, t h e i m pli e d d y n a mi c

e q u ati o n of r el ati v e a d diti o n al v ol u m e i s g e n e r ali z e d s o t h at t h e

i m pli e d d y n a mi c s d o e s n eit h e r d e p e n d o n t h e m a s s M n o r o n

t h e r a di u s R .

( 2 ) If t h e g r a vit ati o n al fi el d i n t h e R G V L i s e x p r e s s e d b y d e ri v a-

ti v e s of t h e p ot e nti al, t h e n t h e sl o p e f o u r- v e ct o r S F V L i s o b-

t ai n e d:
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S F V L =








c ∂
∂ τ ε L

− ∂
∂ L 1

Φ L

− ∂
∂ L 2

Φ L

− ∂
∂ L 3

Φ L








=







c ∂
∂ τ ε L

G ∗
x

G ∗
y

G ∗
z





 = R G V L ( 8. 5 3)

( 3 a ) T h e s c al a r p r o d u ct of t h e S F V L wit h it s elf p r o vi d e s t h e

i m pli e d d y n a mi c e q u ati o n ( 8. 5 2 ) a s a f u n cti o n of t h e p ot e nti al

o r of t h e sl o p e f o u r- s c al a r, S F S L :

0 = S F S L = − c 2 ·
∂

∂ τ
ε L

2

+

j = 3

j = 1

∂

∂ L j
Φ L

2

(8. 5 4)

( 3 b ) I n t h e i m pli e d d y n a mi c e q u ati o n ( 8. 5 4 ) of r el ati v e a d di-

ti o n al v ol u m e, t h e i nf o r m ati o n a b o ut t h e si g n σ o ut i s l o st.

( 3 c ) T h e i m pli e d d y n a mi c e q u ati o n ( 8. 5 4 ) of r el ati v e a d diti o n al

v ol u m e i s i n v a ri a nt wit h r e s p e ct t o L o r e nt z t r a n sf o r m ati o n s.

( 3 d ) T h e S F S L i s a f u n cti o n of t h e p ot e nti al Φ L a n d of r el a-

ti v e a d diti o n al v ol u m e ε L . T h u s, t h e i m pli e d d y n a mi c e q u ati o n

( 8. 5 4 ) of r el ati v e a d diti o n al v ol u m e i s g e n e r ali z e d s o t h at t h e
i m pli e d d y n a mi c s d o e s n eit h e r d e p e n d o n t h e m a s s M n o r o n

t h e r a di u s R .

P r o of

( 1 a) T h e s q u ar e of t h e d y n a mi c e q u ati o n ( 8. 5) is as f oll o ws:

(G ∗ ) 2 = c 2 ·
∂

∂ τ
ε L

2

(8. 5 5)

S u btr a cti o n of c 2 · ∂
∂ τ ε L

2
im pli es:

0 = − c 2 ·
∂

∂ τ
ε L

2

+ (G ∗ ) 2 ( 8. 5 6)
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T h e c o or di n at e r e pr es e nt ati o n of ( G ∗ ) 2 i m pli es t h e r e q uir e d

e q u ati o n ( 8. 5 2).

( 1 b) T h e s q u ar e i n E q. ( 8. 5 5) i m pli es t h e l oss of i nf or m ati o n

a b o ut t h e s q u ar e.

( 1 c) T h e R G S L i n E q. ( 8. 5 2) is t h e s c al ar pr o d u ct of t h e R G VL
wit h its elf, s e e D E F ( 9). T h us, it is i n v ari a nt wit h r es p e ct t o

L or e nt z tr a nsf or m ati o ns, s e e c or oll ar y ( 1 0).

( 1 d) T h e g e n er ali z ati o n is f o u n d e d i n p art ( 1 d) of t h e t h e or e m.

( 2) T h e e q u alit y of t h e f o ur- v e ct ors is f o u n d e d i n p art ( 1 d) of

t h e t h e or e m.

( 3 a- d) T h e e q u alit y of t h e f o ur- v e ct ors is f o u n d e d i n p art ( 1 d)

of t h e t h e or e m.

Alt o g et h er, all p arts of t h e t h e or e m ar e d eri v e d.

C o r oll a r y 1 1 G e n e r ali z a ti o n wi t h r e s p e c t t o m a s s

At a l o c ati o n wit h o ut a n y m a s s o r d y n a mi c m a s s i n it s vi ci nit y,

a p o s si bl e g r a vit ati o n al fi el d c a n b e m e a s u r e d wit h h el p of a n

e ff e cti v e m a s s ( c h a pt e r 2 ). Wit h t h at fi el d, t h e d y n a mi c s of ε L

c a n b e d e ri v e d vi a E q. ( 8. 5 2 ) o r ( 8. 4 ) o r ( 8. 5 a n d 8. 6 ). S o t h e

d y n a mi c s d o n eit h e r d e p e n d o n a m a s s M n o r o n t h e di st a n c e

R t o a m a s s.

C o r oll a r y 1 2 I n v a ri a n t d y n a mi c s

( 1 ) A n o b s e r v e r c a n di sti n g ui s h a p o rti o n p r o p a g ati n g o ut w a r d s

( σ o ut = 1 ) f r o m a p o rti o n p r o p a g ati n g i n w a r d s ( σ o ut = − 1 ), s e e

Fi g. ( 8. 1 ). A s a c o n s e q u e n c e, t h e D E Q of t h e p r o p a g ati o n of

r el ati v e a d diti o n al v ol u m e d e p e n d s o n t h at si g n f u n cti o n σ o ut ,

s e e E q. ( 8. 4 ): ∂
∂ L Φ L = − c · σ o ut · ∂

∂ τ ε L .

( 2 ) T h e c o r r e s p o n di n g L o r e nt z i n v a ri a nt d y n a mi c s i s a c hi e v e d

b y a p pli c ati o n of t h e s q u a r e t o t h at D E Q. S o t h e si g n f u n cti o n

b e c o m e s i r r el e v a nt, a n d t h e i nf o r m ati o n a b o ut t h e si g n i s l o st.
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C h a p t e r 9

L o c al F o r m a ti o n of V ol u m e

I d e a: A p orti o n δ V or δ V d Ω of a d diti o n al v ol u m e n e ar a m ass

M pr o p a g at es o ut w ar ds, s e e c h a pt er ( 8) a n d Fi g. ( 9. 1). If t h at

p orti o n i n cr e as es d uri n g t h at pr o p a g ati o n, t h e n t h er e o c c urs l o-

c all y f o r m e d v ol u m e, L F V , wit hi n t h at p orti o n. M or e o v er,

t h e d y n a mi cs at a m ass or d y n a mi c m ass c a n b e g e n er ali z e d t o

t h e d y n a mi cs at a n e ff e cti v e m ass (s e cti o n 8. 3). I n t his c h a pt er,

w e i n v esti g at e s u c h p ossi bl e L F V.

T h e L F V is d es cri b e d b y t w o ess e nti al a n d di ff er e nt q u a nti-

ti es:

Firstl y, t h e ti m e d eri v ati v e ∂ τ ε L = ˙ε L of t h e r el ati v e a d di-

ti o n al v ol u m e ε L is ess e nti al f or gr a vit y, c ur v at ur e of s p a c eti m e

a n d q u a nt u m p h ysi cs.

S e c o n dl y, a n o r m ali z e d r a t e ε̇ L (D E F 1 0) is n or m ali z e d

si mil ar t o t h e n or m ali z ati o n of t h e d eri v ati v e ˙R of s c al e f a ct or R

i n t h e H u b bl e r at e H =
˙R

R (c o m p ar e wit h H o bs o n et al. ( 2 0 0 6),

C ar m esi n ( 2 0 1 9 b), c h a pt er 1 2). A c c or di n gl y, t h e n or m ali z e d

r at e is ess e nti al i n t h e d es cri pti o n of t h e e x p a nsi o n of s p a c e

si n c e t h e Bi g B a n g.

Of c o urs e, w e c o m p ar e t h e n or m ali z e d L F V wit h t h e r at e of

t h e r el ati v e a d diti o n al v ol u m e ε̇ L .

1 0 9
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d Rd Rd Rd Rd R

d Ld Ld Ld Ld L

d L T, M → 0

d L T

M
R

Fi g ur e 9. 1: A p orti o n of a d diti o n al v ol u m e δ V pr o p a g at es o ut-
w ar ds. T h er e b y, t h e p orti o n i n cr e as es. T h us, l o c all y f or m e d
v ol u m e, L F V, o c c urs wit hi n t h at p orti o n of a d diti o n al v ol u m e.

9. 1 N o r m ali z e d L F V

I d e a: If a p orti o n δ V or δ V d Ω of a d diti o n al v ol u m e i n cr e as es b y

a n a m o u nt δ V o r δ V d Ω d uri n g its pr o p a g ati o n t hr o u g h a c o m-

pl et e v ol u m e d V L or d V L, d Ω , t h e n t his i n cr e as e c a n b e o bs er v e d

i n t h at c o m pl et e v ol u m e. A c c or di n gl y, t h e a m o u nt of L F V is

n or m ali z e d b y t h e c orr es p o n di n g c o m pl et e v ol u m e.

I n t his s e cti o n, w e i n v esti g at e s u c h n or m ali z e d L F V. F or it,

w e d e fi n e us ef ul c o n c e pts first:

D e fi ni ti o n 1 0 N o r m ali z e d l o c all y f o r m e d v ol u m e

( 1 a ) T h e p r o c e s s of p r o p a g ati o n of a p o rti o n δ V o r δ V d Ω of a d-

diti o n al v ol u m e ( Fi g. 9. 1 ) e x hi bit s t h e f oll o wi n g p h y si c al q u a n-

titi e s:

( 1 b ) T h e p r o p a g ati o n h a s a ti m e of p r o p a g a ti o n δ τ .

( 1 c ) P r o p a g ati o n h a s a di s t a n c e of p r o p a g a ti o n δ L = c · δ τ .
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( 1 d ) T h e p r o p a g ati o n t a k e s pl a c e i n a c o m pl e t e v ol u m e of

p r o p a g a ti o n d V L o r d V L, d Ω .

( 1 e ) T h e p r o p a g ati o n e x hi bit s a f o r m e d v ol u m e δ V o r δ V d Ω .

( 2 ) T h e i n c r e a s e δ V d Ω p e r ti m e δ τ i s t h e r a t e of L F V i n a s oli d

a n gl e of a s h ell δ V d Ω

δ τ .

r at e L F V =
δ V d Ω

δ τ
a t d V L, d Ω ( 9. 1)

T h e w h ol e s h ell i s i n cl u d e d a s a s p e ci al c a s e wit h d Ω = 4 π .

( 3 ) T h e r at e of L F V n o r m ali z e d b y t h e c o r r e s p o n di n g c o m pl et e

v ol u m e i s t h e n o r m ali z e d r a t e of L F V :

ε̇ L =
δ V d Ω / δ τ

d V L , dΩ
at d V L, d Ω ( 9. 2)

( 4 a ) I n t h e vi ci nit y of a m a s s o r d y n a mi c m a s s o r d y n a mi c

m a s s M , t h e S c h w a r z s c hil d r a di u s R S = 2 G M
c 2 i s a n a p p r o p ri at e

u nit of l e n gt h.

( 4 b ) C o r r e s p o n di n gl y, f o r r el ati v el y l a r g e di st a n c e s R S

R < < 1 , a
f a r di s t a n c e a p p r o xi m a ti o n, F D A, i s a p pli c a bl e. H e r e b y, a

k − t h o r d e r i s p r o p o rti o n al t o t h e k − t h p o w e r R S

R

k
of R S

R .

( 5 ) T h e r at e m ulti pli e d b y 1
c ·d R f o r m s a c h a r a c t e ri s ti c f u n c-

ti o n of L F V f L a s a f u n cti o n of R
R S

:

f L
R

R S
=

∂

∂ τ
δ V ·

1

c · d R
( 9. 3)

T h at f u n cti o n p r o vi d e s t h e si g n ( a n d a s c al e d a m o u nt ) of t h e

r at e of c h a n g e of a d diti o n al v ol u m e.

T h e o r e m 1 5 L a w of u ni di r e c ti o n al f o r m a ti o n of v ol u m e

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e

f oll o wi n g h ol d s:
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( 1 ) At a di st a n c e R = d G P f r o m M , t h e r at e of L F V i s a s

f oll o w s:

r at e L F V =
δ V d Ω

δ τ
= c · d R · f L

R

R S
w it h ( 9. 4)

f L
R

R S
=

2 · d V L

R · d R
· ε E − ε 2

E −
1

4 ε E · R
R S

o r ( 9. 5)

f L
R

R S
= 8 π · R · 1 − ε E −

1

4 ε 2
E · R

R S

(9. 6)

( 2 ) H e r e b y, v ol u m e f o r m s i n r a di al di r e cti o n i n a u ni di r e cti o n al

m a n n e r.

( 2 a ) T h e f u n cti o n f L
R
R S

i s ill u st r at e d i n Fi g. ( 9. 2 ).

( 2 b ) T h e f u n cti o n f L
R
R S

h a s a z e r o at R
R S

= 1 .6 5 9 1 9 4 .

( 2 c ) I n t h e v e r y n e a r vi ci nit y of t h e S c h w a r z s c hil d r a di u s, at
R
R S

< 1 .6 5 9 1 9 4 , v ol u m e i s a n ni hil at e d l o c all y.

( 2 d ) O ut si d e t h at v e r y n e a r vi ci nit y of t h e S c h w a r z s c hil d r a di u s

at R
R S

> 1 .6 5 9 1 9 4 , v ol u m e i s f o r m e d l o c all y.

( 3 a ) At a di st a n c e R = d G P f r o m M a n d at l e a di n g o r d e r i n t h e

F D A, t h e n o r m ali z e d r at e of L F V i s a s f oll o w s:

ε̇ L (R ) = |G ∗ |(R ) ·
1

c
(9. 7)

( 3 b ) T h e r at e of L F V c o r r e s p o n di n g t o p a rt ( 3 a ) i s a s f oll o w s:

r at e L F V =
d V L

c

G · M

R 2
=

4 π · d L · G · M

c
(9. 8)

At l e a di n g o r d e r i n t h e F D A, t h e r at e of L F V i s c o n st a nt.

P r o of : ( 1) We a n al y z e t h e r at e i n E q. ( 9. 1):

r at e L F V =
δ V d Ω

δ τ
a t d V L, d Ω ( 9. 9)
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Fi g ur e 9. 2: C h ar a ct eristi c f u n cti o n of L F V: At R
R S

> 1 .6 9 5 2, v ol-

u m e is f or m e d l o c all y. At R
R S

< 1 .6 9 5 1, i n t h at vi ci nit y of t h e
S c h w ar zs c hil d r a di us, v ol u m e is l o c all y a n ni hil at e d.

T h e i n cr e as e of δ V is d es cri b e d b y t h e di ff er e n c e:

r at e L F V =
δ V d Ω (τ 0 + δ τ ) − δ V d Ω (τ 0 )

δ τ
(9. 1 0)

As t h e ti m e of pr o p a g ati o n δ τ is i n cr e m e nt al, w e c a n e x pr ess

t h e di ff er e n c e at li n e ar or d er i n δ τ :

r at e L F V =
δ V d Ω (τ 0 ) + ∂

∂ τ δ V d Ω · δ τ − δ V d Ω (τ 0 )

δ τ
=

∂ V d Ω

∂ τ
(9. 1 1)

We a n al y z e t h e ti m e d eri v ati v e wit h h el p of t h e c h ai n r ul e:

r at e L F V =
∂

∂ τ
δ V d Ω =

∂ L

∂ τ
c

·
∂

∂ L
δ V d Ω ( 9. 1 2)

We a p pl y t h e c h ai n r ul e a g ai n:

r at e L F V = c ·
∂ R

∂ L
ε E

·
∂

∂ R
δ V d Ω ( 9. 1 3)
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We us e T H M ( 1 0):

r at e L F V = c · ε E
∂

∂ R
4 π R 2 d R

1

ε E
− 1 or ( 9. 1 4)

r at e L F V = c · ε E · 4 π · d R
∂

∂ R
R 2 1

ε E
− 1 ( 9. 1 5)

We e v al u at e t h e d eri v ati v e:

r at e L F V = c · ε E · 4 π · d R · ( 9. 1 6)

2 R
1

ε E
− 1 + R 2 1

− 2 ε 3
E

R S

R 2
o r ( 9. 1 7)

r at e L F V = c · d R · f L
R

R S
w it h ( 9. 1 8)

f L
R

R S
= 8 π · R · 1 − ε E −

1

4 ε 2
E · R

R S

(9. 1 9)

Wit h it, d V L = 4 π R 2 d L = 4 π R 2 d R / ε E i m pli es t h e f oll o wi n g

f or m of t h e c h ar a ct eristi c f u n cti o n of L F V:

f L
R

R S
=

2 · d V L

R · d R
· ε E − ε 2

E −
1

4 ε E · R
R S

(9. 2 0)

( 2 a) T h e c h ar a ct eristi c f u n cti o n of L F V is pl ott e d i n Fi g. ( 9. 2).

( 2 b) T h e z er o R
R S

= 1 .6 5 9 1 9 4 of t h e c h ar a ct eristi c f u n cti o n of

L F V h as b e e n e v al u at e d n u m eri c all y.

( 2 c) T h e c h ar a ct eristi c f u n cti o n of L F V pr o vi d es t h e si g n of t h e

n or m ali z e d r at e of f or m ati o n of L F V. At R
R S

< 1 .6 5 9 1 9 4, t h at

si g n is n e g ati v e, s o t h at v ol u m e is a n ni hil at e d.

( 2 d) At R
R S

> 1 .6 5 9 1 9 4, t h at si g n is p ositi v e, s o L F V is f or m e d.

( 3 a) We a p pl y t h e c h ar a ct eristi c f u n cti o n of L F V ( E q. 9. 5) t o

t h e r at e ( E q. 9. 4):

r at e L F V = c ·
2 · d V L

R
· ε E − ε 2

E −
1

4 ε E · R
R S

(9. 2 1)
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I n or d er t o d eri v e t h e n or m ali z e d r at e ( D E F 1 0), w e di vi d e

b y t h e c o m pl et e v ol u m e d V L . A d diti o n all y, w e f a ct ori z e t h e

p ositi o n f a ct or ε E :

ε̇ L = c ·
2

R
· ε E · 1 − ε E −

1

4 ε 2
E · R

R S

(9. 2 2)

At l e a di n g or d er i n t h e F D A, t h e a b o v e s q u ar e ε 2
E is o n e, as t h at

s q u ar e is m ulti pli e d b y R
R S

. M or e o v er, at l e a di n g or d er i n t h e

F D A, t h e p ositi o n f a ct or is as f oll o ws ε E = 1 − R S

R =̇ 1 − R S

2 R .

S o t h e n or m ali z e d r at e is as f oll o ws:

ε̇ L = c ·
2

R
· ε E · 1 − 1 +

R S

2 R
−

1

4

R S

R
o r ( 9. 2 3)

ε̇ L = c ·
2

R
· ε E ·

1

4
·
R S

R
(9. 2 4)

At l e a di n g or d er i n t h e F D A, t h e a b o v e p ositi o n f a ct or ε E is

o n e, as t h at f a ct or is m ulti pli e d b y R
R S

:

ε̇ L = c ·
1

2
·
R S

R 2
(9. 2 5)

T h e d e fi niti o n of t h e S c h w ar zs c hil d r a di us R S = 2 G M
c 2 im pli es

t h e f oll o wi n g:

ε̇ L =
1

c
·
G · M

R 2
(9. 2 6)

We i d e ntif y t h e fi el d, i n or d er t o d eri v e E q. ( 9. 7):

ε̇ L =
1

c
· |G ∗ | ( 9. 2 7)

We m ulti pl y E q. ( 9. 2 6) b y t h e c o m pl et e v ol u m e d V L , i n or d er

t o d eri v e E q. ( 9. 8).

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.



1 1 6 C H A P T E R 9. L O C A L F O R M A TI O N O F V O L U M E

C o r oll a r y 1 3 L o c al f o r m a ti o n of v ol u m e b y a fi el d

( 1 ) At t h e l e a di n g o r d e r i n t h e F D A, t h e n o r m ali z e d r at e of L F V

i n E q. ( 9. 7 ) i s c a u s e d b y a m a s s M :

ε̇ L (R ) = |G ∗ |(R ) ·
1

c
(9. 2 8)

M o r e o v e r, at a r a di u s R , t h at L F V i s c a u s e d b y t h e g r a vit a-

ti o n al fi el d G ∗ at t h at r a di u s. T h u s, t h e f o r m ati o n of v ol u m e i s

c o m pl et el y l o c al.

( 2 ) F u rt h e r m o r e, t h e g r a vit ati o n al fi el d G ∗ i s f o r m e d b y t h e g r a-

di e nt of t h e a d diti o n al v ol u m e t h at di d al r e a d y f o r m, s e e T H M

( 1 1 ). T h u s, t h e g r a vit ati o n al fi el d G ∗ a n d t h e a d diti o n al v ol-

u m e c a u s e e a c h ot h e r. T hi s c o n stit ut e s a sit u ati o n of p o siti v e

f e e d b a c k.

( 3 ) I n d e e d, t h e p o siti v e f e e d b a c k i n p a rt ( 2 ) c a u s e s a di v e r gi n g

a m o u nt of a d diti o n al v ol u m e, a s t h e s a m e a m o u nt of v ol u m e of

L F V f o r m s i n e a c h s h ell, s e e E q. ( 1 5 ). T h at i n fi nit e a m o u nt of

v ol u m e i s t h e s a m e v ol u m e t h at c a u s e s t h e e x p a n si o n of s p a c e

si n c e t h e Bi g B a n g, s e e T H M ( 6 ). T h u s, t h e l o c all y f o r m e d

v ol u m e L F V e x pl ai n s t h e gl o b all y f o r m e d v ol u m e, G F V .

( 4 ) I n f a ct, t h e di v e r gi n g a m o u nt of L F V d o e s n ot c a u s e a n y

p r o bl e m, a s it e x pl ai n s t h e G F V t h at c a u s e s t h e e x p a n si o n of

s p a c e. I n p a rti c ul a r, t h e di v e r gi n g a m o u nt of L F V d o e s n ot r e-

q ui r e a n y r e n o r m ali z ati o n. I n c o nt r a st, s o m e t h e o ri e s of q u a n-

t u m g r a vit y r e q ui r e a r e n o r m ali z ati o n, o r t h e y a r e e v e n n ot

r e n o r m ali z a bl e, s e e e. g. P ri n z ( 2 0 2 2 ).

9. 2 F o r m a ti o n of ε L n e a r a m a s s M

I d e a: I n t h e vi ci nit y of a m ass, p orti o ns of a d diti o n al v ol-

u m e δ V e x hi bit a r a di al p att er n of pr o p a g ati o n, s e e Fi g. ( 9. 1).

T h er e b y, t h er e c o ul d o c c ur a n o n z er o r at e of f or m ati o n of t h e

c orr es p o n di n g p orti o ns of r el ati v e a d diti o n al v ol u m e ε L . T h at

p ossi bilit y is a n al y z e d i n t his s e cti o n.
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T h e o r e m 1 6 L F V of ε L

If a m a s s o r d y n a mi c m a s s M i s i n a n e m pt y e n vi r o n m e nt, a n d

if M i s n eit h e r a c c el e r at e d n o r r ot ati n g n o r c h a r g e d, t h e n t h e

f oll o wi n g h ol d s:

( 1 ) If a p o rti o n of r el ati v e a d diti o n al v ol u m e p r o p a g at e s d u ri n g

a ti m e δ τ a di st a n c e δ L = c · δ τ , t h e n t h e r a t e of r el a ti v e

a d di ti o n al v ol u m e

r at e ε L
=

δ ε L

δ τ
: =

ε L (τ 0 + δ τ ) − ε L (τ 0 )

δ τ
(9. 2 9)

i s a s f oll o w s:

δ ε L

δ τ
=

∂

∂ τ
ε L (R ) = ˙ε L (R ) ( 9. 3 0)

( 2 ) At a di st a n c e R = d G P f r o m M , t h e r at e of c h a n g e of a

p o rti o n of r el ati v e a d diti o n al v ol u m e i s a s f oll o w s:

δ ε L

δ τ
=

∂

∂ τ
ε L (R ) = −

1

c

G · M

R 2
= −

1

c
|G ∗ |(R ) ( 9. 3 1)

P r o of

( 1) We a n al y z e t h e r at e i n E q. ( 9. 2 9):

δ ε L

δ τ
=

ε L (τ 0 + δ τ ) − ε L (τ 0 )

δ τ
(9. 3 2)

As t h e ti m e of pr o p a g ati o n δ τ is i n cr e m e nt al, w e c a n e x pr ess

t h e di ff er e n c e at li n e ar or d er i n δ τ :

δ ε L

δ τ
=

ε L (τ 0 ) + ∂
∂ τ ε L · δ τ − ε L (τ 0 )

δ τ
(9. 3 3)

E v al u ati o n of t h e a b o v e t er m yi el ds t h e f oll o wi n g:

δ ε L

δ τ
=

∂

∂ τ
ε L in t h e li mit δ τ → 0 ( 9. 3 4)



1 1 8 C H A P T E R 9. L O C A L F O R M A TI O N O F V O L U M E

( 2) We a n al y z e t h e ti m e d eri v ati v e wit h h el p of t h e c h ai n r ul e:

∂

∂ τ
ε L (R ) =

∂ L

∂ τ
c

·
∂

∂ L
ε L (R ) ( 9. 3 5)

We a p pl y t h e c h ai n r ul e a g ai n:

∂

∂ τ
ε L (R ) = c ·

∂ R

∂ L
ε E

·
∂

∂ R
ε L

1 − ε E

(9. 3 6)

We e v al u at e t h e d eri v ati v e:

∂

∂ τ
ε L = c · ε E ·

∂

∂ R
1 − 1 −

R S

R
o r ( 9. 3 7)

∂

∂ τ
ε L = c · ε E ·

1

2 1 − R S

R

·
− R S

R 2
o r ( 9. 3 8)

∂

∂ τ
ε L = c ·

− 2 G M

2 R 2 c 2
=

− 1

c
·
G M

R 2
= −

|G ∗ |(R )

c
(9. 3 9)

Usi n g p art ( 1), w e d eri v e t h e r at e:

δ ε L

δ τ
(R ) = −

|G ∗ |(R )

c
(9. 4 0)

Alt o g et h er, t his pr o v es all p arts of t h e t h e or e m.

C o r oll a r y 1 4 R a t e of r el a ti v e a d di ti o n al v ol u m e

( 1 ) I n t h e F D A, r at e ε L
= − |G ∗ |

c i s e q u al t o mi n u s o n e m ulti pli e d

b y t h e n o r m ali z e d r at e of L F V, ε̇ L = |G ∗ |
c . T h u s, t h e s q u a r e s of

t h e s e r at e s a r e e q u al:

( ε̇ L (R )) 2 = ( ˙ε L (R )) 2 ( 9. 4 1)

( 2 ) I n t h e F D A, t h e r at e ε L
of r el ati v e a d diti o n al v ol u m e i s t h e

di ff e r e n c e of t h e n o r m ali z e d r at e of L F V, ε̇ L , a n d a n e ff e cti v e
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r at e of t h e c o m pl et e v ol u m e r at e d V L, d Ω
:

δ ε L

δ τ
=

∂

∂ τ

δ V d Ω

d V L , dΩ
( 9. 4 2)

E v al u ati o n of t h e d e ri v ati v e yi el d s:

δ ε L

δ τ
= ε̇ L − ε L ·

∂
∂ τ d V L, d Ω

d V L , dΩ

= :r at e d V L, d Ω

( 9. 4 3)

W e a p pl y E q s. ( 9. 4 0 a n d 9. 7 ):

δ ε L

δ τ

− |G ∗ |/ c

= ˙ε L

|G ∗ |/ c

− r at e d V L, d Ω

s e e b el o w

( 9. 4 4)

A s a c o n s e q u e n c e, t h e r at e d V L, d Ω
i s e q u al t o 2 |G ∗ |/ c .

( 3 ) I n t h e p r e s e nt r a di al p r o p a g ati o n of a d diti o n al v ol u m e, δ ε L

δ τ i s

n e g ati v e, a s t h e c h a n g e of t h e v ol u m e d V L, d Ω i n t h e d e n o mi n at o r

i s l a r g e r t h a n t h e i n c r e a s e of δ V d Ω i n t h e n u m e r at o r. I n c o nt r a st,

i n ε̇ L , t h e d e n o mi n at o r i s n o r m ali z e d a n d c o n st a nt.

9. 3 I n v a ri a n t a n d g e n e r ali z e d L F V

I d e a: T h e e q u ati o n ( 9. 4 0) of L F V of r el ati v e a d diti o n al v ol u m e,
δ ε L

δ τ = − |G ∗ |
c a s w ell as t h e r at e of L F V i n E q. ( 9. 7), ε̇ L = |G ∗ | · 1

c

c a n b e tr a nsf or m e d t o a L or e nt z s c al ar. M or e o v er, b ot h r at es

ar e g e n er ali z e d, as t h e y d o n o l o n g er d e p e n d o n M . I n c o ntr ast,

t h e r at es d e p e n d o n t h e fi el d G ∗ o nl y.

T h e o r e m 1 7 I n v a ri a n t a n d g e n e r ali z e d L F V

I n n at u r al v ol u m e, t h e f oll o wi n g h ol d s:

( 1 a ) T h e d y n a mi c e q u ati o n ( 9. 4 0 ) of t h e L F V of r el ati v e a d di-

ti o n al v ol u m e i m pli e s t h e f oll o wi n g r at e g r a vit y s c al a r of L F V
of ε L :
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0 = − c 2 ·
δ ε L

δ τ

2

+ (G ∗
x ) 2 + ( G ∗

y )
2 + ( G ∗

z )
2 = R G S ε L

( 9. 4 5)

T h e a b o v e e q u ati o n i s a n i m pli e d d y n a mi c e q u ati o n of t h e L F V

of r el ati v e a d diti o n al v ol u m e.

( 1 b ) I n t h e i m pli e d d y n a mi c e q u ati o n ( 9. 4 5 ), t h e i nf o r m ati o n

a b o ut t h e si g n i s l o st.

( 1 c ) T h e i m pli e d d y n a mi c e q u ati o n ( 9. 4 5 ) i s i n v a ri a nt wit h r e-

s p e ct t o L o r e nt z t r a n sf o r m ati o n s.

( 1 d ) T h e r at e g r a vit y s c al a r R G S ε L
i s a f u n cti o n of t h e fi el d a n d

of t h e r el ati v e a d diti o n al v ol u m e ε L . T h u s, t h e i m pli e d d y n a mi c

e q u ati o n i s g e n e r ali z e d s o t h at t h e i m pli e d d y n a mi c s d o e s n eit h e r

d e p e n d o n t h e m a s s M n o r o n t h e r a di u s R .

( 2 a ) T h e d y n a mi c e q u ati o n ( 9. 7 ) of t h e L F V i m pli e s t h e f oll o w-
i n g r at e g r a vit y s c al a r of L F V:

0 =̇ − c 2 · ( ε̇ L ) 2 + (G ∗
x ) 2 + ( G ∗

y )
2 + ( G ∗

z )
2 = R G S ε̇ L

(9. 4 6)

T h e a b o v e e q u ati o n i s a n i m pli e d d y n a mi c e q u ati o n of t h e L F V.

( 2 b ) I n t h e i m pli e d d y n a mi c e q u ati o n ( 9. 4 6 ), t h e i nf o r m ati o n

a b o ut t h e si g n i s l o st.

( 2 c ) T h e i m pli e d d y n a mi c e q u ati o n ( 9. 4 6 ) i s i n v a ri a nt wit h r e-

s p e ct t o L o r e nt z t r a n sf o r m ati o n s.

( 2 d ) T h e r at e g r a vit y s c al a r R G S L F V i s a f u n cti o n of t h e fi el d

a n d of t h e a d diti o n al v ol u m e δ V d Ω . T h u s, t h e i m pli e d d y n a mi c

e q u ati o n i s g e n e r ali z e d s o t h at t h e i m pli e d d y n a mi c s d o e s n eit h e r

d e p e n d o n t h e m a s s M n o r o n t h e r a di u s R .

P r o of: T h e pr o of is a n al o g o us t o t h at of T H M ( 1 4).



C h a p t e r 1 0

G e o m e t r y of t h e C h a n g e of
V ol u m e

I d e a of c h a n g e of a c u b e: T h e l o c all y f or m e d v ol u m e, L F V,

i n T H M ( 1 5) is f or m e d i n a u ni dir e cti o n al m a n n er. T h e e x p a n-

si o n of s p a c e t a k es pl a c e i n a n is otr o pi c m a n n er, T H M ( 7).

I n t his s e cti o n, w e d es cri b e is otr o pi c, u ni dir e cti o n al as w ell as

a nis otr o pi c c h a n g es of v ol u m e i n a s yst e m ati c m a n n er. G e o m et-

ri c all y, w e a n al y z e c h a n g es of a c u b e i n Fi g. ( 1 2. 1). H er e b y, w e

m ar k t h e e d g es of t h e c u b e b y d r j , w hil e w e m ar k t h e c h a n g e d

e d g es b y d r ′
j , a n d w e d e n ot e t h e di ff er e n c es b y δ r j = d r ′

j − d r j .

Al g e br ai c all y, w e d es cri b e c h a n g es of v ol u m e wit h t e ns ors.

I d e a of t e n s o r s: If a m ass or a n e ff e cti v e m ass c a n b e m e as ur e d

at a r e gi o n, t h e n t h e t w o m a ps i n Fi g. ( 7. 1) c a n b e dr a w n. T h us,

gr a vit y c a us es i n c r e m e n t al c h a n g e s of a v ol u m e d V .

Si mil arl y, d ef or m ati o ns i n a s oli d b o d y r e pr es e nt a n i n cr e-

m e nt al c h a n g e. T h es e c h a n g es ar e d es cri b e d b y t h e st r ai n t e n-

s o r , s e e e. g. ( S o m m erf el d, 1 9 7 8, E q. 1 2) or ( L a n d a u a n d

Lifs c hit z, 1 9 7 5, E q. 1. 5). T h er e b y, t h e str ai n t e ns or is s y m-

m etri c. A c c or di n gl y, w e us e t h e str ai n t e ns or as w ell as t h e

c orr es p o n di n g a ntis y m m etri c t e ns or, i n or d er t o d es cri b e a d di-

ti o n al v ol u m e, t h e f or m ati o n of v ol u m e a n d c h a n g es of v ol u m e.

O r g a ni z a ti o n: Firstl y, w e a n al y z e a d diti o n al v ol u m e, s e e s e c-

ti o ns ( 1 0. 1, 1 0. 2). S e c o n dl y, w e i n v esti g at e L F V as s h o w n i n

1 2 1
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d z

d z

d A z

d V = d A z · d z

δ V z = d A z · δ z

d z ′(τ + δ τ )
c

+ δ τ

δ z (τ )

δ z

Fi g ur e 1 0. 1: U ni dir e cti o n al f or m ati o n of v ol u m e: A d diti o n al v ol-
u m e pr o p a g at es i n z - dir e cti o n at v = c . T h er e is a d diti o n al
v ol u m e δ V z . T h er e b y, d uri n g a ti m e δ t, a p orti o n of v ol u m e
δ V z = δ z · d A z f or ms.

Fi g. ( 1 0. 1). T h er e b y, t h e a d diti o n al or f or m e d v ol u m e is s e p a-

r at e d i nt o t hr e e C art esi a n c o m p o n e nts, s e e Fi gs. ( 1 2. 1, 1 0. 1).

H er e b y, w e d es cri b e hi g h er or d er t er ms of i n cr e m e nts d r j as w ell

as δ r j b y t h e f a ct or ( 1 + O (d r j )).

1 0. 1 V ol u m e t e n s o r

F or i nst a n c e, a d diti o n al v ol u m e i n t h e z - dir e cti o n is d es cri b e d

i n t er ms of i n cr e m e nts (s e e e. g. t h e c al c ul us of L ei b ni z ( 1 6 8 4)

or di ff er e nti al f or ms Fl a n d ers ( 1 9 8 9)) as f oll o ws: B asi c all y, w e

c o nsi d er t h e c u bi c v ol u m e d V wit h a h ei g ht d z a n d a s urf a c e

d A z ort h o g o n al t o d z i n Fi g. ( 1 2. 1):

d V = d A z · d z ( 1 0. 1)

T h e u p p er s urf a c e d A z is s hift e d b y a n i n cr e m e nt δ z . H er e b y,

t h e i n cr e m e nt δ z is a f u n cti o n of z . I n li n e ar or d er i n d z , t h e

i n cr e m e nt δ z is as f oll o ws:

δ z =
∂ d z ′

∂ z
· d z · ( 1 + O (d z )) ( 1 0. 2)

H er e b y, t h e p arti al d eri v ati v e is a n el e m e nt of a t e ns or, c all e d

v ol u m e - t e n s o r . It is si mil ar t o t h e str ai n t e ns or, s e e ( S o m-
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m erf el d, 1 9 7 8, E q. 1 1) or ( L a n d a u a n d Lifs c hit z, 1 9 7 5, E q. 1. 8).

T h e di a g o n al el e m e nt i n dir e cti o n z is n a m e d ε z z :

ε z z =
∂ d z ′

∂ z
=

∂ δ z

∂ z
=

δ z

d z ′
· (1 + O (d z )) ( 1 0. 3)

H er e b y, d z ′ a n d δ z = d z ′ − d z ar e r e g ar d e d as di ff er e nti a bl e

f u n cti o ns of z . T h us, t h e c orr es p o n di n g a d di ti o n al v ol u m e is

as f oll o ws:

δ V z = d A z · δ z = d A z · d z · ε z z · ( 1 + O (d z )) ( 1 0. 4)

= d V · ε z z · ( 1 + O (d z )) ( 1 0. 5)

B y d e fi niti o n, t h e u ni di r e c ti o n al n o r m ali z e d a d di ti o n al

v ol u m e i n dir e cti o n z is t h e a d diti o n al v ol u m e δ V z di vi d e d b y

t h e c o m pl et e v ol u m e d V L = d A z · d z ′:

δ V z

d V L
=

d A z · δ z

d A z · d z ′
=

δ z

d z ′
= ε z z · ( 1 + O (d z )) wit h ( 1 0. 6)

d z ′ = d z + δ z ( 1 0. 7)

I n t h e pr es e nt c as e of t h e e x p a nsi o n of s p a c e si n c e t h e Bi g B a n g,

t h e u ni dir e cti o n al n or m ali z e d a d diti o n al v ol u m e of t h e ot h er

t w o C art esi a n dir e cti o ns o c c urs i n a d diti o n:

δ V x

d V L
=

d A x · δ x

d A x · d x ′
=

δ x

d x ′
= ε x x · ( 1 + O (d x )) wit h ( 1 0. 8)

d x ′ = d x + δ x a n d ε x x =
∂ d x ′

∂ x
=

∂ δ x

∂ x
(1 0. 9)

δ V y

d V L
=

d A y · δ y

d A y · d y ′
=

δ y

d y ′
= ε y y · ( 1 + O (d y )) wit h ( 1 0. 1 0)

d y ′ = d y + δ y a n d ε y y =
∂ d y ′

∂ y
=

∂ δ y

∂ y
(1 0. 1 1)

We c all t h e s u m of t h e a b o v e t hr e e c o m p o n e nts p ol y - di r e c-

ti o n al r el a ti v e a d di ti o n al v ol u m e δ V
d V L

:

ε̇ L , p ol y =
δ V

d V L
= Σ 3

j = 1

δ V j

d V L
= Σ 3

j = 1 ε j j · ( 1 + O (d r j )) ( 1 0. 1 2)
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d y

d A y

d V = d A y · d y δ V y = 0 = δ V

y δ x

Fi g ur e 1 0. 2: C h a n g e of a c u b e. At t h e h ei g ht d y , t h e cr oss s e cti o n
d A y is s hift e d b y δ x (d y ), wit h δ x (d y ) = ε x y · d y . As t h e h ei g ht
d y c a n b e at a n y c o or di n at e y , t h e a b o v e r el ati o n is g e n er ali z e d
as f oll o ws: δ x (y ) = ε x y · y .

T h er e b y, t h e t hr e e s u m m a n ds c o ul d b e e q u al. I n t h at c as e, w e

c all it i s o t r o pi c r el a ti v e a d di ti o n al v ol u m e δ V
d V L

:

ε̇ L ,i s o =
δ V

d V L
= Σ 3

j = 1

δ V j

d V L
= Σ 3

j = 1 ε j j · ( 1 + O (d r j )) if ( 1 0. 1 3)

δ V 1

d V L
=

δ V 2

d V L
=

δ V 3

d V L
(1 0. 1 4)

1 0. 2 N o n- di a g o n al el e m e n t s

I d e a: I n or d er t o u n d erst a n d t h e e x c e pti o n al r ol e of di a g o n al

el e m e nts f or t h e f or m ati o n of a d diti o n al v ol u m e, w e a n al y z e

n o n- di a g o n al el e m e nts.

F or it, w e c o nsi d er n o n- di a g o n al el e m e nts ε i j of t h e v ol u m e - t e n-

s or, wit h i = j . F or i nst a n c e, at e a c h h ei g ht d y , t h e cr oss s e cti o n

d A y is s hift e d b y a n i n cr e m e nt δ x , s e e Fi g. ( 1 0. 2). T h er e b y, t h e

i n cr e m e nt is t h e pr o d u ct of d y a n d a f a ct or ε x y :

δ x = ε x y · d y · ( 1 + O (d y )) wit h ( 1 0. 1 5)

ε x y =
∂ δ x

∂ y
=

δ x

d y
· (1 + O (d y )) ( 1 0. 1 6)
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As t h e i n cr e m e nt d y c a n b e c h os e n e q u al t o t h e c o or di n at e y i n

Fi g. ( 1 0. 2), t h er e o c c urs a c orr es p o n di n g s hift at e a c h y :

δ x (y ) = ε x y · y · ( 1 + O (d y )) ( 1 0. 1 7)

T h us, t h e el e m e nt ε x y r e pr es e nts a s h e ar of t h e v ol u m e d V . A

s h e ar of a c u b e d o es n ot c h a n g e t h e v ol u m e, s e e Fi g. ( 1 0. 2).

Si mil arl y, t h e v ol u m e of a s oli d b o d y is c h a n g e d b y di a g o n al

el e m e nts of t h e str ai n t e ns or o nl y, s e e ( S o m m erf el d, 1 9 7 8, E qs.

1 1, 1 8, 2 0) or ( L a n d a u a n d Lifs c hit z, 1 9 7 5, E q. 1. 6).

Li n e a r c h a n g e of a c u b e: T h e c h a n g es of a n i n cr e m e nt al c u b e

at li n e ar or d er i n d r j ar e d es cri b e d b y t h e di a g o n al a n d n o n-

di a g o n al el e m e nts of t h e v ol u m e - t e ns or. T h es e ar e d es cri b e d

i n a u nif or m m a n n er as f oll o ws:

ε i j =
∂ δ r i

∂ r j
=

δ r i

d r ′
j

· (1 + O (d r j )) ( 1 0. 1 8)

Wit h it, t h e i n cr e m e nt al c h a n g e of v ol u m e is d es cri b e d as f ol-

l o ws:

δ r i =
j

ε i j · d r ′
j · ( 1 + O (d r j )) ( 1 0. 1 9)

F or i nst a n c e, n o n- di a g o n al el e m e nts of t h e v ol u m e - t e ns or o c c ur

i n a gr a vit ati o n al w a v e, s e e e. g. Ei nst ei n ( 1 9 1 6), L a n d a u

a n d Lifs c hit z ( 1 9 7 1), A b b ott ( 2 0 1 6) or C ar m esi n ( 2 0 2 1 d). We

s u m m ari z e o ur fi n di n gs:

D e fi ni ti o n 1 1 v ol u m e - t e n s o r

If a n o b s e r v a bl e c u b e e x p e ri e n c e s a n o b s e r v a bl e c h a n g e, t h e n t h e

a m o u nt of v ol u m e i n t h at c u b e c h a n g e s c o r r e s p o n di n gl y. T h at

c h a n g e i s d e s c ri b e d b y a v ol u m e - t e n s o r a s f oll o w s, s e e Fi g.

( 1 2. 1 ). Fi r stl y, C a rt e si a n c o o r di n at e s r j p a r all el t o t h e e d g e s of
t h e c u b e wit h l e n gt h d r j a r e u s e d, wit h o ut l o s s of g e n e r alit y.
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( 1 ) If a n e d g e d r j of t h e c u b e c h a n g e s t o a l e n gt h d r ′
j , t h e n

c h a n g e of l e n gt h i s a s f oll o w s:

δ r j = d r ′
j − d r j =

∂ δ r j

∂ r j
· d r j · ( 1 + O (d r j )) ( 1 0. 2 0)

T h e r e b y, δ r j i s r e g a r d e d a s a di ff e r e nti a bl e f u n cti o n of r j , a n d

t h e c o r r e s p o n di n g el e m e nt of t h e v ol u m e - t e n s o r i s a s f oll o w s:

ε j j =
∂ d r ′

j

∂ r j
=

∂ δ r j

∂ r j
=

δ r j

d r j
· (1 + O (d r j )) ( 1 0. 2 1)

( 2 ) If d A j i s t h e s u rf a c e of t h e c u b e o rt h o g o n al t o t h e e d g e d r j ,

t h e n t h e c h a n g e δ r j p r o vi d e s t h e f oll o wi n g u ni di r e c ti o n al a d-

di ti o n al v ol u m e :

δ V j = δ r j · d A j ( 1 0. 2 2)

T h at c h a n g e of v ol u m e di vi d e d b y t h e c o m pl et e v ol u m e d V L =

d r ′
j ·d A j i s c all e d u ni di r e c ti o n al n o r m ali z e d a d di ti o n al v ol-

u m e i n di r e cti o n r j :

δ V j

d V L
=

δ r j · d A j

d r ′
j · d A j

=
δ r j

d r ′
j

(1 0. 2 3)

( 3 ) If t h e c u b e c h a n g e s i n a n i s ot r o pi c m a n n e r, t h e n t h r e e C a rt e-

si a n c h a n g e s of l e n gt h δ r j a r e e q u al, a n d t h e i s o t r o pi c a d di-

ti o n al v ol u m e δ V i s t h e s u m of t h e t h r e e u ni di r e cti o n al a d di-

ti o n al v ol u m e s i n p a rt ( 2 ):

δ V =

3

j = 1

δ V j ( 1 0. 2 4)

T h e r ati o of δ V a n d t h e c o m pl et e v ol u m e d V L = j d r ′
j · d A j i s

t h e i s o t r o pi c n o r m ali z e d a d di ti o n al v ol u m e:

ε V : =
δ V

d V L
=

δ V

j d r ′
j · d A j

if d r ′
i/ d r i = d r ′

j / d r j( 1 0. 2 5)
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( 4 ) T h e el e m e nt s of t h e v ol u m e - t e n s o r a r e d e ri v ati v e s:

ε i j =
∂ δ r i

∂ r j
(1 0. 2 6)

A n i n c r e m e n t al c h a n g e δ r i i s d e s c ri b e d a s f oll o w s:

δ r i =
j

ε i j · d r j ( 1 0. 2 7)

P r o p o si ti o n 2 v ol u m e - t e n s o r

( 1 ) If a m a s s o r e ff e cti v e m a s s c a n b e o b s e r v e d, t h e n t h e el-

e m e nt s of t h e v ol u m e - t e n s o r c a n b e m e a s u r e d b y e v al u ati n g

c o r r e s p o n di n g di ff e r e n c e s b et w e e n o b s e r v e d g r a vit ati o n al p a r al-

l a x di st a n c e d G P a n d li g ht-t r a v el di st a n c e s d L T .

( 2 ) At l e a di n g o r d e r, t h e u ni di r e cti o n al n o r m ali z e d a d diti o n al

v ol u m e i s e q u al t o t h e c o r r e s p o n di n g di a g o n al el e m e nt of t h e
v ol u m e - t e n s o r:

δ V j

d V L
= ε j j · ( 1 + O (d r j )) =

δ r j · d A j

d r ′
j · d A j

=
δ r j

d r ′
j

(1 0. 2 8)

( 3 ) At l e a di n g o r d e r, t h e i s ot r o pi c n o r m ali z e d a d diti o n al v ol u m e

i s t h e s u m of t h e di a g o n al el e m e nt s of t h e t h r e e e q u al di a g o n al

el e m e nt s of t h e v ol u m e - t e n s o r:

ε V =

3

j = 1

ε j j · ( 1 + O (d r j )) = 3ε 1 1 ( 1 + O (d r j )) ( 1 0. 2 9)

( 4 ) A n o n- di a g o n al el e m e nt of t h e v ol u m e - t e n s o r ε i j wit h i = j

d o e s n o t c a u s e a n y di ff e r e n c e of t h e v ol u m e .
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1 0. 3 R a t e s f o r L F V a n d G F V

I n t his s e cti o n, w e a p pl y t h e ti m e d eri v ati v e t o E q. ( 1 0. 2 9):

∂ tε V =

3

j = 1

∂ tε j j · ( 1 + O (d r j )) or ( 1 0. 3 0)

ε̇ V =

3

j = 1

ε̇ j j · ( 1 + O (d r j )) or ( 1 0. 3 1)

ε̇ V = 3 · ε̇ 1 1 · ( 1 + O (d r j )) wit h ( 1 0. 3 2)

ε̇ V = ∂ tε V a n d ε̇ j j = ∂ tε j j ( 1 0. 3 3)

We s u m m ari z e o ur fi n di n gs ( Fi g. 1 2. 1):

D e fi ni ti o n 1 2 R a t e s of f o r m a ti o n of v ol u m e

( 1 ) T h e ti m e d e ri v ati v e of t h e i s ot r o pi c n o r m ali z e d a d diti o n al

v ol u m e ε V i s c all e d r a t e of i s o t r o pi c n o r m ali z e d a d di ti o n al

v ol u m e :

ε̇ V = ∂ tε V ( 1 0. 3 4)

( 2 ) T h e ti m e d e ri v ati v e of t h e u ni di r e cti o n al n o r m ali z e d a d di-

ti o n al v ol u m e ε j j i s c all e d r a t e of u ni di r e c ti o n al n o r m ali z e d

a d di ti o n al v ol u m e :

ε̇ j j = ∂ tε j j ( 1 0. 3 5)

P r o p o si ti o n 3 R a t e s of f o r m a ti o n of v ol u m e

( 1 ) T h e r at e of i s ot r o pi c n o r m ali z e d a d diti o n al v ol u m e i s t h e

s u m of t h e r at e s of u ni di r e cti o n al n o r m ali z e d a d diti o n al v ol u m e

a s f oll o w s:

ε̇ V =

3

j = 1

ε̇ j j · ( 1 + O (d r j )) ( 1 0. 3 6)
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I n t h e li mit d r j t o z e r o, t h e a b o v e r el ati o n b e c o m e s e x a ct:

ε̇ V = Σ 3
j = 1 ε̇ j j , i n t h e li mit d r j → 0 ( 1 0. 3 7)

( 2 ) If a p e r s p e cti v e of a n o b s e r v e r i s i n cl u d e d, t h e n e a c h r at e ε̇ j j

of u ni di r e cti o n al n o r m ali z e d a d diti o n al v ol u m e i s m ulti pli e d b y

a c o r r e s p o n di n g f a ct o r s σ o ut, j . I n t h at c a s e, t h e a b o v e r el ati o n s

h a v e t h e f oll o wi n g f o r m:

ε̇ V =

3

j = 1

ε̇ j j · σ o ut, j · ( 1 + O (d r j )) ( 1 0. 3 8)

ε̇ V = Σ 3
j = 1 ε̇ j j · σ o ut, j , i n t h e li mit d r j → 0 ( 1 0. 3 9)

1 0. 4 N o m e a s u r e m e n t of a b s ol u t e p o si ti o n

I d e a: A c c or di n g t o e x p eri e n c e a n d t o S R, it is n ot p ossi bl e t o

m e as ur e a n a bs ol ut e p ositi o n r el ati v e t o s p a c e. T his f a ct h as

t h e f oll o wi n g c o ns e q u e n c e f or L F V:

P r o p o si ti o n 4 N o p o si ti o n r el a ti v e t o s p a c e

If a p o rti o n of h o m o g e n e o u s v ol u m e δ V c a u s e s a p o rti o n of

f o r m e d v ol u m e δ V , t h e n t h e f oll o wi n g h ol d s:

( 1 ) T h e l o c ati o n of δ V c a n n ot b e m e a s u r e d.

( 2 ) T h e p o rti o n of f o r m e d v ol u m e δ V d o e s n ot t a k e p a rt i n a

p h y si c al p r o c e s s, t h at c o ul d p r o vi d e a m e a s u r e m e nt of t h e l o c a-

ti o n of δ V .

( 3 ) T h e p o rti o n of f o r m e d v ol u m e δ V d o e s n ot t a k e p a rt i n a

p h y si c al p r o c e s s, t h at c o ul d p r o vi d e a m e a s u r e m e nt of a l o c u s

( H a rt ( 1 9 1 2 ) ) of δ V .
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C h a p t e r 1 1

F o r m a ti o n a n d P r o p a g a ti o n of
V ol u m e

1 1. 1 Li n e a r s u p e r p o si ti o n

I d e a: T h e ti m e e v ol uti o n of r el ati v e a d diti o n al v ol u m e is d e-

s cri b e d b y t h e d eri v ati v e ∂
∂ τ ε L . I n pri n ci pl e, t h at d eri v ati v e c a n

h a v e t w o di ff er e nt c o ntri b uti o ns:

Firstl y, i n t h e pr o p a g ati o n of r el ati v e a d diti o n al v ol u m e, t h e

t er m ∂
∂ τ ε L h as a c o ntri b uti o n, s e e t h e D E Q ( 8. 4):

∂

∂ τ
ε L (R ) = −

σ o ut

c
·

∂

∂ L
Φ L (1 1. 1)

S e c o n dl y, a m ass M or a n e ff e cti v e m ass M e f f gi v e ris e t o

L F V w hi c h pr o vi d es a c o ntri b uti o n t o t h e t er m ∂
∂ τ ε L , s e e E q.

( 9. 3 1):

δ ε L

δ τ
=

∂

∂ τ
ε L (R ) = −

1

c

G · M

R 2
(1 1. 2)

As t w o v ol u m es c a n b e a d d e d, t w o r at es of a d diti o n al v ol u m e

c a n b e a d d e d. M or e o v er, t w o r at es of r el ati v e a d diti o n al v ol-

u m e c a n b e a d d e d, as t h e t w o d e n o mi n at ors d V d Ω ar e e q u al, b y

d e fi niti o n.

I n t his s e cti o n, t h e r es ulti n g c o m bi n e d d y n a mi cs is a n al y z e d.

1 3 1
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T h e o r e m 1 8 F o r m a ti o n a n d p r o p a g a ti o n of v ol u m e

I n n at u r al v ol u m e, t h e f oll o wi n g h ol d s:

( 1 ) A m a s s o r a n e ff e cti v e m a s s o r a d y n a mi c m a s s M gi v e ri s e

t o L F V. T h at L F V c a n b e d e s c ri b e d b y t h e r el ati v e a d diti o n al

v ol u m e at a di st a n c e R a n d b y t h e f oll o wi n g D E Q:

δ ε L

δ τ
=

∂

∂ τ
ε L (R ) = −

1

c

G · M

R 2
= −

1

c
|G ∗

M | w it h ( 1 1. 3)

|G ∗
M | =

G · M

R 2
(1 1. 4)

( 2 ) I n n at u r al v ol u m e, r el ati v e a d diti o n al v ol u m e c a n p r o p a g at e

a c c o r di n g t o t h e f oll o wi n g D E Q, T H M ( 1 2 ):

∂

∂ τ
ε L (R ) = −

σ o ut

c
·

∂

∂ L
Φ L (1 1. 5)

( 3 ) If b ot h p r o c e s s e s t a k e pl a c e at t h e s a m e ti m e, t h e n t h e c o m-

bi n e d p r o c e s s i s d e s c ri b e d b y t h e s u m of t h e r at e s ∂
∂ τ ε L i n E q s.

( 1 1. 3 a n d 1 1. 5 ):

∂

∂ τ
ε L = −

σ o ut

c
·

∂

∂ L
Φ L −

1

c

G · M

R 2
(1 1. 6)

( 4 a ) If b ot h p r o c e s s e s t a k e pl a c e at t h e s a m e ti m e, t h e n t h e

c o m bi n e d p r o c e s s i s d e s c ri b e d b y t h e f oll o wi n g n o n h o m o g e n e o u s

li n e a r D E Q:

c ·
∂

∂ τ
− c 2 · σ o ut ·

∂

∂ L
ε L (τ , L ) = −| G ∗

M |(τ, L ) ( 1 1. 7)

( 4 b ) T h e c o r r e s p o n di n g li n e a r D E Q a n d it s li n e a r di ff e r e nti al

o p e r at o r L̂ a r e a s f oll o w s:

L̂ · ε L, h o m (τ, L ) = 0 wit h ( 1 1. 8)

L̂ = c ·
∂

∂ τ
− c 2 · σ o ut ·

∂

∂ L
(1 1. 9)
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A s ol uti o n ε L, h o m of t h at D E Q d e s c ri b e s t h e p r o p a g a ti o n of

t h at r el ati v e a d diti o n al v ol u m e ε L, h o m i n t h e (τ, L ) - s y st e m of

c u r v e d s p a c eti m e.

( 4 c ) T h e n o n h o m o g e n e o u s li n e a r D E Q i s d e s c ri b e d wit h t h e

s a m e li n e a r di ff e r e nti al o p e r at o r L̂ :

L̂ · ε L, n o n h o m (τ, L ) = −| G ∗ |(τ, L ) ( 1 1. 1 0)

A s ol uti o n of t h at D E Q i n cl u d e s t h e f o r m a ti o n of r el ati v e a d-

diti o n al v ol u m e ε L, n o n h o m c a u s e d b y t h e l o c al fi el d G ∗ .

( 4 d ) A g e n e r al s ol uti o n i s t h e s u p e r p o siti o n:

ε L, g e n e r al (τ, L ) = ε L, n o n h o m (τ, L ) + ε L, h o m (τ, L ) ( 1 1. 1 1)

T h at s ol uti o n d e s c ri b e s t h e f o r m a ti o n a n d p r o p a g a ti o n of

r el ati v e a d diti o n al v ol u m e.

P r o of: T h e pr o of is pr o vi d e d b y t h e tr a nsf or m ati o ns d es cri b e d

wit hi n t h e a b o v e t h e or e m. T h er e b y, w e us e t h e f a ct t h at a

g e n er al s ol uti o n of a li n e ar D E Q is t h e s u m of a s ol uti o n of t h e

n o n h o m o g e n e o us D E Q a n d a s ol uti o n or li n e ar c o m bi n ati o n of

s ol uti o ns of t h e h o m o g e n e o us D E Q ( R oss, 2 0 0 4, T H M 1 1. 1 3).

C o r oll a r y 1 5 S u p e r p o si ti o n of a d di ti o n al v ol u m e

( 1 ) A s v ol u m e i s a n a d diti v e g e o m et ri c al q u a ntit y, it p r o vi d e s

t h e p r o p e rt y of li n e a r s u p e r p o siti o n.

( 2 ) A s v ol u m e p r o vi d e s t h e p r o p e rt y of li n e a r s u p e r p o siti o n, t h e

D E Q of t h e r el ati v e a d diti o n al v ol u m e ε L i s a li n e a r D E Q.

( 3 ) A s r el ati v e a d diti o n al v ol u m e ε L i s f o r m e d b y a m a s s o r b y

a n e ff e cti v e m a s s o r b y a g r a vit ati o n al fi el d, t h e D E Q of t h e

r el ati v e a d diti o n al v ol u m e i s n o n h o m o g e n e o u s a n d d e s c ri b e s t h e

p r o c e s s of f o r m ati o n of ε L , i n cl u di n g t h e p r o c e s s of f o r m a ti o n

of v ol u m e δ V / δ t.
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( 4 ) C o r r e s p o n di n gl y, t h e h o m o g e n e o u s D E Q d e s c ri b e s t h e p r o p-

a g ati o n of r el ati v e a d diti o n al v ol u m e ε L i n c u r v e d s p a c eti m e d e-

s c ri b e d b y t h e (τ, L ) - s y st e m.

( 5 ) S ol uti o n s of t h e h o m o g e n e o u s a n d n o n h o m o g e n e o u s D E Q

p r o vi d e li n e a r s u p e r p o siti o n, a s v ol u m e i s a n a d diti v e g e o m et ri-

c al a n d p h y si c al q u a ntit y.

( 6 ) T h e li n e a rit y of t h e D E Q of r el ati v e a d diti o n al v ol u m e ε L i s

a n e c e s s a r y c o n diti o n f o r a n e x a ct a n d di r e ct d e ri v ati o n of t h e

S c h r ö di n g e r E q. f r o m t h at D E Q.

( 7 ) T h e li n e a r D E Q of r el ati v e a d diti o n al v ol u m e ε L p r o vi d e s

n o n-li n e a r p h y si c al p r o c e s s e s. F o r i n st a n c e, t h at D E Q p r o vi d e s

c u r v at u r e of s p a c eti m e. M o r e o v e r, t h at D E Q d e s c ri b e s p r o p a-

g ati o n i n c u r v e d s p a c eti m e. F u rt h e r m o r e, t h at D E Q d e s c ri b e s

p r o c e s s e s of p o siti v e f e e d b a c k e x pl ai ni n g t h e di v e r gi n g a m o u nt

of f o r m ati o n of v ol u m e i n t h e e x p a n si o n of t h e u ni v e r s e, s e e
c o r oll a r y ( 1 3 ).

C o r oll a r y 1 6 P r o p a g a ti o n of g r a vi t a ti o n al i n t e r a c ti o n

( 1 ) T h e D E Q of t h e f o r m ati o n a n d p r o p a g ati o n of r el ati v e a d-

diti o n al v ol u m e ε L i n T H M ( 1 8 ) i n cl u d e s t h e d e s c ri pti o n of t h e

f o r m ati o n a n d p r o p a g ati o n of ε L .

( 2 ) T h e r el ati v e a d diti o n al v ol u m e ε L i n cl u d e s t h e d e s c ri pti o n

of t h e g r a vit ati o n al fi el d a n d p ot e nti al, s e e T H M ( 1 1 ).

( 3 ) P a rt s ( 1 ) a n d ( 2 ) s h o w t h at t h e r el ati v e a d diti o n al v ol u m e ε L

p r o vi d e s t h e m e c h a ni s m of t h e p r o p a g ati o n a n d f o r m ati o n of t h e

g r a vit ati o n al fi el d a n d p ot e nti al. T h u s, t h e r el ati v e a d diti o n al

v ol u m e ε L p r o vi d e s t h e e x a ct m e c h a ni s m of t h e p r o p a g ati o n a n d

f o r m ati o n of t h e g r a vit ati o n al i nt e r a cti o n. I n t hi s s e n s e, r el a-

ti v e a d diti o n al v ol u m e ε L p r o vi d e s t h e e x a ct m e c h a ni s m of t h e

h y p ot h eti c al g r a vit o n, t h e b o s o n of t h e g r a vit ati o n al i nt e r a cti o n,

s e e e. g. Bl o k hi nt s e v a n d G al p e ri n ( 1 9 3 4 ) o r W o r k m a n et al.

( 2 0 2 2 ).
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C o r oll a r y 1 7 P r o p a g a ti o n of c u r v a t u r e of s p a c e ti m e

( 1 ) T h e D E Q of r el ati v e a d diti o n al v ol u m e ε L i n T H M ( 1 8 )

d e s c ri b e s t h e f o r m ati o n a n d p r o p a g ati o n of ε L .

( 2 ) T h e r el ati v e a d diti o n al v ol u m e ε L p r o vi d e s t h e a m o u nt of

a d diti o n al v ol u m e c o r r e s p o n di n g t o t h e S c h w a r z s c hil d m et ri c, a s

it h a s b e e n d e ri v e d f r o m t h e S c h w a r z s c hil d m et ri c, s e e c h a pt e r

( 7 ).

( 3 ) P a rt s ( 1 ) a n d ( 2 ) s h o w t h at t h e r el ati v e a d diti o n al v ol u m e

ε L p r o vi d e s t h e m e c h a ni s m of t h e p r o p a g ati o n a n d f o r m ati o n of

t h e c u r v at u r e of s p a c eti m e.

1 1. 2 E n e r g y a n d m o m e n t u m

I d e a: T h e pr o p a g ati o n a n d t h e f or m ati o n of v ol u m e c a n b e

e x pr ess e d i n t er ms of t h e gr a vit ati o n al fi el d G ∗ . Wit h it, b ot h

p h e n o m e n a c a n b e s u m m ari z e d. M or e o v er, t h e di ff er e nt p er-

s p e cti v es d es cri b e d b y t h e f a ct or σ o ut c a n b e s u m m ari z e d wit h

h el p of t h e s q u ar e σ 2
o ut = 1. F urt h er m or e, t h e s q u ar e pr o vi d es

(G ∗ ) 2 , pr o p orti o n al t o t h e e n er g y d e nsit y, s e e c h a pt er ( 6). Al-

t o g et h er, a f o ur- v e ct or of m o m e nt u m d e nsiti es of t h e a d diti o n al

v ol u m e c a n b e d eri v e d, s e e e. g. ( L a n d a u a n d Lifs c hit z, 1 9 7 1,

E q. 9. 1 3) or ( H o bs o n et al., 2 0 0 6, s e cti o n 5. 8). It is i n v ari a nt

wit h r es p e ct t o L or e nt z tr a nsf or m ati o ns.

T h e o r e m 1 9 E n e r g y a n d m o m e n t u m

I n n at u r al v ol u m e, t h e f oll o wi n g h ol d s:

( 1 ) T h e f o r m ati o n a n d p r o p a g ati o n of v ol u m e i n t h e p r e s e n c e of

a m a s s M c a n b e d e s c ri b e d b y t h e D E Q ( 1 1. 6 ) a n d wit h h el p of

t h e g r a vit ati o n al fi el d i n t e r m s of t h e r at e g r a vit y s c al a r R G S L

i n E q. ( 8. 5 2 ):

ε̇ L = −
σ o ut

c
·

∂

∂ L
Φ L −

1

c

G · M

R 2
o r ( 1 1. 1 2)
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ε̇ L = −
σ o ut

c
|G ∗

p r o p a g ati o n |e L +
σ o ut

c
|G ∗

f o r m ati o n |e L or ( 1 1. 1 3)

ε̇ 2
L =

(G ∗ ) 2

c 2
o r ( 1 1. 1 4)

0 = − c 2 ε̇ 2
L +

3

j = 1

(G ∗
j )

2 = R G S L wit h ( 1 1. 1 5)

ε̇ L =
∂

∂ τ
ε L (1 1. 1 6)

G ∗ = G ∗
p r o p a g ati o n + G ∗

f o r m ati o n ( 1 1. 1 7)

( 2 ) Wit h h el p of t h e a b s ol ut e v al u e of t h e e n e r g y d e n sit y of t h e

fi el d |u f, p a r, g r a v | = (G ∗ ) 2

8 π G ( c h a pt e r 6 ), t h e R G S L i n p a rt ( 1 ) i s

t r a n sf o r m e d a s f oll o w s:

0 = − c 2 ε̇ 2
L +

3

j = 1

(G ∗
j )

2 = R G S L or ( 1 1. 1 8)

0 = −
c 2

8 π G
ε̇ 2

L +

3

j = 1

(G ∗
j )

2

8 π G
=

R G S L

8 π G
or ( 1 1. 1 9)

0 =
c 2

8 π G
ε̇ 2

L − | u f, p a r, g r a v | ( 1 1. 2 0)

A s |u f, p a r, g r a v | ( |u g r a v | f o r s h o rt ) i s a n e n e r g y d e n sit y, t h e t e r m
c 2

8 π G ε̇ 2
L i s a n e n e r g y d e n sit y t o o. A s t h e r e i s n o fi el d i n h e r e nt t o

t h at t e r m, it i s a ki n eti c e n e r g y d e n sit y:

u ki n =
c 2

8 π G
ε̇ 2

L ( 1 1. 2 1)

A s a d diti o n al v ol u m e p r o p a g at e s at v = c , it s m o m e nt u m d e n-

sit y i s 3
j = 1

p j

V = p
V = u k i n/ c . S o E q. ( 1 1. 1 9 ) t a k e s t h e f oll o wi n g

f o r m:
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0 =
u ki n

c
−

|u g r a v |

c
o r ( 1 1. 2 2)

0 =

3

j = 1

p j

V
−

|u g r a v |

c
w it h ( 1 1. 2 3)

u ki n, j j = c ·
p j

V
=

c 2

8 π G
ε̇ 2

j j f or j ∈ { 1 , 2 , 3 } a n d ( 1 1. 2 4)

|u g r a v | =

3

j = 1

(G ∗
j )

2

8 π G
( 1 1. 2 5)

( 3 ) T h e ki n eti c e n e r g y d e n sit y i s e q u al t o t h e s u m of m o m e nt u m

d e n siti e s d e n sit y m ulti pli e d b y c :

u ki n =

3

j = 1

c ·
p j

V
(1 1. 2 6)

T h e ki n eti c e n e r g y d e n sit y i s e q u al t o t h e s u m of di a g o n al el e-

m e nt s of t h e ki n eti c t e n s o r:

u ki n =

3

j = 1

u ki n, j j ( 1 1. 2 7)

A s t h e a b o v e t w o s u m s a r e e q u al i n g e n e r al, t h e s u m m a n d s a r e

e q u al:

u ki n, j j = c ·
p j

V
=

c 2

8 π G
ε̇ 2

j j ( 1 1. 2 8)

T h e C a rt e si a n c o m p o n e nt s c o r r e s p o n d t o e a c h ot h e r:

u ki n, j j = c ·
p j

V
=

(G ∗
j )

2

8 π G
( 1 1. 2 9)

( 4 ) T h e f oll o wi n g s c al a r p r o d u ct of a f o u r- v e ct o r i s i nt r o d u c e d:

|u g r a v | =

3

j = 1

(G ∗
j )

2

8 π G
= c ·

p 0

V
(1 1. 3 0)
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A s a c o n s e q u e n c e, w e d e ri v e:

u 2
g r a v = c 2 · (p 0 / V ) 2 =

3

j = 1

c 2 · (p j / V ) 2 or ( 1 1. 3 1)

0 = − (p 0 / V ) 2 +

3

j = 1

(p j / V ) 2 ( 1 1. 3 2)

T hi s i s a r el ati vi sti c s c al a r p r o d u ct of a n e n e r g y m o m e nt u m

f o u r- v e ct o r, E M V ki n , of ki n eti c e n e r g y a s f oll o w s:

E M V ki n =







p 0

V
p 1

V
p 2

V
p 3

V





 (1 1. 3 3)

( 5 ) A c o r r e s p o n di n g e n e r g y m o m e nt u m t e n s o r T i j
ki n of t h e ki n eti c

e n e r g y c a n b e f o r m all y i nt r o d u c e d a s f oll o w s, s e e e. g. ( H o b s o n

et al., 2 0 0 6, p. 1 7 8 ) o r ( L a n d a u a n d Lif s c hit z, 1 9 7 1, p. 3 3 ):

T 0 0
ki n i s t h e ki n eti c e n e r g y d e n sit y u ki n i n E q s. ( 1 1. 2 7, 1 1. 2 8 ).

T h e m o m e nt u m d e n siti e s
p j

V m ulti pli e d b y c a r e t h e t e n s o r el e-

m e nt s T j 0
ki n = T 0 j

ki n . T h e n o n- di a g o n al el e m e nt s a r e g e n e r ali z e d
i n a c o nti n u o u s m a n n e r:

T i k
ki n =

c 2

8 π G







8 π G
c 2 u k i n ε̇ 2

1 1 ε̇ 2
2 2 ε̇ 2

3 3

ε̇ 2
1 1 ε̇ 2

1 1 ε̇ 1 1 ε̇ 2 2 ε̇ 1 1 ε̇ 3 3

ε̇ 2
2 2 ε̇ 1 1 ε̇ 2 2 ε̇ 2

2 2 ε̇ 2 2 ε̇ 3 3

ε̇ 2
3 3 ε̇ 3 3 ε̇ 1 1 ε̇ 3 3 ε̇ 2 2 ε̇ 2

3 3





 ( 1 1. 3 4)

T h e c o r r e s p o n di n g t e n s o r of t h e fi el d i s a s f oll o w s ( E q. 1 1. 2 9 ):

T i k
g r a v =

− 1

8 π G








8 π G · |u g r a v | (G ∗
1 )

2 (G ∗
2 )

2 (G ∗
3 )

2

(G ∗
1 )

2 (G ∗
1 )

2 G ∗
1 G

∗
2 G ∗

1 G
∗
3

(G ∗
2 )

2 G ∗
2 G

∗
1 (G ∗

2 )
2 G ∗

2 G
∗
3

(G ∗
3 )

2 G ∗
3 G

∗
1 G ∗

3 G
∗
2 (G ∗

3 )
2








( 1 1. 3 5)

P r o of: T h e pr o of is pr o vi d e d b y t h e e x pl ai n e d tr a nsf or m ati o ns

i n t h e t h e or e m.



C h a p t e r 1 2

G l o b al F o r m a ti o n of V ol u m e

1 2. 1 Gl o b all y f o r m e d v ol u m e

I d e a: I n G R, t h e pr o c ess of t h e e x p a nsi o n of s p a c e is d es cri b e d

b y a u nif or m s c ali n g. It is a tr a nsf or m ati o n of s p a c e. H o w e v er,

i n r e alit y, s p a c e is n ot tr a nsf or m e d. I nst e a d, t h e a m o u nt of

v ol u m e i n cr e as es. At w h at r at e d o es t h e a m o u nt of v ol u m e

i n cr e as e ?

I n t his s e cti o n, w e d eri v e t h e c orr es p o n di n g r at e, at w hi c h v ol-

u m e V i n cr e as es d uri n g t h e e x p a nsi o n of t h e u ni v ers e si n c e t h e

Bi g B a n g. F or it, w e e x pr ess t h e v ol u m e V b y t h e s c al e f a ct or

R :

V =
4 π

3
R 3 (1 2. 1)

Usi n g t h e c h ai n r ul e, w e o bt ai n t h e d eri v ati v e:

˙V = 3 ˙R
V

R
(1 2. 2)

S o w e d eri v e:
˙V

V
= 3

˙R

R
= 3 · H ( 1 2. 3)

I n or d er t o us e t h e F L E, w e a p pl y t h e s q u ar e t o E q. ( 1 2. 3):

˙V

V

2

= 9 H 2 ( 1 2. 4)

1 3 9
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We i ns ert t h e F L E, E q. ( 5. 1 2) wit h k = 0:

˙V

V

2

= 2 4 π G · ρ ( 1 2. 5)

We s u m m ari z e o ur fi n di n g:

T h e o r e m 2 0 R a t e of G F V a c c o r di n g t o t h e F L E

If t h e u ni v e r s e e x p a n d s a c c o r di n g t o t h e F L E, E q. ( 5. 1 2 ), a n d

if t h e c u r v at u r e p a r a m et e r i s z e r o, k = 0 , t h e n t h e v ol u m e i n-

c r e a s e s at t h e f oll o wi n g n o r m ali z e d r at e:

δ V / δ t

d V
:=

˙V

V
= ± 2 4 π G · ρ ( 1 2. 6)

H e r e b y, t h e pl u s- si g n c o r r e s p o n d s t o t h e c a s e of t h e e x p a n di n g

u ni v e r s e, w h e r e a s t h e mi n u s si g n d e s c ri b e s t h e s c e n a ri o of a bi g

c r u n c h, G o o d st ei n ( 1 9 9 7 ).

T h e r e b y, t h e n o r m ali z e d r at e δ V / δ t
d V d e s c r i b e s t h e f o r m ati o n of

a v ol u m e δ V i n a v ol u m e d V d u ri n g a ti m e δ t.

1 2. 2 L F V c a n c a u s e G F V

I d e a: M ass es or d y n a mi c m ass es m i c a us e u ni dir e cti o n al f or-

m ati o n of L F V i n t h eir vi ci nit y. I n c o ntr ast, is otr o pi c f or m ati o n

of G F V is o bs er v e d i n t h e e x p a nsi o n of s p a c e. I n t his s e cti o n,

w e s h o w h o w t h e u ni dir e cti o n al L F V c a us e d b y m a n y m i c a n
a d d u p t o is otr o pi c G F V.

T h e o r e m 2 1 L F V c a u s e s G F V

I n a n at u r al t h r e e- di m e n si o n al v ol u m e, fill e d wit h m a s s e s o r

d y n a mi c m a s s e s m i i n a h o m o g e n e o u s a n d i s ot r o pi c m a n n e r,

t h e f oll o wi n g h ol d s:

( 1 ) A c c o r di n g t o T H M ( 1 8 ), e a c h l o c al m a s s o r d y n a mi c m a s s

m i c a u s e s u ni di r e cti o n al a d diti o n al v ol u m e i n it s vi ci nit y. T h e
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d z

d z

d A z

d V = d A z · d z
wit h o ut a d diti o n al v ol u m e;

δ z

δ V z = d A z · δ z

wit h a d diti o n al v ol u m e
t h e z - c o or di n at e of t h e u p p er s urf a c e is n a m e d d z ′

Fi g ur e 1 2. 1: A d diti o n al v ol u m e i n t h e z - dir e cti o n: A c u b e wit h
l o w er a n d u p p er s urf a c e d A z is e nl ar g e d. T h er e b y, t h e u p p er
s urf a c e is a p orti o n or i n cr e m e nt δ z hi g h er t h a n at t h e l eft.
H er e b y, t h e u p p er p ositi o n is at d z ′ = d z + δ z .

L F V L F V

L F V

Fi g ur e 1 2. 2: U ni dir e cti o n al L F V at m ass es or d y n a mi c m ass es c a n
s u m m ari z e t o is otr o pi c G F V.
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v ol u m e c a u s e d b y a m a s s p r o p a g at e s i n a r a di al di r e cti o n. T h at

di r e cti o n i s m a r k e d b y a n i n d e x q . I n p a rti c ul a r, ∂
∂ L q

m a r k s t h e

d e ri v ati v e i n t h at di r e cti o n, ε L,i, q q m a r k s t h e t e n s o r el e m e nt of

t h at di r e cti o n, e q i s t h e u nit v e ct o r of t h at di r e cti o n, G ∗
m i , q

(τ, L )

i s t h e c o o r di n at e of t h e fi el d of t h at di r e cti o n (i n a n a p p r o p ri-

at e l o c al c o o r di n at e s y st e m ). T h at u ni di r e cti o n al a d diti o n al v ol-

u m e p r o p a g at e s a c c o r di n g t o t h e f oll o wi n g n o n h o m o g e n e o u s li n-

e a r D E Q ( E q. 1 1. 7 ):

c ·
∂

∂ τ
− c 2 · σ o ut,i ·

∂

∂ L q
ε L ,i, q q(τ, L ) = G ∗

m i , q
(τ, L ) ( 1 2. 7)

( 2 ) A s t h e a b o v e D E Q i s li n e a r, t h e r at e s of N m a s s e s m i a d d

u p:

N

i= 1

c
∂

∂ τ
− c 2 σ o ut,i

∂

∂ L q
ε L ,i, q q(τ, L ) =

N

i= 1

G ∗
m i , q

(τ, L ) ( 1 2. 8)

( 3 ) At a l o c ati o n L t h at h a s a s u ffi ci e nt di st a n c e t o t h e m a s s e s

m i, t h e fi el d s c a n c o m p e n s a t e e a c h ot h e r ( Fi g. 1 2. 2 ). I n

t h at c a s e, t h e f oll o wi n g h ol d s:

( 3 a ) T h e d y n a mi c s i s c h a r a ct e ri z e d b y t h e h o m o g e n e o u s D E Q:

N

i= 1

c
∂

∂ τ
+ c 2 σ o ut,i

∂

∂ L q
ε L ,i, q q(τ, L ) = 0 ( 1 2. 9)

N

i= 1

c
∂

∂ τ
ε L ,i, q q(τ, L ) =

N

i= 1

c 2 σ o ut,i
∂

∂ L q
ε L ,i, q q(τ, L ) ( 1 2. 1 0)

( 3 b ) T h e v ol u m e c a u s e d b y e a c h m a s s p r o p a g at e s a c c o r di n g t o

t h e h o m o g e n e o u s D E Q :

c ε̇ L,i, q q (τ, L ) = c 2 σ o ut,i
∂

∂ L q
ε L ,i, q q(τ, L ) ( 1 2. 1 1)

( 3 c ) W e t r a n sf o r m t h e u ni di r e cti o n al r at e ε̇ L,i, q q f o r t h e di-

r e cti o n e q of p r o p a g ati o n t o t h e u ni di r e cti o n al r at e ε̇ L,i, j j of a



1 2. 2. L F V C A N C A U S E G F V 1 4 3

c o m m o n c o o r di n at e s y st e m u s e d f o r all m a s s e s m i. A s u s u al,

w e d e ri v e t h e t r a n sf o r m ati o n wit h h el p of a n i n v a ri a nt.

[ 1] F o r it, w e u s e t h e ki n e ti c e n e r g y d e n si t y ( E q. 1 1. 2 1 )
c 2 ε̇ 2

L,i, q q = 8 π G · u ki n,i :

c 2 ε̇ 2
L,i, q q = 8 π G · u ki n,i ( 1 2. 1 2)

[ 2] W e u s e t h e ki n eti c t e n s o r ( E q. 1 1. 2 8 ):

c 2 ε̇ 2
L,i, q q = c 2 ·

3

j = 1

ε̇ 2
L,i, j j ( 1 2. 1 3)

[ 3] I n o r d e r t o c o n si d e r all m a s s e s, w e a p pl y t h e a v e r a g e wit h

r e s p e ct t o N m a s s e s m i t h at c a u s e t h e s e r at e s:

1

N

N

i= 1

ε̇ 2
L,i, q q = ε̇ 2

L,i, q q i =

3

j = 1

ε̇ 2
L,i, j j i ( 1 2. 1 4)

[ 4] A s t h e m a s s e s a r e di st ri b ut e d i n a n i s ot r o pi c m a n n e r, t h e

a v e r a g e d t e n s o r el e m e nt s a r e e q u al f o r e a c h j :

ε̇ L,i, 1 1 i = ε̇ L,i, 2 2 i = ε̇ L,i, 3 3 i ( 1 2. 1 5)

[ 5] T h u s, t h e a b o v e s u m 3
j = 1 p r o vi d e s t h e f a ct o r t h r e e:

ε̇ 2
L,i, q q i = 3 ε̇ 2

L,i, j j i ( 1 2. 1 6)

[ 6] A s t h e m a s s e s h a v e a h o m o g e n e o u s d e n sit y ρ h o m , t h e st a n-

d a r d d e vi ati o n s ε̇ 2
L,i, j j i − ε̇ L,i, j j

2
i a n d ε̇ 2

L,i, q q i − ε̇ L,i, q q
2
i c a n

b e n e gl e ct e d i n a g o o d a p p r o xi m ati o n:

ε̇ L,i, q q
2
i = 3 ε̇ L,i, j j

2
i or ( 1 2. 1 7)

ε̇ L,i, j j i = ε̇ L,i, q q i/
√

3 ( 1 2. 1 8)
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[ 7] W e e x p r e s s t h e r at e i n t e r m s of t h e d e n sit y ( E q. 1 2. 1 2 ):

ε̇ L,i, j j i = 8 π G u ki n,i / c 2
i/

√
3 or ( 1 2. 1 9)

ε̇ L ,i, j j i = 8 π G · ρ ki n,i / 3 i ( 1 2. 2 0)

( 3 d ) W e a p pl y t h e t r a n sf o r m e d u ni di r e cti o n al r at e ε̇ L,i, j j i, i n

o r d e r t o d e ri v e t h e i s ot r o pi c r at e ε̇ L,i s o b y s u m m ati o n ( v ol u m e i s

a d diti v e ). A s u s u al, w e d e ri v e t h e t r a n sf o r m ati o n wit h h el p of

a n i n v a ri a nt, t h e ki n eti c e n e r g y d e n sit y, w hi c h i s p r o p o rti o n al

t o t h e s q u a r e d r at e.

[ 1] F o r it, w e a p pl y t h e t e n s o r u ki n, j j :

ε̇ L,i s o =

3

j = 1

ε̇ L,i, j j i =

3

j = 1

8 π G · ρ ki n,i / 3 i ( 1 2. 2 1)

[ 2] A c c o r di n g t o i s ot r o p y, t h e s u m p r o vi d e s t h e f a ct o r t h r e e:

ε̇ L,i s o = 2 4 π G · ρ ki n,i i ( 1 2. 2 2)

[ 3] C o r r e s p o n di n g t o h o m o g e n eit y, a s b ef o r e, a n d i n a n a p p r o-

p ri at e a p p r o xi m ati o n, w e n e gl e ct a st a n d a r d d e vi ati o n:

ε̇ 2
L,i s o = 2 4 π G · ρ ki n,i

2
i = 2 4 π G · ρ ki n,i

2
i or( 1 2. 2 3)

ε̇ 2
L,i s o = = 2 4 π G · ρ ki n,i i

2 ( 1 2. 2 4)

( 3 e ) I n t h e G F V, t h e a b o v e a v e r a g e ε̇ 2
L,i s o d e s c ri b e s t h e s q u a r e d

r at e
˙V
V , a n d t h e a b o v e a v e r a g e ρ ki n,i i d e s c ri b e s t h e d e n sit y of

t h e ki n eti c e n e r g y d e n sit y of t h e p r o p a g ati n g r el ati v e a d diti o n al

v ol u m e.

( 4 ) Alt o g et h e r, w e s h o w e d, t h at t h e d e n sit y of t h e ki n eti c e n-

e r g y of t h e p r o p a g ati n g r el ati v e a d diti o n al v ol u m e p r o vi d e s t h e

i s ot r o pi c s q u a r e d r at e ε̇ 2
L,i s o , w h e r e b y t hi s d e n sit y a n d it s r at e

a r e i n f ull a c c o r d a n c e wit h t h e r at e of f o r m ati o n of v ol u m e of a

d e n sit y i n t h e F L E ( T H M 2 0 ).
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P r o of: T h e pr o of is pr o vi d e d b y t h e e x pl ai n e d tr a nsf or m ati o ns

i n t h e t h e or e m.

C o r oll a r y 1 8 L F V a d d s u p t o G F V

( 1 ) At a l o c ati o n R , gl o b all y f o r m e d v ol u m e, G F V, h a s b e e n

o b s e r v e d i n d e p e n d e ntl y wit h h el p of m a n y p r o b e s, s e e e. g.

Pl a n c k- C oll a b o r ati o n ( 2 0 2 0 ), Ri e s s et al. ( 2 0 2 2 ), Bl a k e sl e e et al.

( 2 0 2 1 ), P hil c o x et al. ( 2 0 2 0 ). T h e r e b y, G F V i s i s ot r o pi c, a n d

it i s u s u all y d e s c ri b e d b y t h e F L E.

( 2 ) At a l o c ati o n R , t h e S c h w a r z s c hil d m et ri c h a s b e e n o b s e r v e d

i n d e p e n d e ntl y wit h h el p of m a n y p r o b e s, s e e e. g. P o u n d a n d

R e b k a ( 1 9 6 0 ), Will ( 2 0 1 4 ). Wit h it, l o c all y f o r m e d v ol u m e,

L F V, c a n b e e v al u at e d, s e e c h a pt e r s ( 7, 8, 9, 1 1 ). T h e r e b y,

L F V i s u ni di r e cti o n al.

( 3 ) At a l o c ati o n R , t h e r e a r ri v e s u ni di r e cti o n al L F V c a u s e d

b y m a n y m a s s e s o r d y n a mi c m a s s e s m i. T h e r e b y, i n g e n e r al,

cl a s si c al fi el d s a r e c o m p e n s at e d at R . A c c o r di n gl y, t h e L F V

p r o p a g at e s c o r r e s p o n di n g t o t h e D E Q of a d diti o n al v ol u m e, s e e

c h a pt e r ( 8 ).

( 4 ) At t h e l o c ati o n R , t h e ki n eti c e n e r g y d e n sit y of L F V c a u s e d

b y t h e s e m i a d d s u p. M o r e o v e r, m a n y di r e cti o n s of u ni di r e c-

ti o n al L F V a d d u p t o i s ot r o pi c a d diti o n al v ol u m e. T h e r at e of

t h at s u m a s a f u n cti o n of it s d e n sit y i s e q u al t o t h e r at e a s a

f u n cti o n of d e n sit y of t h e F L E.

( 5 ) Alt o g et h e r, t h e r at e of G F V i s e x pl ai n e d i n t e r m s of t h e r at e
of L F V c o mi n g f r o m s e v e r al m i.

( 6 ) S o, t h e gl o b al d y n a mi c s of s p a c e i s d e ri v e d f r o m t h e l o c al

d y n a mi c s of s p a c e at t h e l e v el of t h e f o r m ati o n of a d diti o n al

v ol u m e.

T h e d eri v ati o ns i n p art (II) a n d i n p arts (III, I V) ar e s h o w n i n

a c o g niti v e m a p, Fi g. ( 1 2. 3).
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first pri n ci pl es , S Q: S R  E P  G G  D V

p ositi o n f a ct or ε E (C . 3) , S M

q u a nti z ati o n

(C . 4)

e x p a nsi o n

(C . 5)

u gr . f.

(C . 6)

t h e or y of d y n a mi c v ol u m e ( p art II)

s p a c eti m e

c ur v at ur e

gr a vit y

tr a ns−

missi o n

q u a nt u m

p ost ul at es

( C. 1 3 , 1 4)

ρ v ol · c 2 = u v ol

D V

( C. 1 9 − 2 2)

P L A ( C . 2 3)n o nl o c alit y e x pl ai n e d ( C . 1 6 , 1 8)

s e mi cl assi c al G R ( C . 2 3)si m pl e a cti o n ( C . 2 3) ...

Fi g ur e 1 2. 3: P a t h s of d e ri v a ti o n: fr o m first pri n ci pl es t o t h e
D E Qs of v ol u m e a n d b e y o n d. T h e li g ht-tr a v el dist a n c e d L T , t h e
gr a vit ati o n al p ar all a x dist a n c e d G P a n d e n er g y c o ns er v ati o n i n
a st ati o n ar y s yst e m, s e e N o et h er ( 1 9 1 8), ar e us e d. C. 1 6- 2 2 ar e
b e y o n d us u al Q P a n d G R, i n cl u di n g t h e S c h w ar zs c hil d m etri c,
S M.
S Q: s p a c eti m e q u a dr u pl e
S R: s p e ci al r el ati vit y
E P: e q ui v al e n c e pri n ci pl e
G G: g e n er ali z e d G a ussi a n gr a vit y
D V: d y n a mi c v ol u m e
ε E : p ositi o n f a ct or d es cri bi n g e n er g y
u gr .f.: e n er g y d e nsit y of t h e gr a vit ati o n al fi el d
P L A: pri n ci pl e of l e ast or st ati o n ar y a cti o n
ρ v ol : d y n a mi c al d e nsit y of v ol u m e.



P a r t I I I

F u n d a m e n t al D y n a mi c s of
Q u a n t a
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C h a p t e r 1 3

S t a bili z a ti o n of Q u a n t a

Q u e s ti o n : D o t h e d y n a mi cs of v ol u m e f or m t h e q u a nt u m at

t h e s m all est p ossi bl e p orti o n of e n er g y at a gi v e n r a di us ?

We a n al y z e t h e d y n a mi cs of a b all wit h a r a di us r b a n d wit h

a r el ati v e a d diti o n al v ol u m e ε L, b = δ V
d V L

. C o ns e q u e ntl y, t h e b all

h as t h e v ol u m e V b = 4 π
3 r 3

b , t h e c o m pl et e v ol u m e V L = 4 π
3 r 3

L

a n d t h e s urf a c e A = 4 π r 2
L . I n t h e c o nt e xt of ε L, b , t h e v ol u m e

V L is n a m e d d V L , C. ( 7). T h e n c e, t h e b all h as t h e f oll o wi n g

a d diti o n al v ol u m e, s e e T H M ( 1 0):

δ V = V L − V b = d V L · ε L, b , wit h d V L = V L ( 1 3. 1)

A c c or di n gl y, ε L, b r a n g es fr o m 0 t o w ar ds 1:

V L = δ V + V b , t h us, δ V ≤ V L a n d ε L, b ≤ 1 ( 1 3. 2)

D uri n g a ti m e δ τ , t h e o ut er s h ell wit h t hi c k n ess c ·δ τ p r o p a g at es

o ut w ar ds. T h us, t h e b all l o os es t h e a d diti o n al v ol u m e δ V o ut i n

t h at s h ell:

δ V o ut = c · δ τ · A · ε L , b ( 1 3. 3)

T h e c orr es p o n di n g r at e ˙ε L, o ut is as f oll o ws, s e e T H M ( 1 0):

ε̇ L, o ut =
δ V o ut

d V L δ τ
=

A · c

V L
ε L , b =

3 c

r L
· ε L , b, wit h d V L = V L ( 1 3. 4)

1 4 9
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D uri n g t h e s a m e ti m e δ τ , t h e a d diti o n al v ol u m e of t h e b all

e x hi bits u ni dir e cti o n al f o r m a ti o n of v ol u m e at t h e r at e ε̇ L, j j ,

n a m e d ε̇ L, f o r m e d in t his c o nt e xt ( T H M 1 8, p art 4 c):

δ V f o r m e d = ˙ ε L, f o r m e d · δ τ · d V L ( 1 3. 5)

T h e di ff er e n c e of ˙ε L, f o r m e d a n d ε̇ L, o ut is t h e r at e of r el ati v e

a d diti o n al v ol u m e of t h e b all:

ε̇ L, b = ε̇ L, f o r m e d − ε̇ L, o ut = ε̇ L, f o r m e d −
3 c

r L
· ε L , b ( 1 3. 6)

T h e si g n of t h e r at e ˙ε L, b e x hi bits t hr e e c as es:

( 1) If ε̇ L, b = 0, t h e n ε L, b is c o nst a nt.

( 2) If ε̇ L, b < 0 , t h e n ε L, b d e cr e as es. T h us, t h e s u btr a h e n d i n

t h e r at e i n E q. ( 1 3. 6) d e cr e as es. C o ns e q u e ntl y, t h e r at e ε̇ L, b

in cr e as es. T his pr o c ess t a k es pl a c e i n a l o c al, s u c c essi v e a n d

as y m pt oti c m a n n er ( C. 7, 1 1), u ntil t h e r at e is z er o, ε̇ L, b = 0.

As a c o ns e q u e n c e, c as e ( 1) is r e a c h e d.

( 3) If ε̇ L, b > 0 , t h e n ε L, b i n cr e as es. C o ns e q u e ntl y, ε̇ L, b d e cr e as es,

as t h e s u btr a h e n d i n t h e r at e i n E q. ( 1 3. 6) i n cr e as es. T his pr o-

c ess t a k es pl a c e i n a l o c al, s u c c essi v e a n d as y m pt oti c m a n n er,

u ntil t h e r at e is z er o, ε̇ L, b = 0. H e n c e, c as e ( 1) is r e a c h e d.

C as es ( 0- 3) s h o w t h at t h e d y n a mi cs of t h e r at e ˙ε L, b c o n v er g e

t o w ar ds t h e st a bl e fi x e d p oi nt ε̇ L, b = 0.

ε̇ L, b c o n v er g es t o t h e st a bl e fi x e d p oi nt ε̇ L, b = 0 . ( 1 3. 7)

We a n al y z e t h e fi x e d p oi n t ( E qs. 1 3. 6, 1 3. 7) of t h e r at e. At

t h at fi x e d p oi nt, t h e r at e of f or m ati o n is as f oll o ws:

ε̇ L, f o r m e d = ε̇ L, o ut =
3 c

r L
· ε L , b ( 1 3. 8)

T h e r at e ˙ε L, f o r m e d re pr es e nts u ki n =
ε̇ 2

L , f o r m e dc
2

8 π G . As ε̇ L, f o r m e d re p-

r es e nts t h e f or m ati o n of v ol u m e ( T H M 1 8, p art 4 c), ε̇ L, f o r m e d

d o es n ot c orr es p o n d t o a p ot e nti al e n er g y. T h us, t h e e n er g y

E f p of t h e w a v e p a c k et is u ki n m ulti pli e d b y V L :
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E f p = u ki n · V L =
ε̇ 2

L , o utc
2

8 π G
V L =

3

2
·

c

r L
·
c 3

G
r 2

L · ε 2
L , b > 0 ( 1 3. 9)

We esti m at e E f p : As w e a n al y z e a s m all est p orti o n of e n er g y,

w e o bt ai n t h e l o n g est p ossi bl e w a v el e n gt h λ i n t h e b all ( C. 4).

It is t h e cir c u mf er e n c e λ = 2 π r L . Wit h it, w e d eri v e:

E f p =
3

2
·
2 π c

λ
·
c 3

G
r 2

L · ε 2
L , b ( 1 3. 1 0)

U ni v ers al q u a nti z ati o n i m pli es ( C. 4), t h at a s m all est p orti o n of

e n er g y E f p is pr o p orti o n al t o t h e i n v ers e of t h e w a v el e n gt h λ .

T h us, f or e a c h r L , t h e f a ct or r 2
L i n E q. ( 1 3. 1 0) m ust c a n c el o ut.

T his c a n t a k e pl a c e o nl y b y t h e f a ct or ε 2
L, b , as ot h er a v ail a bl e

f a ct ors ar e c o nst a nts. S o, r 2
L · ε 2

L, b is a c o nst a nt q 2
b :

r 2
L · ε 2

L, b = q 2
b or r L = q b / ε L, b ( 1 3. 1 1)

T h er e b y, r L r a n g es fr o m t h e Pl a n c k l e n gt h t o w ar ds t h e li g ht

h ori z o n, r L ∈ [L P , RL H ]. We us e t h e v er y g o o d a p pr o xi m ati o n

r L ∈ [L P , ∞ [. T h us, at t h e l ar g est p ossi bl e v al u e of ε L, b , at

ε L, b = 1 ( E q. 1 3. 2), t h e r a di us r L is e q u al t o L P :

r L = q b = L P , at mi ni m al r L a n d at ε L, b = 1 ( 1 3. 1 2)

S o, r L is t h e f oll o wi n g f u n cti o n of ε L, b ( E qs. 1 3. 1 1, 1 3. 1 2):

r L =
L P

ε L , b
or ε L, b =

L P

r L
(1 3. 1 3)

Wit h it a n d wit h 2 π c
λ = ω , t h e e n er g y i n E q. ( 1 3. 1 0) is:

E f p =
3

2
· ω ·

c 3

G
· L 2

P (1 3. 1 4)

A p pli c ati o n of t h e Pl a n c k l e n gt h L P = G · / c 3 (s e e gl oss ar y)

yi el ds t h e f oll o wi n g e n er g y, s e e E q. ( 1 3. 1 4):

E f p = 3 ·
ω

2
(1 3. 1 5)

E f p d es cri b es t h e Z P Os of t h e b all, i n t hr e e- di m e nsi o n al s p a c e.
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T h e o r e m 2 2 H o w t h e d y n a mi c s of v ol u m e f o r m s q u a n t a

T h e d y n a mi c s of v ol u m e, D V, f o r m s q u a nt a wit h a r a di u s r L

a n d wit h a r el ati v e a d diti o n al v ol u m e ε L, b a s f oll o w s:

( 1 ) T h e r at e ε̇ L, b c o n v e r g e s t o a st a bl e fi x e d p oi nt wit h ε̇ L, b = 0 .

( 1 a ) At t h e fi x e d p oi nt, f p, t h e r at e ε̇ L, o ut of v ol u m e p r o p a g ati n g

o ut w a r d s a n d t h e r at e ε̇ L, f o r m e d of f o r m ati o n a r e e q u al:

ε̇ L, f o r m e d = ε̇ L, o ut =
3 c

r L
· ε L , b ( 1 3. 1 6)

( 1 b ) T h e r at e ε̇ L, f o r m e d of f o r m ati o n c a u s e s ki n eti c e n e r g y E f p ,

wit h o ut p ot e nti al e n e r g y ( T H M 1 8, p a rt 4 c ):

E f p =
3

2
·

c

r L
·
c 3

G
· r 2

L · ε 2
L , b ( 1 3. 1 7)

( 1 c ) At t h e fi x e d p oi nt a n d at l o w e st e n e r g y, E f p i s a s f oll o w s:

E f p = 3 ·
ω

2
w it h ω =

2 π c

λ
a n d λ = 2 π r L ( 1 3. 1 8)

E f p i s t h e e n e r g y of t h e t h r e e Z P O s of t h e b all i n 3D s p a c e.

T h at e n e r g y i s d e ri v e d f o r m all y i n s e cti o n ( 1 4. 5 ).

( 2 ) Alt o g et h e r, f o r e a c h r a di u s r L , t h e D V c a n f o r m t h e i s ot r o pi c

q u a nt u m of l o w e st e n e r g y at t h at r a di u s. T h e q u a nt u m i s a

st a bl e fi x e d p oi nt of t h e d y n a mi c s of v ol u m e. D e p e n di n g o n

i niti al c o n diti o n s, ot h e r f u n cti o n s ε̇ L (t, R a r e p o s si bl e.

( 3 ) T h e D V c a n f o r m d y n a mi c all y st a bl e q u a nt a. T h e s e g e n e r-

at e v ol u m e c o nt ri b uti n g t o t h e e x p a n si o n of s p a c e si n c e t h e Bi g

B a n g ( C. 1 2 ). T h e q u a nt a u nif y mi c r o c o s m a n d m a c r o c o s m i n
n at u r e, t h e y a r e d e s c ri b e d b y t h e D V, a n d t h e D V u ni fi e s t h e

t h e o ri e s of s p a c eti m e, g r a vit y a n d q u a nt u m p h y si c s.

( 4 ) T h e q u a nt u m i s a st a bl e fi x e d p oi nt of D V, w h e r e b y D V

f o r m s a s f a st i n t h e q u a nt u m a s D V i s l o st at t h e s u rf a c e r e gi o n

of t h e q u a nt u m.



C h a p t e r 1 4

D e ri v a ti o n of Q u a n t u m
P o s t ul a t e s

I d e a : As t h e v ol u m e pr o p a g at es at t h e v el o cit y of li g ht, it is

q u a nti z e d ( c h a pt er 4). T h us, t h e e x a ct D E Q of f or m ati o n a n d

pr o p a g ati o n of r el ati v e v ol u m e ε L i n T H Ms ( 1 2, 1 3, 1 4 a n d

1 8) c o ul d b e t h e b asis of t h e D E Q of q u a nt a, t h e S c hr ö di n g er

e q u ati o n, S E Q. M or e o v er, t h e f ull d y n a mi cs of v ol u m e c o ul d

pr o vi d e t h e p ost ul at es of q u a nt u m p h ysi cs.

I n t his c h a pt er, w e d eri v e t h e p ost ul at es of q u a nt u m p h ysi cs 1 .

F or it, w e us e t h e b asi c pri n ci pl es of t h e S Q, s e e c h a pt er ( 2),

a n d w e a p pl y c o ns e q u e n c es of t h es e b asi c pri n ci pl es, s e e Fi g.

( 1 2. 3).

T h e d eri v e d p ost ul at es 2 i n cl u d e t h e fi v e p ost ul at es pr es e nt e d

b y K u m ar ( 2 0 1 8) as w ell as t h e p ost ul at e a b o ut mi x e d st at es i n

( B all e nti n e, 1 9 9 8, p. 4 6). We b e gi n wit h t h e p ost ul at e a b o ut

t h e ti m e e v ol uti o n.

1 4. 1 Ti m e e v ol u ti o n

I n t his s e cti o n, w e d eri v e t h e p ost ul at e a b o ut t h e ti m e e v ol uti o n,

( K u m ar, 2 0 1 8, p. 1 7 0):

1 E arli er d eri v ati o n s, s e e C ar m e si n ( 2 0 2 2 d), C ar m e si n ( 2 0 2 2 a), C ar m e si n ( 2 0 2 2f), i n-
cl u d e t h e F D A at s o m e p oi nt s. I n t hi s b o o k, w e p r o vi d e a n e x a ct d e ri v ati o n.

2 Hil b ert et al. ( 1 9 2 8) p r o p o s e d a n e arl y s y st e m of p o st ul at e s, f or i n st a n c e.

1 5 3
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P o s t ul a t e 1 Ti m e e v ol u ti o n

’ T h e ti m e e v ol uti o n of t h e st at e v e ct o r i s g o v e r n e d b y t h e ti m e-

d e p e n d e nt S c h r ö di n g e r e q u ati o n, S E Q, s e e ( S c h r ö di n g e r, 1 9 2 6 b,

E q. ( 4 ” ) ):

i ∂ t|ψ = Ĥ |ψ , ( 1 4. 1)

w h e r e Ĥ i s t h e H a milt o n o p e r at o r c o r r e s p o n di n g t o t h e t ot al

e n e r g y of t h e s y st e m.’

H er e b y, t h e w a v e f u n cti o n |ψ r e pr es e nts a c o m pl e x v al u e d f u n c-

ti o n. T h us, t h e c o m pl e x c o nj u g at e f u n cti o n f ul fills t h e D E Q

wit h a n o p p osit e si g n, s e e ( S c hr ö di n g er, 1 9 2 6 b, p. 1 1 2 or § 1):

− i ∂ t|ψ
∗ = Ĥ |ψ ∗ , ( 1 4. 2)

T h us, i n q u a nt u m p h ysi cs, t h e si g n i n t h e S E Q is a c o n v e nti o n.

T h e n c e, m or e a d e q u at el y, t h e s q u ar e of t h e S E Q h ol ds, t his

c orr es p o n ds t o t h e L or e nt z i n v ari a nt e q u ati o n i n T H M ( 1 4).

D e ri v a ti o n: T h e v ol u m e pr o p a g at es a c c or di n g t o t h e f oll o wi n g

D E Q, s e e p art ( 3) i n T H M ( 1 3), f or a n i n v ari a nt f or m ul ati o n,

s e e T H M ( 1 4):

∂ τ ε (τ, L ) = − ∂ L ε (τ, L ) · c ( 1 4. 3)

We a p pl y a n a d diti o n al d eri v ati v e wit h r es p e ct t o ti m e τ (i n or-

d er t o a d diti o n all y d eri v e t h e l at er p ost ul at e a b o ut pr o b a bilisti c

o ut c o m es):

∂ τ ε̇ ( τ, L ) = − ∂ L ε̇ ( τ, L ) · c ( 1 4. 4)

H er e b y, w e m ar k t h e ti m e d eri v ati v e wit h a d ot:

∂ τ ε (τ, L ) = ε̇ (τ, L ) ( 1 4. 5)

I n or d er t o d eri v e t h e us u al S E Q, w e m ulti pl y b y i a n d b y

a n or m ali z ati o n f a ct or tn :

i ∂ τ · tn · ε̇ (τ, L ) = − i ∂ L · tn · ε̇ (τ, L ) · c ( 1 4. 6)
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H er e b y, t h e n or m ali z ati o n f a ct or tn is c h os e n s o t h at t h e pr o d u ct

tn ·ε̇ (τ, L ) is n or m ali z e d, w h er e b y t h e n or m i n t h e c orr es p o n di n g

s p a c e of t h e f u n cti o ns tn · ε̇ (τ, L ) is us e d, s e e e. g. Tes c hl ( 2 0 1 4)

or ( K u m ar, 2 0 1 8, p. 1 8). M or e o v er, i n or d er t o d eri v e t h e

tr a diti o n al f or m ( K u m ar, 2 0 1 8, p. 1 8) of t h e S E Q, w e n a m e t h e

f u n cti o n tn · ε̇ (τ, L ) w a v e f u n c ti o n ψ :

ψ (τ, L ) = tn · ε̇ (τ, L ) ( 1 4. 7)

H er e b y, t h e w a v e f u n cti o n m a y b e e x pr ess e d b y t h e Di r a c n o-

t a ti o n alt er n ati v el y ( K u m ar, 2 0 1 8, s e cti o n 4. 2):

ψ (τ, L ) = |ψ ( 1 4. 8)

1 4. 1. 1 C o r r e s p o n d e n c e of o p e r a t o r s a n d o b s e r v a bl e s

If t h e a p pli c a ti o n of a n o p e r a t o r t o t h e w a v e f u n c ti o n

p r o vi d e s a p h y si c al q u a n ti t y, t h e n t h a t o p e r a t o r c a n b e

u s e d t o r e p r e s e n t t h a t m e a s u r a bl e p h y si c al q u a n ti t y o r

o b s e r v a bl e. S u c h a c orr es p o n d e n c e of p h ysi c al q u a ntiti es a n d

o p er at ors is n a m e d c o r r e s p o n d e n c e p ri n ci pl e , s e e e. g. B o hr

( 1 9 2 0), ( K u m ar, 2 0 1 8, p. 2 6 7). F or i nst a n c e, t h e m o m e nt u m

o p er at or

p̂ = − i ∂ L ( 1 4. 9)

pr o vi d es t h e m o m e nt u m:

− i ∂ L tn e x p( − i ωt + i k L) = k · tn e x p( − i ωt + i k L) ( 1 4. 1 0)

= p · tn e x p( − i ωt + i k L) ( 1 4. 1 1)

A c c or di n g t o t h e us u al c o n v e nti o n, s e e e. g. ( K u m ar, 2 0 1 8, p.

2 6 7), t h e a b o v e pl a n e w a v e pr o p a g at es i n w ar ds.

Wit h it, t h e D E Q ( 1 4. 6) of t h e pr o p a g ati o n of v ol u m e t a k es

t h e f oll o wi n g f or m:

i ∂ τ · |ψ = p̂ · c · |ψ ( 1 4. 1 2)
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1 4. 1. 2 P r o p a g a ti o n of v ol u m e a t v = c

As n at ur al v ol u m e pr o p a g at es at t h e v el o cit y v = c , it h as z er o

r est m ass m 0 . S o it is q u a nti z e d, s e e T H M ( 5). M or e o v er, t h e

e n er g y E is e q u al t o t h e pr o d u ct of t h e m o m e nt u m p a n d t h e

v el o cit y c of li g ht ( L a n d a u a n d Lifs c hit z, 1 9 7 1, E q. 9. 6):

E = p · c ( 1 4. 1 3)

H er e b y, t h e e n er g y E is d es cri b e d b y t h e H a milt o ni a n H ( K u-

m ar, 2 0 1 8, p. 2 3):

H = p · c ( 1 4. 1 4)

A c c or di n gl y, t h e H a milt o n o p er at or is t h e m o m e nt u m o p er at or

i n E q. ( 1 4. 9) m ulti pli e d b y c :

Ĥ = p̂ · c ( 1 4. 1 5)

S o, w e d eri v e t h e f oll o wi n g D E Q of t h e pr o p a g ati o n of n at-

ur al v ol u m e:

i ∂ t · |ψ = Ĥ · |ψ ( 1 4. 1 6)

We i d e ntif y t h e a b o v e D E Q of t h e pr o p a g ati o n of n at ur al v ol-

u m e wit h t h e S c hr ö di n g er e q u ati o n ( 1 4. 1). S o, n at ur al v ol u m e

pr o p a g at es a c c or di n g t o t h e S c hr ö di n g er e q u ati o n, S E Q. We

s u m m ari z e o ur fi n di n g:

T h e o r e m 2 3 V ol u m e a n d i t s d y n a mi c s i m pl y t h e S E Q

( 1 ) T h e n at u r al v ol u m e p r o p a g at e s a c c o r di n g t o t h e S c h r ö di n g e r

e q u ati o n, S E Q:

i ∂ τ · |ψ = Ĥ · |ψ ( 1 4. 1 7)

( 2 ) T h e D E Q of t h e p r o p a g ati o n of n at u r al v ol u m e i m pli e s t h e

p o st ul at e ( 1 ) a b o ut t h e ti m e e v ol uti o n of q u a nt u m p h y si c s, r e p-

r e s e nt e d b y t h e S E Q.
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1 4. 1. 3 D e ri v a ti o n: S E Q a p pli c a bl e t o m a t t e r

N at ur al v ol u m e pr o p a g at es a c c or di n g t o t h e S E Q, s e e T H M

( 2 3). M att er f or ms fr o m v ol u m e vi a p h as e tr a nsiti o ns, s e e

f or i nst a n c e Hi g gs ( 1 9 6 4), A a d et al. ( 2 0 1 2), C ar m esi n ( 2 0 2 1 a,

2 0 2 2 e, c, 2 0 1 9 b, 2 0 2 0 b).

Si mil arl y, i c e c a n f or m fr o m w at er b y a p h as e tr a nsiti o n.

T h er e b y, t h e s a m e f u n d a m e nt al l a ws of p h ysi cs ar e a p pli c a bl e

t o w at er m ol e c ul es i n li q ui d w at er, s oli d w at er a n d g as e o us w a-
t er. I n g e n er al, t h e s a m e f u n d a m e nt al l a ws of p h ysi cs ar e a p-

pli c a bl e b ef or e, d uri n g a n d aft er a p h as e tr a nsiti o n, s e e e. g.

v a n d er W a als ( 1 8 7 3), L a n d a u ( 1 9 3 7), L a n d a u a n d Lifs c hit z

( 1 9 8 0), C ar m esi n et al. ( 1 9 8 6), Kl e e et al. ( 1 9 8 8), C ar m esi n

et al. ( 1 9 8 9), C ar m esi n ( 1 9 9 5).

A c c or di n gl y, t h e S E Q is a p pli c a bl e t o v ol u m e b ef or e, d uri n g

a n d aft er t h e p h as e tr a nsiti o n t o m att er. T h us, m att er a n d si m-

il arl y a nti m att er pr o p a g at e a c c or di n g t o t h e S E Q. F or i nst a n c e,

t h e S E Q is a p pli c a bl e t o a n el e ctr o n. H er e b y, v ari o us t h e ori es

of q u a nt u m p h ysi cs c a n b e d eri v e d fr o m t h e p ost ul at es d eri v e d

h er e, s e e c h a pt er ( 1 5). We s u m m ari z e o ur fi n di n gs:

P r o p o si ti o n 5 S E Q i s a p pli c a bl e t o m a t t e r:

T h e S E Q i s a p pli c a bl e t o m att e r, a s v ol u m e g e n e r at e s m att e r

b y p h a s e t r a n siti o n s, a n d a s v ol u m e p r o p a g at e s a c c o r di n g t o t h e

S E Q.

1 4. 1. 4 A p pli c a ti o n of t h e S E Q t o m a t t e r

I n t his s e cti o n, w e d eri v e t h e p arti c ul ar f or m of ti m e e v ol uti o n

of a n o bj e ct wit h n o n z er o r est m ass m 0 . T h e gr o u p v el o cit y v g

of s u c h a n o bj e ct is sl o w er t h a n t h e v el o cit y of li g ht, s e e e. g.
K u m ar ( 2 0 1 8).

S u c h a n o bj e ct h as a n e n er g y m o m e nt u m r el ati o n as f oll o ws

( L a n d a u a n d Lifs c hit z, 1 9 7 1, E q. 9. 6):

E 2 = p 2 · c 2 + m 2
0 · c 4 ( 1 4. 1 8)
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I n or d er t o o bt ai n t h e r es p e cti v e H a milt o n o p er at or, w e a p pl y

t h e s q u ar e r o ot, w e e x pr ess t h e e n er g y b y t h e H a milt o ni a n H

( K u m ar, 2 0 1 8, p. 2 3), a n d w e r e pl a c e t h e o bs er v a bl es H a n d p

b y t h e r es p e cti v e o p er at ors ( K u m ar, 2 0 1 8, s e cti o n 2. 7):

Ĥ = p̂ 2 · c 2 + m 2
0 · c 4 (1 4. 1 9)

I n or d er t o o bt ai n t h e c orr es p o n di n g S E Q, w e a p pl y t h e p arti c-

ul ar f or m of t h e H a milt o n o p er at or t o t h e g e n er al f or m of t h e

S E Q ( 1 4. 1 7):

i ∂ τ · |ψ = p̂ 2 · c 2 + m 2
0 · c 4 · |ψ ( 1 4. 2 0)

S o, o bj e cts wit h r est m ass pr o p a g at e a c c or di n g t o t h e S E Q.

1 4. 1. 5 Ti m e e v ol u ti o n a t p c ≪ m 0 c
2

I n t his s e cti o n, w e a n al y z e t h e c as e of a n o bj e ct pr o p a g ati n g

r el ati v el y sl o w s o t h at t h e e n er g y of t h e r est m ass m 0 c
2 is l ar g e

c o m p ar e d t o t h e pr o d u ct p c . F or it, w e a p pl y t h e H a milt o ni a n

i n E q. ( 1 4. 1 9), w h er e b y w e f a ct ori z e m 0 c
2 :

Ĥ = m 0 c
2 · 1 + p̂ 2 / (m 2

0 · c 2 ) ( 1 4. 2 1)

If t h e fr a cti o n i n t h e a b o v e E q. is r el ati v el y s m all c o m p ar e d t o

o n e, t h e n a li n e ar a p pr o xi m ati o n is a p pr o pri at e:

Ĥ = m 0 c
2 · 1 +

p̂ 2

2 m 2
0 · c 2

(1 4. 2 2)

I n t h e a b o v e E q., w e e v al u at e t h e pr o d u ct:

Ĥ = m 0 c
2 +

p̂ 2

2 m 0
(1 4. 2 3)

I n n o n-r el ati visti c p h ysi cs, t h e e n er g y of t h e r est m ass m 0 c
2 is

n ot c o nsi d er e d i n t h e H a milt o ni a n ( L a n d a u a n d Lifs c hit z, 1 9 6 5,

§ 1 7). S o, m 0 c
2 is s u btr a ct e d fr o m t h e r el ati visti c H a milt o ni a n:

Ĥ n o n − r el ati vi sti c = Ĥ − m 0 c
2 =

p̂ 2

2 m 0
(1 4. 2 4)
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T h us, t h e n o n-r el ati visti c S E Q is d eri v e d b y i ns erti n g t h e n o n-

r el ati visti c H a milt o ni a n i nt o t h e g e n er al S E Q ( 1 4. 1 7):

i ∂ τ · |ψ = Ĥ n o n − r el ati vi sti c · |ψ or

i ∂ τ · |ψ =
p̂ 2

2 m 0
· |ψ n o n − r el ati visti c S E Q ( 1 4. 2 5)

T h at f or m of t h e S E Q is v er y p o p ul ar, K u m ar ( 2 0 1 8), ( L a n d a u

a n d Lifs c hit z, 1 9 6 5, § 1 7), a n d a n o n-r el ati visti c f or m h as b e e n

s u g g est e d b y ( S c hr ö di n g er, 1 9 2 6 b, E q. 4 ”). We s u m m ari z e:

T h e o r e m 2 4 V ol u m e i m pli e s t h e n o n- r el a ti vi s ti c S E Q

( 1 ) A s m att e r f o r m s f r o m v ol u m e b y a p h a s e t r a n siti o n, v ol u m e

a n d m att e r p r o p a g at e a c c o r di n g t o t h e S E Q. Si mil a rl y, a nti m at-

t e r p r o p a g at e s a c c o r di n g t o t h e S E Q.

( 2 ) T h e r el ati vi sti c S E Q f o r o bj e ct s at v = c ( T H M 2 3 ) i m pli e s

t h e S E Q f o r o bj e ct s at v < c i n it e m s ( 3, 4, 5, 6 ). S o, al s o

o bj e ct s wit h a n o n z e r o r e st m a s s m 0 a r e d e s c ri b e d b y t h e S E Q

d e ri v e d h e r e.

( 3 ) O bj e ct s of m att e r o r a nti m att e r h a v e n o n z e r o r e st m a s s m 0

a n d p r o p a g at e a c c o r di n g t o t h e S E Q a s f oll o w s:

i ∂ τ · |ψ = p̂ 2 · c 2 + m 2
0 · c 4 · |ψ ( 1 4. 2 6)

( 4 ) I n t h e c a s e of r el ati v el y s m all ki n eti c e n e r g y d e n sit y, p · c ≪

m 0 ·c
2 , t h e f oll o wi n g n o n- r el ati vi sti c H a milt o ni a n i s a p p r o p ri at e:

Ĥ n o n − r el ati vi sti c = Ĥ − m 0 c
2 =

p̂ 2

2 m 0
(1 4. 2 7)

Wit h it, t h e D E Q of t h e p r o p a g ati o n of v ol u m e i m pli e s t h e f ol-

l o wi n g f o r m of t h e S E Q:

i ∂ τ · |ψ =
p̂ 2

2 m 0
· |ψ n o n − r el ati visti c S E Q ( 1 4. 2 8)
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( 5 ) M o r e g e n e r all y, a p ot e nti al V p ot i s a d d e d. Wit h it, t h e D E Q

of t h e p r o p a g ati o n of v ol u m e i m pli e s t h e f oll o wi n g f o r m of t h e

S E Q, w hi c h h ol d s f o r m att e r:

i ∂ τ |ψ =
p̂ 2

2 m 0
+ V p ot |ψ n o n − r el ati visti c S E Q ( 1 4. 2 9)

( 6 ) E v e n m o r e g e n e r all y, a n i nt e r a cti o n c a n b e i n cl u d e d i n t h e

S E Q b y u si n g t h e p ri n ci pl e of g a u g e i n v a ri a n c e, s e e e. g. L a n-

d a u a n d Lif s c hit z ( 1 9 7 1 ), W ei n b e r g ( 1 9 9 6 ), C a r m e si n ( 2 0 2 1 e ),

C a r m e si n ( 2 0 2 2 e ).

( 7 ) T h e si g n i n t h e S E Q i s a c o n v e nti o n o nl y, ( S c h r ö di n g e r,

1 9 2 6 b, p. 1 1 2 ). T h u s, m o r e a d e q u at el y, t h e s q u a r e of t h e S E Q

d e s c ri b e s n at u r e. I n d e e d, t h at s q u a r e i s b a si c all y L o r e nt z i n v a ri-

a nt, s e e T H M ( 1 4 ).

( 8 ) T h e w a v e f u n cti o n i s e q u al t o t h e r at e of f o r m ati o n of v ol-

u m e, m ulti pli e d b y a n o r m ali z ati o n f a ct o r tn :

ψ (τ, L ) = tn · ε̇ (τ, L ) ( 1 4. 3 0)

M o r e a d e q u at el y, y o u c a n o mit t h e n o r m ali z ati o n, i n o r d e r t o

u s e t h e f ull i nf o r m ati o n a b o ut t h e r at e. I n Q P, t h at i nf o r m ati o n

i s n ot p r o vi d e d, s o t h at t h e p r e s e nt t h e o r y of t h e d y n a mi c v ol u m e

i n cl u d e s q u a nt u m t h e o r y. B ut q u a nt u m t h e o r y d o e s n ot i n cl u d e

t h e p r e s e nt t h e o r y of t h e d y n a mi c s of v ol u m e.

1 4. 2 Hil b e r t s p a c e

I n t his s e cti o n, w e d eri v e t h e f oll o wi n g p ost ul at e a b o ut Hil b ert

s p a c e ( K u m ar, 2 0 1 8, p. 1 6 8):

P o s t ul a t e 2 Hil b e r t s p a c e

’ T h e st at e of a q u a nt u m m e c h a ni c al s y st e m, at a gi v e n i n st a nt

of ti m e, i s d e s c ri b e d b y a v e ct o r |Ψ( t) , i n t h e a b st r a ct Hil b e rt

s p a c e H of t h e s y st e m.’
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D e ri v a ti o n: V ol u m e a n d m att er pr o p a g at e a c c or di n g t o t h e

S E Q, s e e t h e or e ms ( 1 2, 2 3, 2 4). S o, v ol u m e a n d m att er pr o p-

a g at e a c c or di n g t o a li n e ar D E Q. T h e ti m e d eri v ati v e of a s o-

l uti o n of t h at D E Q, ε̇ (τ, L ), is us e d as a w a v e f u n cti o n Ψ, s e e

s e cti o n ( 1 4. 1). I n t h e Dir a c n ot ati o n, a w a v e f u n cti o n Ψ is

n a m e d a st at e |Ψ .

T h er e b y, t w o w a v e f u n cti o ns, Ψ 1 (τ, L ) a n d Ψ 2 (τ, L ), f or m a

s c al ar pr o d u ct as f oll o ws:

Ψ 1 |Ψ 2 = d 3 L Ψ ∗
1 (τ, L ) · Ψ 2 (τ, L ) ( 1 4. 3 1)

H er e b y, t h e s u p ers cri pt ∗ m ar ks t h e c o m pl e x c o nj u g at e v al u e,

t his is n o w a d a ys us u al i n q u a nt u m p h ysi cs, s e e e. g. Gri ffit hs

( 1 9 9 4), B all e nti n e ( 1 9 9 8), S c h e c k ( 2 0 1 3), K u m ar ( 2 0 1 8).

B as e d o n t h at s c al ar pr o d u ct, a st at e |Ψ is m ulti pli e d b y a

n or m ali z ati o n f a ct or tn s o t h at t h e f oll o wi n g s c al ar pr o d u ct is

e q u al t o o n e:

Ψ · tn |Ψ · tn = d 3 r Ψ ∗ (r, t ) · Ψ( r, t ) · |tn |2 = 1 ( 1 4. 3 2)

N e xt, w e s h o w t h at t h es e st at es f or m a Hil b ert s p a c e H :

T h e st at es Ψ( r, t ) f or m a c o m pl e t e v e c t o r s p a c e , as t h e y

ar e s ol uti o ns of t h e li n e ar a n d h o m o g e n e o us S E Q, s o t h at t h e y

f or m a li n e ar v e ct or s p a c e, a n d s o t h at t h e y i n cl u d e all li n e ar

c o m bi n ati o ns of st at es Ψ( r, t ), i n cl u di n g F o uri er i nt e gr als, f or

i nst a n c e. T h es e f or m a c o m pl et e Hil b ert s p a c e H , s e e e. g.

( Tes c hl, 2 0 1 4, p. 4 7) or ( S a k ur ai a n d N a p olit a n o, 1 9 9 4, p. 5 7).

Alt o g et h er, t h e s ol uti o ns of t h e D E Q of v ol u m e or m att er f or m

a Hil b ert s p a c e H . We s u m m ari z e o ur fi n di n g.

T h e o r e m 2 5 V ol u m e i m pli e s t h e Hil b e r t s p a c e of s t a t e s

( 1 ) A s n at u r al v ol u m e p r o p a g at e s a c c o r di n g t o t h e S c h r ö di n g e r

e q u ati o n, t h e st at e s of v ol u m e a r e t h e s ol uti o n s of t h e S E Q, s o

t h at t h e y f o r m a Hil b e rt s p a c e H .
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( 2 ) A s s ol uti o n s of t h e D E Q of w a v e p a c k et s of v ol u m e o r m att e r

at v < c o b e y t h e n o n- r el ati vi sti c S c h r ö di n g e r e q u ati o n, s u c h

s ol uti o n s f o r m a Hil b e rt s p a c e H a s w ell.

( 3 ) A s t h e r at e s ε L of r el ati v e a d diti o n al v ol u m e a r e s ol uti o n s

of t h e li n e a r D E Q i n T H M s ( 3 8 ) o r ( 1 8 ), t h e s e r at e s f o r m a

Hil b e rt s p a c e H a s w ell.

1 4. 3 O b s e r v a bl e s a n d o p e r a t o r s

I n t his s e cti o n, w e d eri v e t h e f oll o wi n g p ost ul at e a b o ut t h e r el a-

ti o n b et w e e n o bs er v a bl es a n d o p er at ors ( K u m ar, 2 0 1 8, p. 1 6 9):

P o s t ul a t e 3 O b s e r v a bl e s c o r r e s p o n d t o o p e r a t o r s

’ A m e a s u r a bl e p h y si c al q u a ntit y A ( c all e d a n o b s e r v a bl e o r d y-

n a mi c p h y si c al q u a ntit y ), i s r e p r e s e nt e d b y a li n e a r a n d h e r mi-

ti a n o p e r at o r ˆA a cti n g i n t h e Hil b e rt s p a c e of st at e v e ct o r s.’

C o r r e s p o n d e n c e p ri n ci pl e: We r e mi n d t h e c orr es p o n-

d e n c e of o p er at ors a n d p h ysi c al q u a ntiti es, s e e s e cti o n ( 1 4. 1. 1):

If t h e a p pli c a ti o n of a n o p e r a t o r t o t h e w a v e f u n c ti o n

p r o vi d e s a p h y si c al q u a n ti t y, t h e n t h a t o p e r a t o r c a n b e

u s e d t o r e p r e s e n t t h a t p h y si c al q u a n ti t y. T h e p ost ul at e

e xt e n ds t h e a b o v e c orr es p o n d e n c e b y a n a d diti o n al r e q uir e m e nt:

T o e a c h m e as ur a bl e p h ysi c al q u a ntit y A , t h er e c orr es p o n ds a

h er miti a n o p er at or ˆA a cti n g i n t h e Hil b ert s p a c e.

D e ri v a ti o n:

( 1) As t h e v ol u m e a n d t h e st at es a c hi e v e d b y p h as e tr a nsiti o ns

of v ol u m e i n cl u d e v ol u m e a n d m att er, a n d as t h e q u a nti z ati o n

is u ni v ers al ( T H M 5), e a c h p h ysi c al st at e is d es cri b e d b y t h e

S E Q or b y a n e q u ati o n d eri v e d fr o m t h e S E Q.

( 2) C o ns e q u e ntl y, e a c h p h ysi c al st at e is a s ol uti o n of t h e S E Q.

( 3) As a c o ns e q u e n c e, e a c h p h ysi c al st at e is a st at e v e ct or |st at e

i n t h e Hil b ert s p a c e H of t h e S E Q.
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( 4 a) C o ns e q u e ntl y, e a c h p h y si c al f u n c ti o n A is a f u n cti o n

A (|st at e ) of at l e ast o n e st at e v e ct or |st at e .

( 4 b) At first or d er, a p h ysi c al f u n cti o n A is a li n e ar f u n cti o n
ˆA |st at e of at l e ast o n e st at e v e ct or |st at e . T h at c as e is c o v-

er e d b y t h e p ost ul at e ( 3). T h us, t h e pr es e nt p ost ul at e i n cl u d es

t h e c o n v e nti o n t h at a p h ysi c al f u n cti o n of first or d er is a m e a-

s u r a bl e p h y si c al q u a n ti t y o r o b s e r v a bl e .

( 4 bα ) H er e b y, t h e li n e ar f u n cti o n is r e pr es e nt e d b y a li n e ar o p-

er at or ˆA a cti n g i n t h e Hil b ert s p a c e of st at e v e ct ors.

( 4 bβ ) As e a c h o ut c o m e of a m e as ur e m e nt is r e al a n d m e m b er

of a dis cr et e or c o nti n u o us s et, t h e li n e ar o p er at or is a h er mi-

ti a n ( or s elf- a dj oi nt) o p er at or, as s u c h o p er at ors pr o vi d e r e al

ei g e n v al u es t h at ar e m e m b ers of a dis cr et e or c o nti n u o us s et of

ei g e n v al u es ( Tes c hl, 2 0 1 4, T H M 3. 6 or s p e ctr al t h e or e m):

ˆA = ˆA † ( 1 4. 3 3)

( 4 c) At s e c o n d or d er, a p h ysi c al f u n cti o n A is a q u a dr ati c f u n c-

ti o n A (|st at e 2 ) of at l e ast o n e st at e v e ct or |st at e . T h at c as e

is c o v er e d b y t h e p ost ul at e ( 1 4. 6) b el o w. It will t ur n o ut t h at

t h e s e c o n d or d er gi v es ris e t o a v ari et y of pr o b a bilit y d e nsiti es

ρ , i n cl u di n g mi x e d st at es i n p ost ul at e ( 6) a n d e nt a n gl e m e nt i n

s e cti o n ( 1 4. 1 0) b el o w.

( 4 d) At or d er n ≥ 3, a p h ysi c al f u n cti o n A is a n n − t h p o w er

A (|st at e n ) of at l e ast o n e st at e v e ct or |st at e . T h at c as e is

ess e nti al i n di m e nsi o n al p h as e tr a nsiti o ns i n c h a pt er ( 2 2 b el o w.

We s u m m ari z e o ur d eri v ati o n.

T h e o r e m 2 6 O b s e r v a bl e s a n d h e r mi ti a n o p e r a t o r s

O b s e r v a bl e s a n d o p e r at o r s a r e r el at e d a s f oll o w s:

( 1 ) A c c o r di n g t o s e cti o n ( 1 4. 1 ), t h e p h y si c al st at e s of v ol u m e

a n d of m att e r f ul fill t h e S E Q. C o r r e s p o n di n g t o u ni v e r s al q u a n-

ti z ati o n ( T H M 5 ), all p h y si c al st at e s f ul fill t h e S E Q.
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( 2 ) A s a c o n s e q u e n c e, all p h y si c al st at e s a r e s ol uti o n s of of t h e

S E Q o r of a D E Q d e ri v e d f r o m t h e S E Q ( c h a pt e r 1 5 ).

( 3 ) A s a c o n s e q u e n c e, all st at e s f o r m a Hil b e rt s p a c e H .

( 4 a ) C o n s e q u e ntl y, e a c h p h y si c al f u n c ti o n A i s a f u n cti o n

A (|st at e ) of at l e a st o n e st at e v e ct o r |st at e .

( 4 b ) At fi r st o r d e r, a p h y si c al f u nti o n A i s a li n e a r f u n cti o n
ˆA |st at e of at l e a st o n e st at e v e ct o r |st at e . T h at c a s e i s c o v e r e d

b y t h e p o st ul at e ( 3 ). T h u s, t h e p o st ul at e d e s c ri b e s a s u b s et of

p o s si bl e p h y si c al f u n cti o n s A . T h e q u a ntiti e s i n t hi s s u b s et a r e

c all e d o b s e r v a bl e s o r m e a s u r a bl e p h y si c al f u n c ti o n s , a s a

c o n v e nti o n. T hi s d o e s n ot r e st ri ct t h e g e n e r alit y of t h e s y st e m of

p o st ul at e s, a s hi g h e r o r d e r p h y si c al f u n c ti o n s a r e d e s c ri b e d

b y l at e r p o st ul at e s, s e e b el o w. H e r e b y, t h e li n e a r f u n cti o n i s

r e p r e s e nt e d b y a h e r miti a n ( o r s elf- a dj oi nt ) li n e a r o p e r at o r ˆA

a cti n g i n t h e Hil b e rt s p a c e of st at e v e ct o r s.

ˆA = ˆA † ( 1 4. 3 4)

( 4 c ) At s e c o n d o r d e r, a p h y si c al f u n cti o n A i s a q u a d r ati c f u n c-

ti o n A (|st at e 2 ) of at l e a st o n e st at e v e ct o r |st at e . T h at c a s e

d e s c ri b e s p r o b a biliti e s, s e e p o st ul at e ( 1 4. 6 ), mi x e d st at e s, s e e

p o st ul at e ( 6 ) a n d e nt a n gl e m e nt, s e e s e cti o n ( 1 4. 1 0 ).

( 4 d ) At o r d e r n ≥ 3 , a p h y si c al f u n cti o n A i s a n n − t h p o w e r

A (|st at e n ) of at l e a st o n e st at e v e ct o r |st at e .

( 5 ) Alt o g et h e r, t h e a b o v e it e m s d e ri v e t h e p o st ul at e.

C o r oll a r y 1 9 O b s e r v a bl e s c o r r e s p o n d t o o p e r a t o r s

A c c o r di n g t o T H M ( 2 6 ), r el ati v e a d diti o n al v ol u m e p r o vi d e s

m a n y p h y si c al f u n cti o n s a n d o b s e r v a bl e s o r m e a s u r a bl e p h y s-

i c al q u a ntiti e s. M o r e o v e r, r el ati v e a d diti o n al v ol u m e p r o vi d e s

t h e f oll o wi n g p r o p e rti e s:

( 1 ) R el ati v e a d diti o n al v ol u m e ε L p r o p a g at e s at v = c . T h u s,

it i s q u a nti z e d i n t h e u ni v e r s al m a n n e r, s e e T H M ( 5 ). H e n c e,
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it c a n b e d e s c ri b e d b y t h e w a v e f u n cti o n Ψ = tn · ε̇ L . T h e n c e,

q u a nt u m p h y si c al o b s e r v a bl e s c o r r e s p o n d t o o p e r at o r s.

( 2 a ) T h e r e b y, r el ati v e a d diti o n al v ol u m e ε L p r o vi d e s t h e f oll o w-

i n g p r o p e rti e s:

( 2 b ) T h e r at e ε̇ L i n cl u d e s a d e s c ri pti o n of g r a vit y, s e e T H M ( 1 7,

9 ). T h u s, t h e q u a nt a i n p a rt ( 1 ) i n cl u d e t h e q u a nt u m p h y si c al

d e s c ri pti o n of g r a vit y.

( 2 c ) T h e v ol u m e a n d t h e r el ati v e a d diti o n al v ol u m e ε L s h o ul d

r e p r e s e nt t h e s a m e v ol u m e. T h u s, t h e r el ati v e a d diti o n al v ol-

u m e p r o vi d e s c u r v at u r e of s p a c eti m e a n d it s st r u ct u r e a s w ell

a s p r o p a g ati o n, s e e T H M s ( 1, 9, 1 2 ). T h u s, t h e q u a nt a i n p a rt

( 1 ) c o n stit ut e t h e q u a nti z ati o n of c u r v at u r e of s p a c eti m e.

( 2 d ) F u rt h e r m o r e, t h e r el ati v e a d diti o n al v ol u m e ε L p r o vi d e s t h e

e x p a n si o n of s p a c e si n c e t h e Bi g B a n g, s e e c h a pt e r s ( 7, 9, 1 1, 1 0,

1 2 ). T h u s, t h e q u a nt a i n p a rt ( 1 ) c o n stit ut e t h e q u a nti z ati o n of

t h e e x p a n si o n of s p a c e si n c e t h e Bi g B a n g.

1 4. 4 O u t c o m e s of m e a s u r e m e n t s

I n t his s e cti o n, w e d eri v e t h e f oll o wi n g p ost ul at e a b o ut t h e r e-

l ati o n b et w e e n t h e p ossi bl e o ut c o m es of a m e as ur e m e nt a n d t h e

ei g e n v al u es ( K u m ar, 2 0 1 8, p. 1 6 9):

P o s t ul a t e 4 O u t c o m e s of m e a s u r e m e n t s a r e ei g e n v al u e s

’ T h e m e a s u r e m e nt of a n o b s e r v a bl e A i n a gi v e n st at e m a y b e

r e p r e s e nt e d f o r m all y b y t h e a cti o n of a n o p e r at o r ˆA o n t h e st at e

v e ct o r |Ψ( t) . T h e o nl y p o s si bl e o ut c o m e of s u c h a m e a s u r e m e nt

i s o n e of t h e ei g e n v al u e s, { a j } , j = 1 , 2 , 3 , . . . , of ˆA .’

D e ri v a ti o n: T h at p ost ul at e h as alr e a d y b e e n d eri v e d i n s e cti o n

( 1 4. 3), s e e it e m ( 4 b) i n t h e or e m ( 2 6).
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x in m m

Ψ

Fi g ur e 1 4. 1: W a v e p a c k et at t = 0: Ψ( t, x) = si n(k · x − ω · t) ·

e x p( − x 2

2 ·σ 2 ) (s oli d li n e). E n v el o p e ( d ott e d). k = 1 0 0 / m m a n d
σ = 4 m m.

1 4. 4. 1 O n t h e p h y si c al r e ali t y of a s t a t e

A n ei g e n v al u e p x of t h e m o m e nt u m o c c urs at a c orr es p o n di n g

ei g e nf u n cti o n. S u c h a n ei g e nf u n cti o n c a n b e a h ar m o ni c w a v e,

f or i nst a n c e. E. g., Ψ(x, t ) = tn ·si n(k ·x − ω ·t) is a n ei g e nf u n cti o n

of t h e m o m e nt u m p x = · k . H o w e v er, a h ar m o ni c f u n cti o n is

i n fi nit el y e xt e n d e d i n t h e x dir e cti o n. S u c h a f u n cti o n is n ot

p art of p h ysi c al r e alit y, as t h e li g ht h ori z o n pr es e nts a li mit of

o bs er v ati o n, s e e D E F ( 1 5).

A r e alisti c st at e is a w a v e p a c k et, s e e e. g. ( K u m ar, 2 0 1 8,

p. 6 1). F or i nst a n c e, t h e w a v e p a c k et i n Fi g. ( 1 4. 1) r e pr es e nts

a si n gl e w a v e f u n cti o n a n d it e x hi bits s e v er al ei g e n v al u es of t h e

m o m e nt u m. As t h at w a v e p a c k et r e pr es e nts a si n gl e w a v e f u n c-

ti o n, it is n a m e d a p ur e st at e, s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n

2. 3). A mi xt ur e of s e v er al w a v e f u n cti o ns is n a m e d mi x e d st at e.

T h es e ar e d es cri b e d i n s e cti o n ( 1 4. 7).

C o r oll a r y 2 0 S p e c t r u m of r el a ti v e a d di ti o n al v ol u m e

( 1 ) R el ati v e a d diti o n al v ol u m e ε L p r o p a g at e s at v = c . T h u s,
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it i s q u a nti z e d i n t h e u ni v e r s al m a n n e r, s e e T H M ( 5 ). If t h e

q u a nt a of r el ati v e a d diti o n al v ol u m e ε L p r o p a g at e i n f r e e s p a c e,

t h e n h a r m o ni c w a v e s wit h a b a si c all y c o nti n u o u s s p e ct r u m a r e

s ol uti o n s of t h e D E Q, s e e T H M ( 1 3 ).

( 2 ) R el ati v e a d diti o n al v ol u m e ε L c a n n ot b e r e fl e ct e d. T h u s,

it c a n n ot b e c a pt u r e d i n a r e s o n at o r. Si mil a rl y, it c a n n ot b e

c a pt u r e d b y a n y i nt e r a cti o n. R el ati v e a d diti o n al v ol u m e ε L al-

w a y s p r o p a g at e s i n t h e a v ail a bl e p o s si bl y c u r v e d s p a c e i n a f r e e

m a n n e r. W a v e s p r o p a g ati n g f r e el y i n s p a c e h a v e a c o nti n u o u s

s p e ct r u m.

( 3 ) Q u a nt a of r el ati v e a d diti o n al v ol u m e h a v e a c a u s al h o ri-
z o n, t h e li g h t h o ri z o n R L H . T h u s, c a u s all y c o n n e ct e d w a v e s

a r e li mit e d b y R L H . T h u s, t h e w a v e s h a v e a c a u s all y o p e n e n d at

R L H . H e n c e, t h e w a v el e n gt h s h a v e a n al m o st c o nti n u o u s s p e c-

t r u m. B a s e d o n t h at li mit ati o n b y R L H , t h e d e n sit y of v ol u m e

h a s b e e n d e ri v e d, s e e c h a pt e r ( 2 2 ).

( 4 ) Alt o g et h e r, i n n at u r al s p a c e, r el ati v e a d diti o n al v ol u m e h a s
a c a u s al li mit ati o n at t h e li g ht h o ri z o n at a st r o n o mi c all y l a r g e

w a v el e n gt h s. T h u s, t h e s p e ct r u m i s al m o st c o nti n u o u s.

1 4. 5 E n e r g y of a w a v e p a c k e t of a R G W

Q u e s ti o n : I n c h a pt er ( 4), w e a n al y z e d m o n o c hr o m ati c w a v es.

H o w e v er, a q u a nt u m o bj e ct r e pr es e nts a w a v e p a c k et, s e e Fi g.
( 1 4. 1) or C O R ( 9). W h at e n er g y E ω h as a w a v e p a c k et of a

R G W at a c e ntr al cir c ul ar fr e q u e n c y ω 0 ? I n t his s e cti o n, w e

a n al y z e t h at q u esti o n. T h er e b y, w e a c hi e v e a n es p e ci all y d e e p

u n d erst a n di n g of t h e z er o- p oi nt e n er g y.

1 4. 5. 1 M o d e s of a w a v e p a c k e t of a R G W

I d e a : A w a v e p a c k et is a s u p er p ositi o n of m a n y m o d es of v ar-

i o us w a v el e n gt hs. We d eri v e s u c h a s u p er p ositi o n b y usi n g

( C ar m esi n, 2 0 2 1 d, s e cti o n 5. 6. 4):
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S u p e r p o si ti o n of m o d e s i n a w a v e p a c k e t:

A w a v e p a c k et is p ol y c hr o m ati c. It c a n b e d es cri b e d as f oll o ws:

( 1) O r t h o n o r m al b a si s: It is c o n v e ni e nt t o a p pl y n or m ali z a-

ti o n f a ct ors ν . Wit h t h es e, w e us e f u n cti o ns, r e pr es e nti n g pl a n e

w a v es pr o p a g ati n g i n a dir e cti o n k :

b µ = ν b · e x p( i ωµ · τ ) a n d f µ = ν f · e x p( − ik µ · L ) ( 1 4. 3 5)

S o, w e o bt ai n a s et of ort h o n or m al b asis f u n cti o ns. H er e b y, w e

d e n ot e t h e c o m pl e x c o nj u g at e b y a st ar (f or i nst a n c e, f ∗
µ is t h e

c o m pl e x c o nj u g at e of f µ ):

f µ · f ∗
µ ′ d 3 L = δ µ, µ ′ ( 1 4. 3 6)

( 2) R e p r e s e n t a ti o n b y o r t h o n o r m al b a si s: I n t h at b asis,

a n R G W h as a m plit u d es ε̂ µ of t h e m o n o c hr o m ati c w a v es. S o

w e g et:

ε L (L, τ ) = Σ µ ε̂ µ · b µ (τ ) · f µ (L ) + ε µ, c o n st. ( 1 4. 3 7)

Si mil arl y, t h e p ot e nti als c a n b e e x pr ess e d wit h a m plit u d es φ̂ µ :

φ L (L, τ ) = Σ µ φ̂ µ · b µ (τ ) · f µ (L ) + φ µ, c o n st. ( 1 4. 3 8)

We a p pl y t his r e pr es e nt ati o n t o t h e e n er g y d e nsit y i n c h a pt ers

( 6, 1 1). T h er e b y t h e s q u ar es r e pr es e nt a bs ol ut e v al u es:

u R G W (ε L , φL ) =
c 2

8 π · G
· |ε̇ 2

L | −
|(∂ L φ L ) 2 |

8 π · G
(1 4. 3 9)

( 3) P ol a ri z a ti o n: T h e R G W c a n os cill at e i n v ari o us dir e cti o ns

r e pr es e nt e d b y t h e t e ns ors d e v el o p e d i n c h a pt er ( 1 0). I n or d er

t o pr o vi d e r el ati v el y s h ort f or m ul as, w e i n cl u d e t h es e t e ns ors i n

t h e a m plit u d e. S o t h e i n d e x µ s u m m ari z es t h e i n di c es of t h e

b asis f u n cti o n f µ , of t h e p ol ari z ati o n q , a n d of t h e t e ns or i a n d

j . S o w e g et:

ε̂ µ = ε̂ µ, a m plit u d e of f µ
· ε̂ q,i j ( 1 4. 4 0)
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C orr es p o n di n gl y, t h e i n di c es i n h er e nt t o µ m ust b e e x pli c at e d,

w h e n e v er t h e y b e c o m e ess e nti al.

( 4) S e p a r a ti o n of m o d e s µ : N e xt, w e s e p ar at e t h e m o d es µ

i n h er e nt t o |ε̇ 2
L |. F or it, w e e v al u at e |ε̇ 2

L | b y usi n g E q. ( 1 4. 3 7).

M or e o v er, w e r e pl a c e t h e a bs ol ut e v al u es of a s q u ar e z 2 of a

c o m pl e x n u m b er z b y t h e pr o d u ct z · z ∗ :

|ε̇ 2
L | = Σ µ, µ ′ ε̂ µ ε̂ µ ′ · ∂ τ b µ ∂ τ b

∗
µ ′ · f µ f ∗

µ ′ = Σ µ, µ ′ω µ ω µ ′ ε̂ µ ε̂ µ ′ · b µ b ∗
µ ′ · f µ f ∗

µ ′

( 1 4. 4 1)

A n al o g o usl y w e e v al u at e |(∂ L φ L ) 2 |:

|(∂ L φ L ) 2 | = Σ µ, µ ′ φ̂ µ φ̂ µ ′ · b µ b ∗
µ ′ · ∂ L f µ ∂ L f ∗

µ ′ ( 1 4. 4 2)

We e v al u at e t h e d eri v ati v e, a n d w e a p pl y φ̂ µ = ε̂ µ · c 2 ( T H M

1 3):

|(∂ L φ L ) 2 | = Σ µ, µ ′k µ k µ ′ ε̂ µ ε̂ µ ′ · c 4 · b µ b ∗
µ ′ · f µ f ∗

µ ′ ( 1 4. 4 3)

N e xt, w e i ns ert E qs. ( 1 4. 4 2) a n d ( 1 4. 4 3) i nt o E q. ( 1 4. 3 9):

u R G W (ε L , φL ) = Σ µ, µ ′ ε̂ µ ε̂ µ ′ · b µ b ∗
µ ′ · f µ f ∗

µ ′ ·
c 2 ω µ ω µ ′

8 π G
−

c 4 k µ k µ ′

8 π G

( 1 4. 4 4)

I n or d er t o d eri v e t h e e n er g y, w e i nt e gr at e o v er t h e s p a c e:

E R G W = u R G W d 3 L ( 1 4. 4 5)

( 5) M o d e s r a n gi n g u p t o R L H : I n t his p art w e i nt e gr at e t h e

m o d es r a n gi n g fr o m z er o t o w ar ds t h e li g ht h ori z o n. We c all t h e

c orr es p o n di n g e n er g y E R G W, L H . T h er e b y, t h e li g ht h ori z o n is a

f u n cti o n of ti m e d uri n g t h e e x p a nsi o n si n c e t h e Bi g B a n g, a n d

t h e ess e nti al li g ht h ori z o n h as b e e n el a b or at e d i n ( C ar m esi n

( 2 0 1 8 c, b, 2 0 1 9 b, a)). We a p pl y t h at r a n g e t o E q. ( 1 4. 4 5):

E R G W, L H = 4 π ·
R L H

0

L 2 · u R G W d L ( 1 4. 4 6)
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We i ns ert E q. ( 1 4. 4 4), a n d w e e v al u at e t h e i nt e gr al (s e e E q.

1 4. 3 6) as w ell as δ µ, µ ′. S o w e g et:

E R G W, L H =
1

2
· Σ µ ε̂ µ ε̂ µ · b µ b ∗

µ ·
c 2

G
· ω 2

µ − c 2 k 2
µ (1 4. 4 7)

( 6) G e n e r ali z e d c o o r di n a t e s of R G W s Q µ (t): We i ntr o d u c e

a c o o r di n a t e Q µ a n d its m o m e n t u m P µ wit h:

Q µ = ε̂ µ · b µ ·
c

√
G

a n d P µ = i
d Q µ

d τ
a n d P ∗

µ = − i
d Q ∗

µ

d τ

( 1 4. 4 8)

H e r e b y, w e i d e ntif y P µ as a g e n er ali z e d m o m e nt u m of Q µ : I n

g e n er al, a m o m e nt u m is a ti m e d eri v ati v e of a g e n er ali z e d c o or-

di n at e m ulti pli e d b y a g e n er ali z e d m ass or f a ct or of i n erti a. I n

t h e pr es e nt c as e, t h e g e n er ali z e d f a ct or of i n erti a is t h e c o m pl e x

u nit i.

We d et er mi n e d eri v ati v es as f oll o ws:

P µ P ∗
µ =

d Q µ

d τ

d Q ∗
µ

d τ
= ω 2

µ Q µ Q ∗
µ (1 4. 4 9)

M or e o v er w e utili z e k 2
µ · c 2 = ω 2

µ :

P µ P ∗
µ = k 2

µ · c 2 Q µ Q ∗
µ ( 1 4. 5 0)

We a p pl y E qs. ( 1 4. 4 9) a n d ( 1 4. 5 0) t o E q. ( 1 4. 4 7):

E R G W, L H =
1

2
· Σ µ Q µ Q ∗

µ · ω 2
µ − P µ P ∗

µ ( 1 4. 5 1)

F or e a c h m o d e, t his e n er g y is e x pr ess e d i n t er ms of a f o ur- v e ct or

of g e n er ali z e d c o or di n at es Q µ a n d m o m e nt a P µ, j wit h s p ati al

C art esi a n m o m e nt a P µ P ∗
µ = Σ 3

j = 1 P µ, j P ∗
µ, j :

p µ,i =







Q µ · ω µ

P µ, 1

P µ, 2

P µ, 3





 Wit h it w e g et: ( 1 4. 5 2)
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E R G W, L H = Σ µ E R G W, L H, µ wit h ( 1 4. 5 3)

E R G W, L H, µ =
1

2
· Σ j = 3

j = 0 p ∗
µ, j η̄ j j p µ, j wit h ( 1 4. 5 4)

η̄ 0 0 = 1 a n d η̄ 1 1 = η̄ 2 2 = η̄ 3 3 = − 1 . We s u m m ari z e : ( 1 4. 5 5)

T h e o r e m 2 7 M o d e s of w a v e p a c k e t s of R G W s:

T h e e n e r g y E R G W, L H of a w a v e p a c k et of a R G W i s a s f oll o w s:

( 1 ) E R G W, L H i s a s u m of e n e r gi e s of m o d e s:

E R G W, L H =
1

2
· Σ µ ε̂ µ ε̂ µ · b µ b ∗

µ ·
c 2

G
· ω 2

µ − c 2 k 2
µ (1 4. 5 6)

T h e a b o v e b r a c k et i s a r el ati vi sti c s q u a r e of t h e f oll o wi n g f o u r-

v e ct o r: 





ω µ

k µ, 1 · c

k µ, 2 · c

k µ, 3 · c





 ( 1 4. 5 7)

T h u s, t h at b r a c k et i s a L o r e nt z s c al a r a n d a L o r e nt z i n v a ri a nt.

( 2 ) T h e e n e r g y E R G W, L H of a w a v e p a c k et i s a s u m of e n e r gi e s

E R G W, L H, µ of it s m o d e s:

E R G W, L H = Σ µ E R G W, L H, µ wit h ( 1 4. 5 8)

E R G W, L H, µ =
1

2
· Σ j = 3

j = 0 p ∗
µ, j η̄ j j p µ, j or ( 1 4. 5 9)

E R G W, L H, µ =
1

2
· Q µ Q ∗

µ · ω 2
µ − P µ P ∗

µ (1 4. 6 0)

( 3 ) T h e r e b y, f o r e a c h m o d e, t h e e n e r g y E R G W, L H, µ i s a s q u a r e

of t h e f oll o wi n g f o u r- v e ct o r of a g e n e r ali z e d c o o r di n at e Q µ a n d

m o m e nt a P µ, j :

p µ,i =







Q µ · ω µ

P µ, 1

P µ, 2

P µ, 3





 ( 1 4. 6 1)



1 7 2 C H A P T E R 1 4. D E RI V A TI O N O F Q U A N T U M P O S T U L A T E S

T h u s, t h e e n e r g y E R G W, L H, µ of e a c h m o d e i s a L o r e nt z s c al a r

a n d a L o r e nt z i n v a ri a nt.

( 4 ) H e r e b y, f o r e a c h m o d e of t h e w a v e p a c k et, t h e g e n e r ali z e d

c o o r di n at e a n d m o m e nt a a r e t h e f oll o wi n g f u n cti o n s of t h e a m-

plit u d e ε̂ µ a n d of t h e ti m e e v ol uti o n b µ of t h e m o d e:

Q µ = ε̂ µ · b µ ·
c

√
G

a n d P µ = i
d Q µ

d τ
a n d P ∗

µ = − i
d Q ∗

µ

d τ
(1 4. 6 2)

C o n s e q u e ntl y, f o r e a c h m o d e, t h e e n e r g y E R G W, L H, µ i n cl u d e s t h e

a m plit u d e a n d ti m e e v ol uti o n of t h e m o d e.

1 4. 5. 2 H a mil t o n o p e r a t o r of a m o d e of a R G W

I d e a : A w a v e p a c k et of a R G W is a s u p er p ositi o n of m a n y

m o d es. F or e a c h m o d e, w e d eri v e t h e e n er g y o p er at or or H a mil-

t o n o p er at or. F or it, w e a p pl y t h e p ost ul at es ( 1, 2, 3, 4), s e e

s e cti o ns ( 1 4. 1, 1 4. 2, 1 4. 3, 1 4. 4). T h er e b y, t h e H a milt o n o p er at or

pr o vi d es t h e ti m e e v ol uti o n, s e e p ost ul at e ( 1).

E n e r g y o p e r a t o r of a m o d e:

( 1) H a mil t o n o p e r a t o r of a m o d e: E a c h m o d e h as t h e f ol-

l o wi n g e n er g y, s e e T H M ( 2 7):

E R G W, L H, µ =
1

2
· Q µ Q ∗

µ · ω 2
µ − P ∗

µ P µ (1 4. 6 3)

A c c or di n g t o t h e p ost ul at es ( 1- 4), s e cti o ns ( 1 4. 1, 1 4. 2, 1 4. 3, 1 4. 4),

w e i ntr o d u c e o p er at ors f or t h e o bs er v a bl es e n er g y E R G W, L H, µ ,

c o or di n at e Q̂ µ a n d m o m e nt u m P̂ µ . S o w e g et:

Ĥ µ =
1

2
· Q̂ µ

ˆQ ∗
µ · ω 2

µ − P̂ µ
ˆP ∗

µ (1 4. 6 4)

A c c or di n g t o t h e p ost ul at es ( 1- 4), s e cti o ns ( 1 4. 1, 1 4. 2, 1 4. 3, 1 4. 4),

e a c h g e n er ali z e d c o or di n at e a n d m o m e nt u m h a v e t h e f oll o wi n g

c o m m ut at or, s e e e. g. ( H eis e n b er g ( 1 9 2 7) or ( B all e nti n e, 1 9 9 8,

p. 7 8 or s e cti o ns 3. 3 a n d 3. 4) or ( Gr a w ert, 1 9 7 7, p. 3 7)):

Q̂ µ P̂ µ ′ − P̂ µ ′ Q̂ µ = [ Q̂ µ , P̂ µ ′] = i · · δ µ, µ ′ ( 1 4. 6 5)
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T his r el ati o n c a n b e d eri v e d as f oll o ws:

[Q̂ k , P̂ j ] Ψ = (Q̂ k P̂ j − P̂ j Q̂ k ) Ψ

[Q̂ k , P̂ j ] Ψ = Q k
i
∂ j Ψ −

i
∂ j (Q k Ψ )

[Q̂ k , P̂ j ] Ψ = −
i
δ k , j = i · δ k, j ( 1 4. 6 6)

( 2) Li n e a r t r a n sf o r m a ti o n: I n or d er t o d eri v e l a d d er o p er-

at ors, s e e f or i nst a n c e ( B all e nti n e, 1 9 9 8, p. 1 5 2), w e a p pl y a

li n e ar tr a nsf or m ati o n t o o p er at ors â +
µ a n d â µ as f oll o ws:

Q̂ µ · ω µ = α µ â +
µ + ˆa µ ( 1 4. 6 7)

P̂ µ = i · α µ â +
µ − â µ ( 1 4. 6 8)

H er e b y t h e p ar a m et er α µ is d et er mi n e d s o t h at t h e c o m m ut ati o n

r el ati o n of c o or di n at e a n d m o m e nt u m i n E q. ( 1 4. 6 5) i m pli es t h e
f oll o wi n g c o m m ut ati o n r el ati o n of l a d d er o p er at ors:

[â µ ′, â +
µ ] = δ µ, µ ′ ( 1 4. 6 9)

I n or d er t o d eri v e t h e c o m m ut ati o n r el ati o n ( E q. 1 4. 6 9), w e

i ns ert E qs. ( 1 4. 6 7, 1 4. 6 8) i nt o E q. ( 1 4. 6 5):

[Q̂ µ , P̂ µ ′] =
2 i α2

µ

ω µ
· [â µ , â +

µ ′] =
2 i α2

µ

ω µ
· δ µ , µ′ ( 1 4. 7 0)

We c o m p ar e t his t er m wit h E q. ( 1 4. 6 5). S o w e g et:

2 i α2
µ

ω µ
= i · o r α µ = ω µ / 2 ( 1 4. 7 1)

Alt o g et h er, w e d eri v e d t h e c o m m ut ati o n r el ati o n i n E q. ( 1 4. 6 9),

a n d w e o bt ai n t h e f oll o wi n g tr a nsf or m ati o n:

Q̂ µ · ω µ = ω µ / 2 â +
µ + â µ ( 1 4. 7 2)

− iP̂ µ = ω µ / 2 â +
µ − â µ (1 4. 7 3)
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( 3) I n v e r s e t r a n sf o r m a ti o n: Fr o m t h e a b o v e E qs., t h e i n v ers e

tr a nsf or m ati o n is d eri v e d b y s ol vi n g f or â µ a n d â +
µ . T h us, w e

g et:

â +
µ = ( Q̂ µ · ω µ − iP̂ µ )/ 2 ω µ (1 4. 7 4)

â µ = ( Q̂ µ · ω µ + iP̂ µ )/ 2 ω µ (1 4. 7 5)

( 4) E n e r g y o p e r a t o r: We i ns ert t h e o p er at ors of t h e c o or di-

n at e Q̂ µ a n d m o m e nt u m P̂ µ ( E qs. 1 4. 7 2, 1 4. 7 3) i nt o E q. ( 1 4. 6 4).

F or it, w e d eri v e t h e pr o d u cts

Q̂ µ
ˆQ ∗

µ · ω 2
µ =

ω µ

2
· â +

µ â +
µ + â µ â +

µ + ˆa +
µ â µ + ˆa µ â µ ( 1 4. 7 6)

a n d P̂ µ
ˆP ∗

µ =
ω µ

2
· â +

µ â +
µ − â µ â +

µ − â +
µ â µ + â µ â µ ( 1 4. 7 7)

T h us, t h e e n er g y o p er at or is t h e di ff er e n c e of t h es e pr o d u cts

m ulti pli e d b y o n e h alf:

Ĥ µ =
1

2
· ω µ · â µ · â +

µ + â +
µ · â µ ( 1 4. 7 8)

We a p pl y t h e c o m m ut at or. S o w e g et:

Ĥ µ = ω µ · â +
µ · â µ + 1 / 2 . We s u m m ari z e : ( 1 4. 7 9)

T h e o r e m 2 8 E n e r g y o p e r a t o r of m o d e of a R G W:

E a c h m o d e of a w a v e p a c k et, s e e T H M ( 2 7 ), h a s a n e n e r g y

o p e r at o r o r H a milt o n o p e r at o r a s f oll o w s:

( 1 ) T h e e n e r g y o p e r at o r c a n b e e x p r e s s e d a s a f u n cti o n of t h e

o p e r at o r s of g e n e r ali z e d c o o r di n at e a n d m o m e nt u m:

Ĥ µ =
1

2
· Q̂ µ

ˆQ ∗
µ · ω 2

µ − P̂ µ
ˆP ∗

µ (1 4. 8 0)

( 2 ) T h e o p e r at o r s of g e n e r ali z e d c o o r di n at e a n d m o m e nt u m a r e

t r a n sf o r m e d t o l a d d e r o p e r at o r s:

â +
µ = ( Q̂ µ · ω µ − iP̂ µ )/ 2 ω µ (1 4. 8 1)
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â µ = ( Q̂ µ · ω µ + iP̂ µ )/ 2 ω µ (1 4. 8 2)

( 3 ) T h e e n e r g y o p e r at o r c a n b e e x p r e s s e d a s a f u n cti o n of t h e

l a d d e r o p e r at o r s:

Ĥ µ = ω µ · â +
µ · â µ + 1 / 2 ( 1 4. 8 3)

1 4. 5. 3 N u m b e r s t a t e s of a m o d e of a R G W

I d e a : E a c h m o d e of a R G W h as t h e H a milt o n o p er at or Ĥ µ i n

T H M ( 2 8). Wit h it, w e d eri v e t h e e n er g y s p e ctr u m f or e a c h

m o d e:

( 1) E s s e n ti al o p e r a t o r i n Ĥ µ : We a n al y z e t h e o p er at or â +
µ â µ

i n Ĥ µ , us u all y c all e d n u m b e r o p e r a t o r :

ˆN µ = ˆa +
µ â µ ( 1 4. 8 4)

M or e o v er w e c all its n or m ali z e d Ei g e nst at es |n µ a n d t h e ei g e n-

v al u es n µ :
ˆN µ · |n µ = n µ · |n µ ( 1 4. 8 5)

( 2) Ei g e n s t a t e s of t h e n u m b e r o p e r a t o r: We a p pl y ˆN µ t o

â µ · |n µ , a n d w e us e t h e c o m m ut at or. S o w e g et:

ˆN µ · â µ · |n µ = ˆa µ · (n µ − 1) · |n µ = ( n µ − 1) · â µ · |n µ ( 1 4. 8 6)

T his E q. s h o ws t h at â µ ·|n µ is a n Ei g e nst at e wit h t h e ei g e n v al u e

n µ − 1.

Si mil arl y w e a p pl y ˆN µ t o â +
µ · |n µ , a n d w e utili z e t h e c o m-

m ut at or. S o w e o bt ai n:

ˆN µ · â +
µ · |n µ = ˆa +

µ · (n µ + 1) · |n µ = ( n µ + 1) · â +
µ · |n µ ( 1 4. 8 7)

T his E q. s h o ws t h at â +
µ · |n µ is a n Ei g e nst at e t o t h e ei g e n v al u e

n µ + 1.
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( 3) E ff e c t of l a d d e r o p e r a t o r s: Firstl y, w e a n al y z e t h e m atri x

el e m e nt n µ |â µ â +
µ |n µ . H er e w e i d e ntif y t h e n u m b er o p er at or:

n µ |â µ â +
µ |n µ = n µ | ˆN µ + 1 |n µ = ( n µ + 1) n µ |n µ = n µ + 1

( 1 4. 8 8)

S e c o n dl y, w e a n al y z e t h e m atri x el e m e nt n µ |â +
µ â µ |n µ . As

a b o v e, w e i d e ntif y t h e n u m b er o p er at or:

n µ |â +
µ â µ |n µ = n µ | ˆN µ |n µ = ( n µ ) n µ |n µ = n µ ( 1 4. 8 9)

B ot h E qs. ( 1 4. 8 8, 1 4. 8 9) ar e f ul fill e d b y t h e f oll o wi n g r el ati o ns:

â +
µ |n µ = n µ + 1 |n µ + 1 ( 1 4. 9 0)

â µ |n µ =
√

n µ |n µ − 1 (1 4. 9 1)

We s u m m ari z e t h e m atri x el e m e nts of t h e l a d d er o p er at or ˆ a +
µ

as f oll o ws:

n ′
µ |â +

µ |n µ = n µ + 1 · δ n ′
µ , nµ + 1 ( 1 4. 9 2)

A c c or di n gl y, t h e l a d d er o p er at or â +
µ is c all e d r ai si n g o p e r a t o r .

Si mil arl y, t h e m atri x el e m e nts of â µ ar e r e pr es e nt e d as f oll o ws:

n ′
µ |â µ |n µ =

√
n µ · δ n ′

µ ,n µ − 1 f or n µ > 0 ( 1 4. 9 3)

C orr es p o n di n gl y, t h e l a d d er o p er at or â µ is c all e d l o w e ri n g o p-

e r a t o r .

( 4) S p e c t r u m: I n or d er t o d eri v e t h e f ull s p e ctr u m of t h e

n u m b er o p er at or, w e s h o w t h at t h e l o w eri n g of st at es e n ds at

t h e st at e |n µ = 0:

â µ |1 =
√

1 |0 a n d â µ |0 =
√

0 | − 1 = 0 ( 1 4. 9 4)

St arti n g at t his st at e, t h e r aisi n g o p er at or c a n s u c c essi v el y cr e-

at e t h e st at es wit h all p ositi v e n at ur al n u m b ers:

n µ ∈ { 0 , 1 , 2 , 3 , ...} ( 1 4. 9 5)



1 4. 5. E N E R G Y O F A W A V E P A C K E T O F A R G W 1 7 7

( 5) Z e r o- p oi n t e n e r g y of a m o d e µ : T h e s p e ctr u m of t h e

n u m b er o p er at or h as t h e s m all est v al u e z er o at t h e st at e |0 .

H o w e v er, t h e ei g e n v al u e of t h e e n er g y of t h e st at e |0 is ω µ / 2,

it c a n b e d eri v e d as f oll o ws:

0 |Ĥ µ |0 = ω µ ·( 0 | ˆN µ |0 + 0 |1 / 2 |0 ) = ω µ ·( 0 + 1/ 2) ( 1 4. 9 6)

T his e n er g y ω µ / 2 is t h e z e r o - p oi n t e n e r g y, Z P E of t h e

m o d e µ of t h e R G W:

Z P E µ = ω µ · 1 / 2 ( 1 4. 9 7)

W e s u m m ari z e o ur r es ults:

T h e o r e m 2 9 Q u a n ti z a ti o n of m o d e s of R G W:

E a c h m o d e i n T H M s ( 2 7, 2 8 ) of a w a v e p a c k et of a R G W i s

q u a nti z e d a s f oll o w s:

( 1 ) T h e g e n e r ali z e d c o o r di n at e a n d m o m e nt u m of e a c h m o d e a r e

q u a nti z e d b y a p pli c ati o n of t h e u s u al c o m m ut ati o n r ul e:

[Q̂ µ , P̂ µ ′] = i · · δ µ, µ ′ ( 1 4. 9 8)

( 2 ) T h e g e n e r ali z e d c o o r di n at e a n d m o m e nt u m a r e t r a n sf o r m e d

t o l a d d e r o p e r at o r s:

â +
µ = ( Q̂ µ · ω µ − iP̂ µ )/ 2 ω µ (1 4. 9 9)

â µ = ( Q̂ µ · ω µ + iP̂ µ )/ 2 ω µ (1 4. 1 0 0)

( 3 ) A s a c o n s e q u e n c e, t h e l a d d e r o p e r at o r s o b e y t h e f oll o wi n g

c o m m ut ati o n r ul e of b o s o n s:

[â µ ′, â +
µ ] = δ µ, µ ′ ( 1 4. 1 0 1)

( 4 ) H e n c e t h e r e i s t h e f oll o wi n g n u m b e r o p e r at o r

ˆN µ = ˆa +
µ â µ ( 1 4. 1 0 2)
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a n d it s ei g e n st at e s a r e t h e n u m b e r st at e s |n µ wit h t h e f oll o wi n g

ei g e n v al u e s:

n µ ∈ { 0 , 1 , 2 , 3 , ...} ( 1 4. 1 0 3)

( 5 ) S o t h e e n e r g y o p e r at o r i s e x p r e s s e d b y t h e n u m b e r o p e r at o r:

Ĥ µ = ω µ · â +
µ · â µ + 1 / 2 = ω µ · ˆN µ + 1 / 2 ( 1 4. 1 0 4)

( 6 ) T h u s t h e l a d d e r o p e r at o r s r ai s e o r l o w e r t h e n u m b e r s:

n ′
µ |â +

µ |n µ = n µ + 1 · δ n ′
µ , nµ + 1 ( 1 4. 1 0 5)

n ′
µ |â µ |n µ =

√
n µ · δ n ′

µ ,n µ − 1 f o r n µ > 0 ( 1 4. 1 0 6)

( 7 ) T h e z e r o- p oi nt e n e r g y, Z P E, i s a s f oll o w s:

Z P E µ = ω µ · 1 / 2 ( 1 4. 1 0 7)

( 8 ) I n h e r e nt t o t h e q u a nti z e d R G W s, t h e r e i s o nl y o n e r e st ri c-

ti o n of t h e w a v el e n gt h s: t h e li g ht h o ri z o n, R L H , i n h e r e nt t o

t h e m o d e s of t h e R G W s. T h u s, t h e q u a nti z e d m o d e s of a w a v e

p a c k et of a R G W e x hi bit a c o nti n u o u s s p e ct r u m at a v e r y g o o d

a p p r o xi m ati o n o nl y li mit e d b y R L H .

( 9 ) E a c h m o d e of a w a v e p a c k et of a R G W r e p r e s e nt s a g e n e r al-

i z e d c o o r di n at e Q̂ µ , w hi c h r e p r e s e nt s t h e a m plit u d e ε̂ µ of v ol u m e

ε L .

( 9 a ) A c c o r di n g t o t h e Hi g g s m e c h a ni s m, v ol u m e c a n t r a n sf o r m

t o m att e r, s e e e. g. Hi g g s ( 1 9 6 4 ), C a r m e si n ( 2 0 2 1 a ), C a r m e si n

( 2 0 2 2 c ). T h e r e b y, a n e x cit e d st at e at n µ ≥ 1 c a n o c c u r.

( 9 b ) N at u r al v ol u m e i s n ot a n e x cit e d st at e, a s ot h e r wi s e e n-

e r g y of n at u r al v ol u m e c o ul d b e t r a n sf o r m e d t o a n ot h e r e n e r g y.

T h u s, n at u r al v ol u m e i s a z e r o- p oi nt o s cill ati o n, Z P O. It i s at

n µ = 0 , a n d it h a s t h e Z P E. A p o rti o n of n at u r al v ol u m e i s a

w a v e p a c k et, it i s f o r m e d b y a s u p e r p o siti o n of m o d e s Z P E µ .
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T h e r e b y, t h e p o rti o n i n h e rit s a p o siti v e e n e r g y Z P E µ > 0 . F u r-

t h e r m o r e, t h e m o d e s of a p o rti o n i n h e rit t h e L o r e nt z i n v a ri a n c e

f r o m t h e L o r e nt z i n v a ri a n c e of t h e g e n e r ali z e d c o o r di n at e Q̂ µ .

( 9 c ) A st at e at n µ ≥ 1 c a n b e a c hi e v e d f r o m a Z P O b y a n

e x cit ati o n, f o r d et ail s s e e C a r m e si n ( 2 0 2 1 a ), C a r m e si n ( 2 0 2 1 e ),
C a r m e si n ( 2 0 2 2 e ).

1 4. 6 P r o b a bili s ti c o u t c o m e s

I n t his s e cti o n, w e d eri v e t h e f oll o wi n g p ost ul at e a b o ut pr o b a-

bilisti c o ut c o m es of m e as ur e m e nts ( K u m ar, 2 0 1 8, p. 1 6 9, 1 7 0).

H er e b y, t h e us e d ei g e nf u n cti o ns f or m a n ort h o n or m al b asis,

( K u m ar, 2 0 1 8, p. 1 6 9):

P o s t ul a t e 5 P r o b a bili s ti c o u t c o m e s of m e a s u r e m e n t s

If a m e a s u r e m e nt of a n o b s e r v a bl e A i s m a d e i n a st at e |Ψ( t)

of t h e q u a nt u m m e c h a ni c al s y st e m, t h e n t h e f oll o wi n g h ol d s:

( 1 ) T h e p r o b a bilit y of o bt ai ni n g o n e of t h e n o n- d e g e n e r at e di s-

c r et e ei g e n v al u e s a j of t h e c o r r e s p o n di n g o p e r at o r ˆA i s gi v e n

b y

P (a j ) =
| φ j |Ψ |2

Ψ |Ψ
, (1 4. 1 0 8)

w h e r e |φ j i s t h e ei g e nf u n cti o n of ˆA wit h t h e ei g e n v al u e a j . If

t h e st at e v e ct o r i s n o r m ali z e d t o u nit y, P (a j ) = | φ j |Ψ |2 .

( 2 ) If t h e ei g e n v al u e a j i s m j -f ol d d e g e n e r at e, t hi s p r o b a bilit y i s

gi v e n b y

P (a j ) =
Σ

m j

i= 1 | φ j,i |Ψ |2

Ψ |Ψ
, (1 4. 1 0 9)

( 3 ) If t h e o p e r at o r ˆA p o s s e s s e s a c o nti n u o u s ei g e n s p e ct r u m { a } ,

t h e p r o b a bilit y t h at t h e r e s ult of a m e a s u r e m e nt will yi el d a v al u e
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b et w e e n a a n d a + d a i s gi v e n b y

P (a ) =
| φ (a )|Ψ |2

Ψ |Ψ
d a =

| φ (a )|Ψ |2
∞

− ∞ |Ψ( a ′)|2 d a ′
d a ( 1 4. 1 1 0)

D e ri v a ti o n : I n t h e f oll o wi n g, w e d eri v e t h e pr o b a bilisti c o ut-

c o m es of m e as ur e m e nts, a n d w e d eri v e t h e pr o b a biliti es.

1 4. 6. 1 N e c e s si t y of p r o b a bili s ti c o u t c o m e s

I n t h e pr es e nt t h e or y b as e d o n t h e S Q, r a n d o m n ess is a n e c es-
s ar y c o ns e q u e n c e f or t h e f oll o wi n g r e as o n:

We a n al y z e a n o bj e ct e mitt e d at r = 0 i n a n is otr o pi c m a n-

n er. Its w a v e f u n cti o n Ψ s pr e a ds i n a n is otr o pi c m a n n er.

H er e b y, Ψ is pr o p orti o n al t o t h e r at e ˙ε L . As t h e w a v e f u n c-

ti o n Ψ r e pr es e nts t h e o bj e ct, Ψ is a w a v e p a c k et wit h a p ositi v e

e n er g y E p a c k et > 0, s e e T H M ( 2 9). T h us, t h e w a v e p a c k et h as a

p ositi v e e n er g y d e nsit y u ( Ψ) > 0.

As a r es ult of t h e is otr o pi c s pr e a di n g, aft er s o m e ti m e, t h e

a m plit u d e of Ψ is s m all. T h er e b y, at a l o c ati o n r a n d at a

v ol u m e d V , t h e e n er g y

d E (r, d V ) = u ( Ψ(r )) · d V ( 1 4. 1 1 1)

c a n b e i ns u ffi ci e nt f or t h e f or m ati o n of t h e e n er g y E p a c k et > 0

of t h e o bj e ct.

As a c o ns e q u e n c e, t h e o bj e ct f or ms i n a pr o b a bilisti c m a n n er

at t h e l o c ati o n r a n d at t h e v ol u m e d V .

1 4. 6. 2 P r o b a bili t y of o b s e r v a ti o n of a n o b j e c t

I n t his s e cti o n, w e a n al y z e t h e pr o b a bilit y p (r, d V ) t o m e as ur e

a n o bj e ct d es cri b e d b y a w a v e p a c k et wit hi n a v ol u m e d V at

a l o c ati o n r . T h er e b y, t h e w a v e p a c k et h as a p ositi v e e n er g y

E p a c k et > 0. M or e o v er, t h e c orr es p o n di n g e n er g y d e nsit y of t h e

w a v e p a c k et is d es cri b e d b y t h e d e nsit y u ki n (r ) of t h e ki n eti c

e n er g y, s e e C. ( 1 3).
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I n t his s e cti o n, w e s h o w t h at t h e pr o b a bilit y p (r, d V ) is pr o p or-

ti o n al t o t h e e n er g y d e nsit y u ki n (r ) of t h e w a v e p a c k et at t h at

v ol u m e:

p (r, d V ) ∝ u ki n (r ) ( 1 4. 1 1 2)

T his r el ati o n is d eri v e d as f oll o ws:

( 1) If N o bj e cts ar e e mitt e d at r = 0, a n d if N o b s o bj e cts ar e

d et e ct e d at t h e l o c ati o n r a n d wit hi n a v ol u m e d V , t h e r el a ti v e

f r e q u e n c y ¯N o b s i n st atisti cs is as f oll o ws, s e e ( Ol ofss o n a n d

A n d erss o n, 2 0 1 2, p. 2):

¯N o b s =
N o b s

N
(1 4. 1 1 3)

( 2) A c c or di n g t o t h e ( e m piri c al) l a w of l ar g e n u m b ers, s e e e.

g. K ol m o g or o v ( 1 9 5 6), i n t h e li mit N t o i n fi nit y, t h e e x p e ct a-

ti o n v al u e a n d t h e pr o b a bilit y d es cri b e e x p eri m e nts i n a pr e cis e

m a n n er. C orr es p o n di n gl y, t h e pr o b a bilit y p (r, d V ) is t h e li mit

N t o i n fi nit y of t h e r el ati v e fr e q u e n c y ¯N o b s :

li m
N → ∞

¯N o b s = p (r, d V ) ( 1 4. 1 1 4)

( 3) T h e e x p e ct ati o n v al u e of t h e e n er g y at t h e l o c ati o n r a n d

wit hi n a v ol u m e d V is t h e pr o b a bilit y p (r, d V ) t o m e as ur e a n

o bj e ct m ulti pli e d wit h its e n er g y E p a c k et :

d E (r, d V ) = p (r, d V ) · E p a c k et ( 1 4. 1 1 5)

( 4) T h e e n er g y d e nsit y u ki n (r ) of t h e w a v e p a c k et is t h e r ati o

of t h e e x p e ct ati o n v al u e d E (r, d V ) a n d t h e v ol u m e d V :

u ki n (r ) =
d E (r, d V )

d V
=

p (r, d V ) · E p a c k et

d V
∝ p (r, d V ) ( 1 4. 1 1 6)

T his s h o ws t h e r el ati o n i n E q. ( 1 4. 1 1 2).
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1 4. 6. 3 P r o b a bili t y p (t, r ) p r o p o r ti o n al t o |Ψ( t, r )|2

Q u e s ti o n : H o w is t h e e n er g y d e nsit y u ki n (r ) r el at e d t o t h e

w a v e f u n cti o n ?

( 1) T h e e n er g y d e nsit y u ki n (r ) of t h e ki n eti c e n er g y is pr o p or-

ti o n al t o t h e s q u ar e of t h e r at es, s e e p art (II) a n d C. ( 1 3):

u ki n (r ) ∝ ε̇ 2
L (r ) ( 1 4. 1 1 7)

As t h e r at e is pr o p orti o n al t o t h e w a v e f u n cti o n Ψ, t h e e n er g y

d e nsit y is pr o p orti o n al t o t h e a bs ol ut e s q u ar e of Ψ:

u ki n (r ) ∝ Ψ |Ψ (r ) ( 1 4. 1 1 8)

( 2) T h e pr o b a bilit y p (t, r, d V ) t o m e as ur e a n o bj e ct d es cri b e d

b y a w a v e p a c k et wit hi n a v ol u m e d V at a l o c ati o n r a n d at a

ti m e t is e q u al t o a pr o b a bilit y d e nsit y f u n cti o n f R (t, r ) at r a n d

at t m ulti pli e d b y d V , Ol ofss o n a n d A n d erss o n ( 2 0 1 2), J a h n k e

et al. ( 2 0 0 5), M üll er ( 1 9 7 5), As h ( 2 0 0 8):

p (t, r, d V ) = f R (t, r ) · d V ( 1 4. 1 1 9)

T h er e b y, t h e pr o b a bilit y d e nsit y f u n cti o n is pr o p orti o n al t o t h e

e n er g y d e nsit y u ki n ( E q. 1 4. 1 1 6), w hi c h is pr o p orti o n al t o t h e

a bs ol ut e s q u ar e of Ψ ( E q. 1 4. 1 1 8):

f R (r ) ∝ | Ψ( r )|2 ( 1 4. 1 2 0)

N e xt, w e n or m ali z e t h e a b o v e pr o b a bilit y d e nsit y f u n cti o n:

f R (r ) =
|Ψ( r )|2

Ψ |Ψ
w it h Ψ |Ψ = d r ′Ψ c c (r ′) Ψ(r ′)

Ψ c c = c o m pl e x c o nj u g at e d of Ψ ( 1 4. 1 2 1)

1 4. 6. 4 P r o b a bili t y P (a j ) i n i t e m ( 1 )

I n t his s e cti o n, w e d eri v e it e m ( 1) of t h e p ost ul at e.
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D e ri v a ti o n of t h e p r o b a bili t y: F or it, w e us e t h e pr o b a bilit y d e n-

sit y f u n cti o n i n E q. ( 1 4. 1 2 1), a n d w e a p pl y t h e Dir a c n ot ati o n

( K u m ar, 2 0 1 8, s e cti o n 4. 2):

f R (r ) =
|Ψ( r )|2

Ψ |Ψ
w it h |Ψ( r )|2 = Ψ c c (r ) · Ψ( r )

a n d Ψ( r ) = |Ψ( r ) a n d Ψ c c (r ) = Ψ( r )|

a n d d r |Ψ( r )|2 = Ψ |Ψ ( 1 4. 1 2 2)

I n or d er t o o bt ai n t h e tr a diti o n al f or m of t h e p ost ul at e, w e

tr a nsf or m t h e pr o b a bilit y d e nsit y f u n cti o n t o t h e pr o b a bilit y.

F or it, w e m ulti pl y b y d V :

p (r, d V ) = f R (r ) · d V =
|Ψ( r )|2

Ψ |Ψ
· d V ( 1 4. 1 2 3)

N e xt, w e a p pl y t h e i nt e gr al d r t o E q. ( 1 4. 1 2 3), a n d w e di vi d e

b y d V :

d r p (r, d V )/ d V = d r f R (r ) =
d r |Ψ( r )|2

Ψ |Ψ
(1 4. 1 2 4)

Tr a n sf o r m a ti o n of t h e n u m e r a t o r: T h e n u m er at or i n t h e a b o v e

E q. ( 1 4. 1 2 4) is e x pr ess e d as a s c al ar pr o d u ct:

d r |Ψ( r )|2 = Ψ |Ψ ( 1 4. 1 2 5)

N e xt, w e tr a nsf or m t h e st at e |Ψ wit h t h e ort h o n or m al 3 ei g e n-

v e ct ors |Φ j i n it e m ( 1). S o, w e e x p a n d t h e k et |Ψ as f oll o ws

( K u m ar, 2 0 1 8, E q. 4. 7. 1):

|Ψ =
j

|Φ j Φ j |Ψ ( 1 4. 1 2 6)

3 T h e ei g e n v e ct or s of a h er miti a n o p er at or ar e ort h o g o n al ( K u m ar, 2 0 1 8, T H M 4. 6. 2),
a n d w e n or m ali z e t h e m.
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Si mil arl y, w e tr a nsf or m t h e br a Ψ |:

Ψ | =
k

Ψ |Φ k Φ k |, t h us, ( 1 4. 1 2 7)

d r |Ψ( r )|2 = Ψ |Ψ =
k j

Ψ |Φ k Φ k |Φ j Φ j |Ψ ( 1 4. 1 2 8)

As t h e ei g e nf u n cti o ns ar e ort h o n or m al, t h e a b o v e s c al ar pr o d-

u ct Φ k |Φ j is e q u al t o t h e Kr o n e c k er d elt a δ k j ( K u m ar, 2 0 1 8,

e x a m pl e 4. 1 1. 1):

d r |Ψ( r )|2 =
k j

Ψ |Φ k δ k j Φ j |Ψ ( 1 4. 1 2 9)

Usi n g t h e Kr o n e c k er d elt a δ k j , w e e v al u at e o n e of t h e s u ms:

d r |Ψ( r )|2 =
j

Ψ |Φ j · Φ j |Ψ ( 1 4. 1 3 0)

T h e pr o d u ct of t h e t w o s c al ar pr o d u cts i n t h e a b o v e E q. is

e q u al t o t h e a bs ol ut e s q u ar e of o n e s c al ar pr o d u ct:

d r |Ψ( r )|2 =
j

| Φ j |Ψ |2 ( 1 4. 1 3 1)

Tr a n sf o r m e d p r o b a bili t y: N e xt, w e a p pl y t h e a b o v e i nt e gr al t o

t h e i nt e gr al of t h e pr o b a bilit y i n E q. ( 1 4. 1 2 4):

d r p (r, d V )/ d V = d r f R (r ) =
j

| Φ j |Ψ |2

Ψ |Ψ
(1 4. 1 3 2)

T h e i nt e gr al of t h e pr o b a bilit y d e nsit y f u n cti o n pr o vi d es t h e

c o m pl et e pr o b a bilit y o n e, d r f R (r ) = 1. Si mil arl y, t h e i nt e gr al

d r p (r, d V )/ d V = 1 pr o vi d es t h e w h ol e pr o b a bilit y. C orr e-

s p o n di n gl y, t h e s u m j is a s u m of pr o b a biliti es P j as f oll o ws:

1 =
j

P j wit h P j =
| Φ j |Ψ |2

Ψ |Ψ
(1 4. 1 3 3)
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H er e b y, t h e s c al ar pr o d u ct Φ j |Ψ d es cri b es t h e pr oj e cti o n of

a w a v e f u n cti o n |Ψ( t, r ) t o t h e n e w b asis v e ct or |Φ j i n E q.

( 1 4. 1 2 6). I n t h e f oll o wi n g, w e d o n ot m ar k t h e ti m e, a c c or di n g

t o t h e p ost ul at e ( 5). C orr es p o n di n gl y, P j is t h e pr o b a bilit y

t o fi n d t h e ei g e n v al u e a j of t h e n e w b asis v e ct or |Φ j i n t h e

pr oj e cti o n of |Ψ( r ) . S o, w e m ar k t h at pr o b a bilit y b y P |Ψ( r ) (a j ):

P j = P |Ψ( r ) (a j ) =
| Φ j |Ψ |2

Ψ |Ψ
(1 4. 1 3 4)

F or c o m p aris o n, t h e pr o b a bilit y P (a j ) i n it e m ( 1) of t h e p os-

t ul at e d es cri b es t h e pr o b a bilit y t o fi n d t h e ei g e n v al u e a j of t h e

n e w b asis v e ct or |Φ j i n t h e pr oj e cti o n of |Ψ . We m ar k t h e

r es p e cti v e st at e, a n d w e r e mi n d t h e t er m i n t h at it e m ( 1):

P |Ψ (a j ) =
| Φ j |Ψ |2

Ψ |Ψ
(1 4. 1 3 5)

T h us, w e d eri v e d t h e pr o b a bilit y i n it e m ( 1).

1 4. 6. 5 P r o b a bili t y P (a j ) i n i t e m ( 2 )

I n t his s e cti o n, w e d eri v e it e m ( 2) of t h e p ost ul at e.

Tr a n sf o r m a ti o n of t h e n u m e r a t o r i n E q. ( 1 4. 1 2 4 ): I n t h e n u-

m er at or i n E q. ( 1 4. 1 2 4), w e tr a nsf or m t h e st at e |Ψ t o t h e

ort h o n or m al 4 ei g e n v e ct ors |Φ j,i i n it e m ( 2). I n or d er t o tr a ns-

f or m t h e k et |Ψ a n d br a Ψ |, w e e x p a n d i n t er ms of t h e n e w

b asis 5 ( K u m ar, 2 0 1 8, E q. 4. 7. 1):

|Ψ =
j

m j

i= 1

|Φ j,i Φ j,i |Ψ

4 T h e ei g e n v e ct or s of a h er miti a n o p er at or a n d of di ff er e nt ei g e n v al u e s ar e ort h o g o n al
( K u m ar, 2 0 1 8, t h e or e m 4. 6. 2), t h o s e of e q u al ei g e n v al u e s c a n b e c h o s e n ort h o g o n al, a n d
all ei g e n v e ct or s c a n b e n or m ali z e d i n a d diti o n.

5 I n p ri n ci pl e, t h e u p p er b o u n d s of t h e s u m c a n t e n d t o i n fi nit y.
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Ψ | =
k

m k

n = 1

Ψ |Φ k, n Φ k, n | ( 1 4. 1 3 6)

N e xt, w e a p pl y t h e a b o v e tr a nsf or m ati o ns t o t h e n u m er at or i n
E qs. ( 1 4. 1 2 3, 1 4. 1 2 5):

d r |Ψ( r )|2 = Ψ |Ψ =

k

m k

n = 1 j

m j

i= 1

Ψ |Φ k, n Φ k, n |Φ j,i Φ j,i |Ψ ( 1 4. 1 3 7)

T h e s c al ar pr o d u ct Φ k, n |Φ j,i i n t h e a b o v e E q. is e q u al t o t h e

pr o d u ct of Kr o n e c k er d elt as δ k j δ i n:

d r |Ψ( r )|2 =
k

m k

n = 1 j

m j

i= 1

Ψ |Φ k, n δ k j δ i n Φ j,i |Ψ ( 1 4. 1 3 8)

Usi n g t h e Kr o n e c k er d elt as δ k j δ i n, w e e v al u at e t w o of t h e s u ms:

d r |Ψ( r )|2 =
j

m j

i= 1

Ψ |Φ j,i Φ j,i |Ψ ( 1 4. 1 3 9)

T h e pr o d u ct of t w o s c al ar pr o d u cts i n t h e a b o v e E q. is e q u al

t o t h e a bs ol ut e s q u ar e of o n e s c al ar pr o d u ct:

d r |Ψ( r )|2 =
j

m j

i

| Φ j,i |Ψ |2 ( 1 4. 1 4 0)

Tr a n sf o r m e d p r o b a bili t y: I n t h e n u m er at or of t h e pr o b a bilit y i n

E q. ( 1 4. 1 2 4), w e i ns ert t h e tr a nsf or m e d s c al ar pr o d u ct i n E q.

( 1 4. 1 4 0):

d r
p (r, d V )

d V
= d r f R (r ) =

j

m j

i | Φ j,i |Ψ |2

Ψ |Ψ
(1 4. 1 4 1)
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I n t h e a b o v e E q., t h e l hs is a pr o b a bilit y. C orr es p o n di n gl y, t h e

r hs is a s u m of pr o b a biliti es P j as f oll o ws:

1 = d r
p (r, d V )

d V
=

j

P j w it h

P j =
m j

i | Φ j,i |Ψ |2

Ψ |Ψ
(1 4. 1 4 2)

Si mil arl y as i n it e m ( 1), P j is t h e pr o b a bilit y t o fi n d t h e ei g e n-

v al u e a j of t h e n e w b asis v e ct or |Φ j,i i n t h e pr oj e cti o n of |Ψ .

C orr es p o n di n gl y, w e n a m e t h at st at e b y P |Ψ (a j ):

P j = P |Ψ (a j ) = P (a j ) =
m j

i | Φ j,i |Ψ |2

Ψ |Ψ
(1 4. 1 4 3)

S o, w e d eri v e d t h e pr o b a bilit y P (a j ) i n it e m ( 2) of t h e p ost ul at e.

1 4. 6. 6 P r o b a bili t y P (a ) i n i t e m ( 3 )

I n t his s e cti o n, w e d eri v e it e m ( 3) of t h e p ost ul at e.

Tr a n sf o r m a ti o n of t h e n u m e r a t o r i n E q. ( 1 4. 1 2 4 ): We tr a nsf or m

t h e st at e |Ψ t o t h e ort h o n or m al ei g e n v e ct ors |Φ( a ) i n it e m

( 3). I n or d er t o tr a nsf or m t h e k et |Ψ a n d br a Ψ |, w e e x p a n d

i n t er ms of t h e n e w b asis ( K u m ar, 2 0 1 8, E q. 4. 7. 1):

|Ψ = d a |Φ( a ) Φ( a )|Ψ

Ψ | = d b Ψ |Φ( b ) Φ( b )| ( 1 4. 1 4 4)

N e xt, w e a p pl y t h e a b o v e k et a n d br a t o E q. ( 1 4. 1 2 4):

d r |Ψ( r )|2 = Ψ |Ψ

= d a d b Ψ |Φ( b ) Φ( b )| · |Φ( a ) Φ( a )|Ψ ( 1 4. 1 4 5)
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As t h e ei g e nf u n cti o ns ar e c h os e n ort h o n or m al, t h e s c al ar pr o d-

u ct Φ( b )|·|Φ( a ) i n t h e a b o v e E q. is e q u al t o t h e d elt a f u n cti o n

ali as d elt a distri b uti o n δ (a − b ):

d r |Ψ( r )|2 = d a d b Ψ |Φ( b ) δ (a − b ) Φ( a )|Ψ ( 1 4. 1 4 6)

Usi n g t h e d elt a f u n cti o n δ (a − b ), w e e v al u at e o n e i nt e gr al:

d r |Ψ( r )|2 = d a Ψ |Φ( a ) · Φ( a )|Ψ ( 1 4. 1 4 7)

T h e pr o d u ct of t w o s c al ar pr o d u cts i n t h e a b o v e E q. is e q u al

t o t h e a bs ol ut e s q u ar e of o n e s c al ar pr o d u ct:

d r |Ψ( r )|2 = d a | Φ( a )|Ψ |2 ( 1 4. 1 4 8)

Tr a n sf o r m e d p r o b a bili t y: I n t h e n u m er at or i n E q. ( 1 4. 1 2 4), w e

i ns ert E q. ( 1 4. 1 4 8):

d r p (r, d V )/ d V = d r f R (r ) =
d a | Φ( a )|Ψ |2

Ψ |Ψ
(1 4. 1 4 9)

I n t h e a b o v e E q., t h e l hs is a pr o b a bilit y. C orr es p o n di n gl y,

t h e r hs is a n i nt e gr al of pr o b a bilit y d e nsit y f u n cti o ns f A (a ) as

f oll o ws:

d r p (r, d V )/ d V = d a f A (a ) wit h

f A (a ) =
| Φ( a )|Ψ |2

Ψ |Ψ
(1 4. 1 5 0)

H er e b y, t h e s c al ar pr o d u ct Φ( a )|Ψ d es cri b es t h e a m plit u d e of

t h e st at e |Ψ wit h r es p e ct t o t h e n e w b asis v e ct or |Φ( a ) i n t h e

e x p a nsi o n i n E q. ( 1 4. 1 4 4). A c c or di n gl y, f A (a ) is t h e pr o b a bilit y

d e nsit y f u n cti o n t o fi n d t h e ei g e n v al u e a of t h e n e w b asis v e ct or

|Φ( a ) i n t h e pr oj e cti o n of t h e st at e |Ψ . C orr es p o n di n gl y, w e

m ulti pl y t h at pr o b a bilit y d e nsit y f u n cti o n b y d a i n or d er t o
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d eri v e t h e pr o b a bilit y t o fi n d t h e ei g e n v al u e a of t h e n e w b asis

v e ct or |Φ( a ) i n t h at pr oj e cti o n of |Ψ i n t h e i nt er v al [a, a + d a ],

a n d w e n a m e t h at pr o b a bilit y P |Ψ (a ):

P |Ψ (a ) =
| Φ( a )|Ψ) |2

Ψ |Ψ
· d a = P (a ) ( 1 4. 1 5 1)

S o, w e d eri v e d t h e pr o b a bilit y P (a ) i n it e m ( 3). We s u m m ari z e:

T h e o r e m 3 0 P r o b a bili s ti c o u t c o m e s of m e a s u r e m e n t s

T h e st at e s of v ol u m e o r of m att e r f o r m a Hil b e rt s p a c e H ,

w h e r e b y t h e f oll o wi n g h ol d s:

(I. 1 ) At e a c h l o c ati o n r , t h e r e o c c u r st at e s, s o t h at t h e c o r r e-

s p o n di n g r at e ε̇ L (t, r ) i s p r o p o rti o n al t o a w a v e f u n cti o n Ψ( t, r ).

H e r e b y, t h e c o r r e s p o n di n g e n e r g y d e n sit y u ki n i s p r o p o rti o n al t o

t h e p r o b a bilit y d e n sit y f u n cti o n f R (t, r ) of t h e w a v e f u n cti o n.

(I. 2 ) T h e n o r m ali z e d p r o b a bilit y d e n sit y f u n cti o n i s a s f oll o w s:

f R (t, r ) =
|Ψ( t, r )|2

Ψ (t, r )|Ψ( t, r )

wit h Ψ( t, r )|Ψ( t, r ) = d r 3 Ψ c c (t, r ) · Ψ( t, r )

Ψ c c = c o m pl e x c o nj u g at e d of Ψ ( 1 4. 1 5 2)

T h e c o r r e s p o n di n g p r o b a bilit y t o fi n d a q u a nt u m i n a vi ci nit y of

r a n d wit h a v ol u m e d V i s a s f oll o w s:

p (t, r, d V ) = f R (t, r ) · d V ( 1 4. 1 5 3)

(I. 3 ) T h e a b o v e p r o b a bilit y r e p r e s e nt s a s e c o n d o r d e r f u n cti o n

( s q u a r e ) of t h e st at e v e ct o r |Ψ( t, r ) i n H , T H M ( 2 6 ).

(I. 4 ) M o r e o v e r, t h at p r o b a bilit y i s t h e b a si s of li n e a r c o m bi n a-

ti o n s, b y w hi c h a s q u a r e of t h e st at e v e ct o r |Ψ( t, r ) i n Hil b e rt

s p a c e i s e x p a n d e d wit h r e s p e ct t o ei g e nf u n cti o n s i n Hil b e rt s p a c e.

T h e r e b y, i n p a rti c ul a r, t h e p r o b a biliti e s of t h e m e a s u r e m e nt of

t h e ei g e n v al u e s a r e d e ri v e d.
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(II ) If a m e a s u r e m e nt of a n o b s e r v a bl e A wit h a n o p e r at o r ˆA i s
m a d e at a st at e |Ψ , t h e n t h e p r o b a bilit y i n it e m (I. 2 ) p r o vi d e s

t h e p r o b a bilit y t o m e a s u r e a n ei g e n v al u e of ˆA a s f oll o w s.

(II. 1 ) T h e p r o b a bilit y of o bt ai ni n g o n e of t h e n o n- d e g e n e r at e

di s c r et e ei g e n v al u e s a j of t h e c o r r e s p o n di n g o p e r at o r ˆA i s r e p-

r e s e nt e d a s f oll o w s:

P (a j ) =
| φ j |Ψ |2

Ψ |Ψ
(1 4. 1 5 4)

H e r e b y, |φ j r e p r e s e nt o rt h o n o r m al ei g e nf u n cti o n s of ˆA , c o r r e-

s p o n di n g t o r e s p e cti v e ei g e n v al u e s a j . If t h e st at e v e ct o r i s n o r-

m ali z e d t o u nit y, t h e t h e p r o b a bilit y f o r a di s c r et e s et of st at e s

i s P (a j ) = | φ j |Ψ |2 .

(II. 2 ) If t h e ei g e n v al u e a j i s m j -f ol d d e g e n e r at e, t h at p r o b a bilit y

t o m e a s u r e a n ei g e n v al u e a j i s a s f oll o w s:

P (a j ) =
Σ

m j

i= 1 | φ j,i |Ψ |2

Ψ |Ψ
(1 4. 1 5 5)

(II. 3 ) If t h e o p e r at o r ˆA p o s s e s s e s a c o nti n u o u s ei g e n s p e ct r u m

{ a } , t h e n t h e p r o b a bilit y t h at t h e r e s ult of a m e a s u r e m e nt will

yi el d a v al u e b et w e e n a a n d a + d a i s a s f oll o w s:

P (a ) =
| φ (a )|Ψ |2

Ψ |Ψ
d a

wit h Ψ |Ψ =
∞

− ∞

|Ψ( a ′)|2 d a ′ ( 1 4. 1 5 6)

1 4. 7 Mi x e d s t a t e s

I n t his s e cti o n, w e d eri v e t h e f oll o wi n g p ost ul at e a b o ut t h e e x-
p e ct ati o n v al u e of a n o bs er v a bl e i n t h e c as e of a mi x e d st at e.

W h at is a mi x e d st at e ?

Firstl y, a p ur e st at e is a v e ct or i n Hil b ert s p a c e.
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H o w e v er, if w e h a v e i ns u ffi ci e nt k n o wl e d g e a b o ut t h e o bj e cts of

a s yst e m, t h e n w e c a n d es cri b e t h e s yst e m i n t h e fr a m e w or k of

st atisti c al p h ysi cs, s e e e. g. L a n d a u a n d Lifs c hit z ( 1 9 8 0). I n t h e

c as e of a q u a nt u m s yst e m, s u c h a s yst e m is i n a mi x e d st at e.

A mi x e d st at e c a n b e c h ar a ct eri z e d as f oll o ws, s e e e. g. ( B al-

l e nti n e, 1 9 9 8, p. 4 6, 5 0):

D e fi ni ti o n 1 3 Mi x e d s t a t e

( 1 a ) I n a mi x e d st at e, t h e o rt h o n o r m al ei g e nf u n cti o n s φ j of

a n o p e r at o r ˆA of a n o b s e r v a bl e A a n d of a n o n- d e g e n e r at e o r

d e g e n e r at e ei g e n v al u e a j o c c u r at c o r r e s p o n di n g p r o b a biliti e s p j .

( 1 b ) T h e p r o b a biliti e s a r e n o n- n e g ati v e a n d t h ei r s u m i s o n e:

p j ≥ 0

N A

j = 1

p j = 1 ( 1 4. 1 5 7)

H e r e b y, N A d e n ot e s t h e n u m b e r of ei g e n v e ct o r s of ˆA .

( 2 ) A mi x e d st at e c a n b e d e s c ri b e d b y a d e n sit y o p e r at o r a s

f oll o w s ( S a k u r ai a n d N a p olit a n o, 1 9 9 4, p. 1 8 0, 1 8 1 ):

ρ̂ =

N A

j = 1

|φ j p j φ j | ( 1 4. 1 5 8)

T h e d e n sit y o p e r at o r i s al s o c all e d st at e o p e r at o r o r st ati sti c al

o p e r at o r, a n d t h e a b o v e f o r m of t h at o p e r at o r ρ̂ i s c all e d s p e ct r al

r e p r e s e nt ati o n ( B all e nti n e, 1 9 9 8, p. 4 6 a n d s e cti o n 2. 3 ).

P o s t ul a t e 6 E x p e c t a ti o n v al u e of a mi x e d s t a t e

T o e a c h st at e t h e r e c o r r e s p o n d s a u ni q u e st at e o p e r at o r. T h e

e x p e ct ati o n ( o r a v e r a g e ) v al u e of a d y n a mi c v a ri a bl e ( o r o b s e r v-

a bl e ) A , r e p r e s e nt e d b y t h e o p e r at o r ˆA , i n t h e vi rt u al e n s e m bl e

of e v e nt s t h at m a y r e s ult f r o m a p r e p a r ati o n p r o c e d u r e f o r t h e

st at e, r e p r e s e nt e d b y a n o p e r at o r ρ̂ i s:

A =
T r ( ρ̂ · ˆA )

T r ( ρ̂ )
H er e b y , Tr m ar ks t h e tr a c e . ( 1 4. 1 5 9)
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D e ri v a ti o n :  A c c or di n g t o t h e d e fi niti o n of a n e x p e ct ati o n

v al u e ( Ol ofss o n a n d A n d erss o n, 2 0 1 2, D E F 2. 4. 1), t h e e x p e ct a-

ti o n v al u e A is t h e s u m of t h e pr o d u cts of t h e pr o b a biliti es

a n d ei g e n v al u es:

A =

N A

j = 1

p j · a j ( 1 4. 1 6 0)

As t h e D E Q of t h e R G Ws is li n e ar, a n d as t h e S E Q d eri v e d

t h er efr o m is li n e ar t o o, w e c a n us e li n e ar al g e br a. Wit h it, w e

d eri v e t h e p ost ul at e as f oll o ws:

T h e a b o v e s u m is e q u al t o t h e tr a c e of a di a g o n al m atri x,

i n w hi c h t h e pr o d u cts p j · a j ar e t h e di a g o n al el e m e nts. S u c h a

m atri x c a n b e r e pr es e nt e d as f oll o ws:

di a g o n al m atri x =

N A

j = 1

|φ j p j · a j φ j |

wit h φ j |φ k = δ j k ( 1 4. 1 6 1)

S o, t h e e x p e ct ati o n v al u e is t h e tr a c e of t h at m atri x:

A = T r

N A

j = 1

|φ j p j · a j φ j | ( 1 4. 1 6 2)

We a d d a n a d diti o n al s u m of δ i j , a n d w e c h a n g e t w o i n di c es

fr o m j t o i, s o t h at t h e v al u e r e m ai ns t h e s a m e:

A = T r

N A

j = 1

N A

i= 1

|φ i p i · δ i j · a j φ j | ( 1 4. 1 6 3)

N e xt, w e r e pl a c e δ i j b y t h e s c al ar pr o d u ct of ort h o n or m al ei g e n-

f u n cti o ns φ i|φ j :

A = T r

N A

j = 1

N A

i= 1

|φ i p i · φ i|φ j · a j φ j | ( 1 4. 1 6 4)
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N e xt, w e m o v e t h e s u m N A

j = 1 t o t h e pl a c e at w hi c h i n di c es j

o c c ur t h e first ti m e, s o t h at t h e v al u e r e m ai ns t h e s a m e:

A = T r

N A

i= 1

|φ i · p i · φ i| ·

N A

j = 1

|φ j · a j · φ j |

w e i d e ntif y ρ̂ =

N A

i= 1

|φ i · p i · φ i|

w e i d e ntif y ˆA =

N A

j = 1

|φ j · a j · φ j | ( 1 4. 1 6 5)

H er e, w e i d e nti fi e d t h e first s u m wit h t h e s p e ctr al r e pr es e nt ati o n

of t h e d e nsit y o p er at or, a n d w e i d e nti fi e d t h e s e c o n d s u m wit h

t h e s p e ctr al r e pr es e nt ati o n of ˆA . S o, t h e e x p e ct ati o n v al u e is

t h e tr a c e of t h e f oll o wi n g pr o d u ct of o p er at ors:

A = T r ( ρ̂ · ˆA ) ( 1 4. 1 6 6)

As w e us e ort h o n or m al ei g e nf u n cti o ns, t h e tr a c e of t h e s p e ctr al

r e pr es e nt ati o n of t h e d e nsit y o p er at or is o n e, T r ( ρ̂ ) = 1, s o w e

c a n di vi d e b y t h at tr a c e 6 :

A =
T r ( ρ̂ · ˆA )

T r ( ρ̂ )
We s u m m ari z e : ( 1 4. 1 6 7)

T h e o r e m 3 1 E x p e c t a ti o n v al u e i n a mi x e d s t a t e

T h e D E Q of t h e R G W s i s li n e a r, a n d t h e S E Q d e ri v e d t h e r ef r o m

i s li n e a r t o o. S o, li n e a r al g e b r a c a n b e a p pli e d t o t h e st at e s of

q u a nt u m p h y si c s. Wit h it, t h e a b o v e p o st ul at e h a s b e e n d e ri v e d:

I n a mi x e d st at e, r e p r e s e nt e d b y a d e n sit y o p e r at o r ρ̂ , t h e e x p e c-

t ati o n v al u e A of a n o b s e r v a bl e A , r e p r e s e nt e d b y t h e o p e r at o r
ˆA , i s a s f oll o w s:

A =
T r ( ρ̂ · ˆA )

T r ( ρ̂ )
( 1 4. 1 6 8)

6 N ot e t h at i n a n ot h er r e p r e s e nt ati o n, t h at t r a c e T r ( ρ̂ ) mi g ht h a v e a v al u e di ff er e nt
f r o m o n e.
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1 4. 8 A n g ul a r m o m e n t u m a n d s pi n

I n t his s e cti o n, w e s u m m ari z e a r es ult t h at is us ef ul i n t h e f ol-

l o wi n g s e cti o n ( 1 4. 1 0).

B as e d o n t h e p ost ul at es of Q P, t h e q u a nt u m p h ysi cs of a n g u-

l ar m o m e nt u m a n d s pi n c a n b e d e v el o p e d ( S a k ur ai a n d N a p oli-

t a n o, 1 9 9 4, c h a pt er 3), ( S c h e c k, 2 0 1 3, c h a pt er 4), ( B all e nti n e,

1 9 9 8, c h a pt er 7). S o, a n g ul ar m o m e nt u m a n d s pi n ar e c o ns e-

q u e n c es of t h e S Q.

1 4. 9 I d e n ti c al p a r ti cl e s

I n t his s e cti o n, w e d eri v e t h e p h ysi cs of i d e nti c al p arti cl es.

1 4. 9. 1 I n di s ti n g ui s h a bili t y

I n a s yst e m of N p arti cl es, e a c h p arti cl e j is d es cri b e d b y a

c o n fi g ur ati o n ξ j of p h ysi c al q u a ntiti es s u c h as l o c ati o n, s pi n,

c h ar g e, et c., ( L a n d a u a n d Lifs c hit z, 1 9 6 5, § 6 1). T h us, t h e w a v e

f u n cti o n a n d t h e H a milt o ni a n ar e f u n cti o ns of t h es e v ari a bl es:

Ψ = Ψ( ξ 1 , ξ2 , ..., ξN ) ( 1 4. 1 6 9)

H = H (ξ 1 , ξ2 , ..., ξN ) ( 1 4. 1 7 0)

D e fi ni ti o n 1 4 I n di s ti n g ui s h a bl e p a r ti cl e s

( 1 ) T h e p e r m u t a ti o n o p e r a t o r P i j e x c h a n g e s p a rti cl e s i a n d

j . E. g. , at a w a v e f u n cti o n, P i j a ct s a s f oll o w s:

P i j Ψ( ξ 1 , ξ2 , ..., ξi− 1 , ξi, ..., ξj − 1 , ξj , ... ξN ) ( 1 4. 1 7 1)

= Ψ( ξ 1 , ξ2 , ..., ξi− 1 , ξj , ..., ξj − 1 , ξi, ... ξN ) ( 1 4. 1 7 2)

( 2 ) N p a rti cl e s a r e c all e d i n di s ti n g ui s h a bl e, if t h e H a milt o-

ni a n d o e s n ot c h a n g e a s a r e s ult of t h e p e r m ut ati o n o p e r at o r

P i j , s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n 1 7. 3 ).

( 3 ) If N p a rti cl e s a r e i n di sti n g ui s h a bl e, t h e n t h e y a r e c all e d

i d e n ti c al, s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n 1 7. 3 ).
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1 4. 9. 2 Ti m e e v ol u ti o n

T h e ti m e e v ol uti o n of a s yst e m of i d e nti c al p arti cl es is pr o vi d e d

b y t h e S E Q, s e e e. g. ( S c h e c k, 2 0 1 3, s e cti o n 4. 3. 3) or ( B all e n-

ti n e, 1 9 9 8, s e cti o n 1 7).

I n t h e c as e of i d e nti c al p arti cl es, t h e H a milt o ni a n is i n v ari a nt

wit h r es p e ct t o t h e p er m ut ati o n o p er at or. As a c o ns e q u e n c e of

t h e a b o v e p ost ul at es ( 1, 2, 3, 4, 5), t h e H a milt o ni a n a n d t h e

P er m ut ati o n o p er at or c a n b e tr a nsf or m e d t o t h e di a g o n al f or m

si m ult a n e o usl y, s o t h e y h a v e ei g e n v e ct ors a n d ei g e n v al u es i n d e-

p e n d e ntl y, s e e e. g. ( B all e nti n e, 1 9 9 8, s e cti o n 1 7. 1). T h er e b y,

t h e o nl y ei g e n v al u es of P i j ar e ± 1, as P 2
i j h as t h e ei g e n v al u e o n e:

P i j Ψ = ± 1 · Ψ ( 1 4. 1 7 3)

If a w a v e f u n cti o n Ψ of P i j h as t h e ei g e n v al u e + 1, t h e n Ψ is

c all e d s y m m e t ri c . If a w a v e f u n cti o n Ψ of P i j h as t h e ei g e n-

v al u e − 1, t h e n Ψ is c all e d a n ti s y m m e t ri c .

P o s t ul a t e 7 S y m m e t ri z a ti o n p o s t ul a t e

( 1 ) T h e p a rti cl e s of a s p e ci e s a r e cl a s si fi e d i nt o t w o cl a s s e s:

( 1 a ) Eit h e r t h e p a rti cl e s of a s p e ci e s h a v e s y m m et ri c w a v e f u n c-

ti o n s. S u c h p a rti cl e s a r e c all e d B o s o n s .

( 1 b ) O r t h e p a rti cl e s of a s p e ci e s h a v e a nti s y m m et ri c w a v e f u n c-

ti o n s. S u c h p a rti cl e s a r e c all e d F e r mi o n s .

D e ri v a ti o n : As t h e p er m ut ati o n o p er at or a n d t h e H a milt o-

ni a n c a n b e tr a nsf or m e d t o t h e di a g o n al f or m si m ult a n e o usl y,

t h e s y m m etr y or a ntis y m m etr y of t h e w a v e f u n cti o n d o n ot

c h a n g e d uri n g t h e ti m e e v ol uti o n. T h us, a t y p e of p arti cl es h as

eit h er s y m m etri c w a v e f u n cti o ns at all ti m es, or t h es e p arti-

cl es h a v e a ntis y m m etri c w a v e f u n cti o ns at all ti m es. H e n c e, t h e

t y p es of p arti cl es ar e cl assi fi e d i nt o B os o ns a n d Fer mi o ns.
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1 4. 1 0 E n t a n gl e m e n t

1 4. 1 0. 1 S y s t e m wi t h s e v e r al d e g r e e s of f r e e d o m

I n g e n er al, a s yst e m S c a n c o nsist of s e v er al d e gr e es of fr e e d o m

ξ i, wit h i ∈ { 1 , 2 , 3 , ..., N} . T his i n cl u d es t h e c as e t h at a s yst e m

c o nsists of s e v er al o bj e cts. S o, m ost g e n er all y, t h e w a v e f u n cti o n

of S is a f u n cti o n of all d e gr e es of fr e e d o m:

Ψ = Ψ( t, ξ1 , ξ2 , ..., ξN ) ( 1 4. 1 7 4)

As d eri v e d a b o v e, t h e w a v e f u n cti o n d es cri b es a p ur e st at e,

w h er e b y t h e c as e of mi x e d st at es is tr e at e d si mil arl y as s h o w n

i n s e cti o n ( 1 4. 7).

As a c o ns e q u e n c e, b y a p pli c ati o n of E q. ( 1 4. 1 2 0) t o t h e

pr es e nt c as e, w e d eri v e t h e j oi n t d e n si t y f u n c ti o n, s e e e. g.

( As h, 2 0 0 8, s e cti o n 2. 6), f (t, ξ1 ∩ ξ 2 ∩ ...∩ ξ N ) or f (t, ξ1 , ξ2 , ..., ξN ).

H er e b y, t h at j oi nt d e nsit y f u n cti o n is pr o p orti o n al t o t h e pr o b-

a bilit y f or t h e si m ult a n e o us o c c urr e n c e of t h e v al u es ξ 1 a n d ξ 2

a n d ... a n d ξ N . I n p arti c ul ar, w e d eri v e t h at f (t, ξ1 , , ξ2 , ..., ξN )

is e q u al t o t h e a bs ol ut e s q u ar e of t h e n or m ali z e d w a v e f u n cti o n
Ψ n or m :

f (t, ξ1 , ξ2 , ..., ξN ) = |Ψ n or m (t, ξ1 , ξ2 , ..., ξN )|2 ( 1 4. 1 7 5)

T h e c orr es p o n di n g j oi nt pr o b a bilit y P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) t o fi n d
ξ i ∈ [ξ i − δ q / 2 , ξi + δ q / 2] wit h i ∈ { 1 , 2 , 3 , ..., N} is e q u al t o t h e

pr o b a bilit y d e nsit y f u n cti o n m ulti pli e d b y δ q N , s e e ( As h, 2 0 0 8,

s e cti o n 2. 6):

P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) = |Ψ n or m (t, ξ1 , ξ2 , ..., ξN )|2 · (δ q ) N ( 1 4. 1 7 6)

S u c h a pr o b a bilit y f or t h e si m ult a n e o us o c c urr e n c e of s e v er al

e v e nts is d es cri b e d i n ( As h, 2 0 0 8, s e cti o n 2. 6), ( Ol ofss o n a n d

A n d erss o n, 2 0 1 2, s e cti o ns 1. 2, 1. 3, 1. 4), f or i nst a n c e.
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1 4. 1 0. 1. 1 S y s t e m wi t h i n d e p e n d e n t d e g r e e s of f r e e d o m

I n p arti c ul ar, a s yst e m S c a n c o nsist of s e v er al i n d e p e n d e nt

d e gr e es of fr e e d o m ξ i, wit h i ∈ { 1 , 2 , ..., N} , s e e e. g. ( K ol-

m o g or o v, 1 9 5 6, § 5 i n c h a pt er I or c h a pt er VI), ( As h, 2 0 0 8,

s e cti o n 2. 6, 2. 7, 2. 8, 2. 9).

As a c o ns e q u e n c e, t h e pr o b a bilit y f or t h e si m ult a n e o us o c c ur-

r e n c e of s e v er al e v e nts i n E q. ( 1 4. 1 7 6) b e c o m es a pr o b a bilit y f or

t h e si m ult a n e o us o c c urr e n c e of s e v er al i n d e p e n d e n t e v e n t s.

A c c or di n g t o pr o b a bilit y t h e or y, s e e ( Ol ofss o n a n d A n d erss o n,

2 0 1 2, D E F 1. 5. 2, 1. 5. 3, 1. 5. 4), t h e pr o b a bilit y i n E q. ( 1 4. 1 7 6)

b e c o m es a pr o d u ct of t h e pr o b a biliti es:

P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) =

N

i= 1

P (t, ξi) or

P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) =

N

i= 1

|Ψ n or m (t, ξi)|
2 · δ q ( 1 4. 1 7 7)

As t h e a b o v e r ul e s h o ul d h ol d f or all p ossi bl e w a v e f u n cti o ns,

t h e w a v e f u n cti o n Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) is a pr o d u ct of t h e w a v e

f u n cti o ns of t h e si n gl e d e gr e es of fr e e d o m:

Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) =

N

i= 1

Ψ n or m (t, ξi) ( 1 4. 1 7 8)

I n t h e lit er at ur e, t h at pr o d u ct h as als o b e e n n a m e d t e n-

s o r p r o d u c t , a n d t h e c orr es p o n di n g m ulti pli c ati o n h as b e e n

m ar k e d b y ⊗ , s e e e. g. S a n z et al. ( 2 0 1 6):

Ψ n or m (t, ξ1 , ξ2 , ..., ξN )

= Ψ n or m (t, ξ1 ) ⊗ Ψ n or m (t, ξ1 ) ⊗ ... ⊗ Ψ n or m (t, ξN ) ( 1 4. 1 7 9)

T his pr o d u ct r ul e f or w a v e f u n cti o ns h as b e e n p ost ul at e d i n

q u a nt u m p h ysi cs, s e e e. g. ( Ki n z el, 2 0 2 1, s e cti o n 3. 1) or ( B al-

l e nti n e, 1 9 9 8, p. 4 7 0). I n t h e lit er at ur e, s u c h a pr o d u ct st at e
h as als o b e e n n a m e d s e p a r a bl e , s e e e. g. S a n z et al. ( 2 0 1 6). As
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a r es ult of t h e a b o v e d eri v ati o n, t his p ost ul at e is a c o ns e q u e n c e

of t h e S Q.

1 4. 1 0. 1. 2 S y s t e m wi t h d e p e n d e n t d e g r e e s of f r e e d o m

M or e g e n er all y, a s yst e m S c a n c o nsist of s e v er al d e gr e es of

fr e e d o m ξ i, wit h i ∈ { 1 , 2 , ..., N} t h at ar e n ot i n d e p e n d e nt.

As a c o ns e q u e n c e, t h e pr o b a bilit y f or t h e si m ult a n e o us o c-

c urr e n c e of s e v er al e v e nts i n E q. ( 1 4. 1 7 6) d o es n ot r e pr es e nt

a pr o b a bilit y of i n d e p e n d e nt e v e nts. A c c or di n g t o pr o b a bilit y

t h e or y, s e e ( Ol ofss o n a n d A n d erss o n, 2 0 1 2, D E F 1. 5. 2, 1. 5. 3,

1. 5. 4), t h e pr o b a bilit y i n E q. ( 1 4. 1 7 6) is n ot a pr o d u ct of t h e

pr o b a biliti es:

P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) =

N

i= 1

P (t, ξi) or

P (t, ξ1 ∩ ξ 2 ... ∩ ξ N ) =

N

i= 1

|Ψ n or m (t, ξi)|
2 · δ q ( 1 4. 1 8 0)

As a f urt h er c o ns e q u e n c e, t h e a b o v e w a v e f u n cti o n of s e v er al

d e gr e es of fr e e d o m i n E q. ( 1 4. 1 8 0) Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) is n ot a

pr o d u ct of t h e w a v e f u n cti o ns of t h e si n gl e d e gr e es of fr e e d o m:

Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) =

N

i= 1

Ψ n or m (t, ξi) ( 1 4. 1 8 1)

T h us, t h e st at e Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) i n E q. ( 1 4. 1 8 0) is n ot s e p-

ar a bl e. B y d e fi niti o n, a st at e is c all e d e n t a n gl e d if a n d o nl y

if it is n ot s e p ar a bl e, s e e e. g. S a n z et al. ( 2 0 1 6) or H or d e c ki

et al. ( 2 0 0 9).

S o, t h e st at e Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) i n E q. ( 1 4. 1 8 0) is e nt a n-

gl e d. H e n c e, w e d eri v e d t h at e nt a n gl e d st at es ar e a c o ns e q u e n c e

of t h e S Q 7 .
7 C or r e s p o n di n gl y, e nt a n gl e d st at e s o c c u r i n a v ari et y of s y st e m s, s e e e. g. A s p e ct et al.

( 1 9 8 2). E nt a n gl e d st at e s d o e v e n o c c u r i n m a c r o s c o pi c or s e mi cl a s si c al s y st e m s c o nt ai ni n g
m e m b r a n e s, R o d ri g o et al. ( 2 0 2 1), or c o nt ai ni n g li vi n g b a ct eri a, M arl ett o et al. ( 2 0 1 7).
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M or e o v er, pr o p erti es of e nt a n gl e d st at es a n d m e as ur es of e n-

t a n gl e m e nt c a n b e d eri v e d o n t h e b asis of t h e S Q. F or i nst a n c e,

t h e c o n di ti o n al v a ri a n c e V c is a m e as ur e of us u al pr o b a bilit y

t h e or y, s e e e. g. ( Ol ofss o n a n d A n d erss o n, 2 0 1 2, s e cti o n 3. 7. 3),

a n d V c c a n b e a p pli e d as a n e ffi ci e nt i n di c at or f or e nt a n gl e m e nt,

e v e n i n m a cr os c o pi c s yst e ms, R o dri g o et al. ( 2 0 2 1).

T h e o r e m 3 2 S e p a r a bili t y a n d e n t a n gl e m e n t

( 1 ) I n a s y st e m c o n si sti n g of m a n y d e g r e e s of f r e e d o m ξ i, wit h

i ∈ { 1 , 2 , ..., N} , i n cl u di n g m a n y o bj e ct s, t h e n o r m ali z e d w a v e

f u n cti o n i s a f u n cti o n of t h e s e v a ri a bl e s ξ i:

Ψ n or m = Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) ( 1 4. 1 8 2)

( 1 a ) If t h e s e d e g r e e s of f r e e d o m ξ i a r e i n d e p e n d e nt, t h e n t h e

st at e i s c all e d s e p a r a bl e a n d t h e w a v e f u n cti o n f a ct o ri z e s:

Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) =

N

i= 1

Ψ n or m (t, ξi) ( 1 4. 1 8 3)

T h e n t h e p r o d u ct r ul e c a n b e a p pli e d, s e e e. g. ( Ki n z el, 2 0 2 1,

s e cti o n 3. 1 ) o r ( B all e nti n e, 1 9 9 8, p. 4 7 0 ). S o, i n d e p e n d e nt

st at e s a r e a p o s si bl e c o n s e q u e n c e of t h e S Q.

( 1 b ) If t h e s e d e g r e e s of f r e e d o m ξ i a r e n ot i n d e p e n d e nt, t h e n t h e

w a v e f u n cti o n d o e s n ot f a ct o ri z e:

Ψ n or m (t, ξ1 , ξ2 , ..., ξN ) =

N

i= 1

Ψ n or m (t, ξi) ( 1 4. 1 8 4)

B y D E F, a st at e i s e n t a n gl e d if a n d o nl y if it i s n ot s e p a r a bl e.

S o, e nt a n gl e d st at e s a r e a p o s si bl e c o n s e q u e n c e of t h e S Q.

T h e o r e m 3 3 D e ri v a ti o n of q u a n t u m p o s t ul a t e s

F o r t h e p o st ul at e s of q u a nt u m p h y si c s

o n t h e ti m e e v ol uti o n ( p o st ul at e 1 ),
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o n Hil b e rt s p a c e ( p o st ul at e 2 ),

o n o b s e r v a bl e s ( p o st ul at e 3 ),

o n p o s si bl e o ut c o m e s of m e a s u r e m e nt s ( p o st ul at e 4 ),

o n p r o b a biliti e s of t h e s e o ut c o m e s ( p o st ul at e 5 )

o n e x p e ct ati o n v al u e s of o b s e r v a bl e s at mi x e d st at e s ( p o st ul at e

6 ),

o n t h e s y m m et ri z ati o n p o st ul at e ( 7 ),

o n s e v e r al d e g r e e s of f r e e d o m ( s e cti o n 1 4. 1 0. 1 ),

o n s e v e r al s e p a r a bl e d e g r e e s of f r e e d o m ( p o st ul at e o n i n d e p e n-

d e nt st at e s i n s e cti o n 1 4. 1 0. 1. 1 ),

o n s e v e r al e nt a n gl e d d e g r e e s of f r e e d o m ( s e cti o n 1 4. 1 0. 1. 2 ),

t h e f oll o wi n g h ol d s:

( 1 ) T h e v ol u m e d y n a mi c s i m pli e s t h e s e p o st ul at e s of q u a nt u m

p h y si c s. T h e r e b y, o bj e ct s at v = c a n d at v < c a r e i n cl u d e d.

S o, t h e p o s t ul a t e s h a v e b e c o m e d e ri v e d r ul e s of q u a nt u m

p h y si c s.

( 2 ) A s m att e r f o r m s f r o m v ol u m e b y a p h a s e t r a n siti o n, s e e e. g.

Hi g g s ( 1 9 6 4 ), C a r m e si n ( 2 0 2 1 a ), t h e v ol u m e d y n a mi c s a p pli e s

t o m att e r a s w ell a s t o v ol u m e. S o, t h e d e ri v e d p o st ul at e s a p pl y

t o o bj e ct s of m att e r a d diti o n all y.

( 3 ) T h e u s u al a d v a n c e d t h e o ri e s of q u a nt u m p h y si c s a r e b a s e d

o n t h e p o st ul at e s d e ri v e d h e r e, s e e c h a pt e r ( 1 5 ).

( 4 ) S o, v ol u m e d y n a mi c s i m pli e s q u a n t u m p h y si c s .
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C o n s e q u e n c e s of Q u a n t u m
P o s t ul a t e s

I d e a : B as e d o n t h e S Q, w e d eri v e d t h e us u al p ost ul at es of

q u a nt u m p h ysi cs, Q P, as a c o ns e q u e n c e ( c h a pt er 1 4). As a

m att er of f a ct, t h es e p ost ul at es h a v e b e e n us e d i n or d er t o d eri v e

t h e ess e nti al a d v a n c e d t h e ori es a b o ut Q P. T h us, t h e ess e nti al

a d v a n c e d t h e ori es of Q P ar e c o ns e q u e n c es of t h e S Q.

M or e o v er, w e e x pl ai n e d t h e us u al p ost ul at es of Q P b y t h e

d y n a mi cs of v ol u m e ( p art II). A c c or di n gl y, w e e x pl ai n e d t h e

a d v a n c e d t h e ori es of Q P b y t h e d y n a mi cs of v ol u m e. I n t his

c h a pt er, w e s u m m ari z e t h es e c o ns e q u e n c es of t h e S Q:

1 5. 1 P h e n o m e n a

B as e d o n t h e p ost ul at es of q u a nt u m p h ysi cs, Q P, t h e H eis e n-

b er g u n c ert ai nt y r el ati o n c a n b e d eri v e d ( B all e nti n e, 1 9 9 8, s e c-

ti o n 8. 4), ( K u m ar, 2 0 1 8, s e cti o n 3. 1 0). M or e o v er, b as e d o n t h e

p ost ul at es of Q P, t h e st at es i n at o ms c a n b e d eri v e d ( B all e nti n e,

1 9 9 8, c h a pt er 1 0).

2 0 1
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1 5. 2 T h e o ri e s

1 5. 2. 1 P a t h i n t e g r al s a n d s e mi cl a s si c al li mi t

B as e d o n t h e p ost ul at es of Q P, Fe y n m a n’s p at h i nt e gr al c a n

b e d e v el o p e d ( S a k ur ai a n d N a p olit a n o, 1 9 9 4, s e cti o n 2. 6, E q.

2. 6. 4 9), ( B all e nti n e, 1 9 9 8, s e cti o n 4. 8).

1 5. 2. 2 G a u g e i n v a ri a n c e a n d i n t e r a c ti o n

B as e d o n t h e p ost ul at es of Q P, t h e pri n ci pl e of g a u g e i n v ari a n c e

c a n b e d e v el o p e d, a n d it c a n b e a p pli e d i n or d er t o d eri v e t er ms

d es cri bi n g f u n d a m e nt al i nt er a cti o ns, ( S a k ur ai a n d N a p olit a n o,

1 9 9 4, s e cti o n 2. 7).

R el a ti vi s ti c q u a n t u m p h y si c s : B as e d o n t h e p ost ul at es of

Q P, t h e r el ati visti c q u a nt u m t h e or y, i n cl u di n g t h e Dir a c e q u a-

ti o n, c a n b e d e v el o p e d ( S a k ur ai a n d N a p olit a n o, 1 9 9 4, C. 8).

S e c o n d q u a n ti z a ti o n : We d eri v e d l a d d er o p er at ors i n s e cti o n

( 1 4. 5). T h at m et h o d is us u all y c all e d s e c o n d q u a nti z ati o n, s e e

e. g. ( S a k ur ai a n d N a p olit a n o, 1 9 9 4, p. 4 6 0). H er e, w e pr o-

vi d e t h e d y n a mi cs of v ol u m e u n d erl yi n g t h e m et h o d of s e c o n d

q u a nti z ati o n.

Q u a n t u m el e c t r o d y n a mi c s : Usi n g t h e m et h o d of s e c o n d

q u a nti z ati o n (s e cti o n 1 4. 5), t h e t h e or y of q u a nt u m el e ctr o d y-

n a mi cs or t h e q u a nt u m t h e or y of t h e el e ctr o m a g n eti c fi el d c a n

b e d eri v e d, s e e e. g. ( B all e nti n e, 1 9 9 8, c h a pt er 1 9).

Q u a n t u m fi el d t h e o r y : Wit h a n a p pli c ati o n of t h e m et h o d

of p at h i nt e gr als (s e cti o n 1 5. 2. 1), t h e t h e or y of q u a nt u m el e c-

tr o d y n a mi cs or t h e q u a nt u m t h e or y of t h e el e ctr o m a g n eti c fi el d

c a n b e d eri v e d, s e e e. g. Wei n b er g ( 1 9 9 6). Alt er n ati v el y, w e

c a n us e t h e m et h o d of s e c o n d q u a nti z ati o n (s e cti o n 1 4. 5), i n or-

d er t o d eri v e q u a nt u m fi el d t h e or y, s e e e. g. Bi al y ni c ki- Bir ul a

a n d Bi al y ni c ki- Bir ul a ( 1 9 7 5).
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O n B ell’ s t h e o r e m

I d e a : Ei nst ei n et al. ( 1 9 3 5) pr o p os e d t h at a p h ysi c al t h e or y

s h o ul d b e r e alisti c a n d l o c al. H o w e v er, q u a nt u m p h ysi cs a p-

p e ars t o b e n o nl o c al. A c c or di n gl y, Ei nst ei n et al. ( 1 9 3 5) pr o-

p os e d t h at q u a nt u m p h ysi cs is i n c o m pl et e a n d s h o ul d b e s u p-

pl e m e nt e d b y h y p ot h eti c al hi d d e n v ari a bl es.

B ell ( 1 9 6 4) pr o vi d e d a s c h e m e i n or d er t o i n v esti g at e s u c h

h y p ot h eti c al hi d d e n v ari a bl es. A c c or di n gl y, w e s u m m ari z e t h at

t o ol of i n v esti g ati o n a n d t h e e x p eri m e nt al r es ults. M or e o v er,

w e pr es e nt i m pli c ati o ns of t h e d y n a mi cs of v ol u m e c o n c er ni n g

t h e iss u e of a r e alisti c a n d l o c al t h e or y of n at ur e.

1 6. 1 O n B ell’ s i n e q u ali t y

We c o nsi d er a s yst e m c o nsisti n g of t w o c o m p o n e nts or p arti cl es,

s e e Fi g. ( 1 6. 1). E a c h c o m p o n e nt c a n b e m e as ur e d, w h er e b y t w o

r es ults ar e p ossi bl e, c all e d ± 1. E a c h m e as ur e m e nt d e vi c e h as a

s et of ori e nt ati o ns or dir e cti o ns a a n d b of m e as ur e d p ol ari z ati o n

or s pi n. E a c h m e as ur e m e nt d e p e n ds o n t h e ori e nt ati o ns a a n d

b a n d p ossi bl y o n hi d d e n v ari a bl es λ :

A (a, λ ) = ± 1 f or p arti cl e 1 a n d ( 1 6. 1)

B (b, λ ) = ± 1 f or p arti cl e 2 ( 1 6. 2)

2 0 3
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D B

b
D A

a d o b s = c · ∆ to b s

Fi g ur e 1 6. 1: E x p eri m e nt pr o vi di n g t h e B ell i n e q u alit y: T h e p ar-
ti cl e at t h e l eft is m e as ur e d wit h t h e d et e ct or D A at a dir e cti o n
a of m e as ur e d s pi n or p ol ari z ati o n. T h e p arti cl e at t h e ri g ht is
m e as ur e d wit h t h e d et e ct or D B at a dir e cti o n b . H er e b y, t h e
di ff er e n c e ∆ to b s of t h e ti m es at w hi c h t h e d et e ct ors D A a n d D B
e x e c ut e t h eir o bs er v ati o ns m ulti pli e d b y c is s m all er t h a n t h e
dist a n c e d o b s b et w e e n t h e d et e ct ors.

T h e hi d d e n v ari a bl es c orr es p o n d t o s o m e pr o b a bilit y distri b u-

ti o n ρ (λ ). We i ntr o d u c e a c orr el ati o n f u n cti o n as f oll o ws:

C (a, b ) = A (a, λ ) · B (b, λ ) · ρ (λ )d λ wit h ( 1 6. 3)

ρ (λ ) ≥ 0 a n d ρ (λ )d λ = 1 ( 1 6. 4)

I nst e a d of A (a, λ ) = ± 1 a n d B (b, λ ) = ± 1, w e us e a w e a k er

c o n diti o n:

|A (a, λ )| ≤ 1 a n d |B (b, λ )| ≤ 1 ( 1 6. 5)

We d eri v e t h e a bs ol ut e v al u e of t h e f oll o wi n g di ff er e n c e of c or-

r el ati o ns wit h v ari o us ar bitr ar y dir e cti o ns a , a ′, b a n d b ′ of t h e

d et e ct ors a n d wit h ar bitr ar y si g ns ± :

|C (a, b ) − C (a, b ′)| ( 1 6. 6)

= [A (a, λ )B (b, λ ) − A (a, λ )B (b ′, λ)]ρ (λ )d λ ( 1 6. 7)

= | [A (a, λ )B (b, λ ){ 1 ± A (a ′, λ)B (b ′, λ)} ]ρ (λ )d λ ( 1 6. 8)

− [A (a, λ )B (b ′, λ){ 1 ± A (a ′, λ)B (b, λ )} ]ρ (λ )d λ | ( 1 6. 9)
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I n t h e a b o v e e q u ati o n, t h e c url y br a c k ets ar e n ot n e g ati v e.

T h us t h e a bs ol ut e v al u e is n ot d e cr e as e d, if t h e pr o d u cts A (a, λ )

·B (b, λ ) a n d A (a, λ )B (b ′, λ) ar e r e pl a c e d b y o n e a n d t h e di ff er-

e n c e is r e pl a c e d b y a s u m (s e e E q. ( 1 6. 5)). S o w e d eri v e:

|C (a, b ) − C (a, b ′)| ( 1 6. 1 0)

≤ | [ 1 ± A (a ′, λ)B (b ′, λ)]ρ (λ )d λ ( 1 6. 1 1)

+ [ 1 ± A (a ′, λ)B (b, λ )]ρ (λ )d λ | ( 1 6. 1 2)

= 2 ± [C (a ′, b ′) + C (a ′, b )] ( 1 6. 1 3)

I n t h e a b o v e e q u ati o n, t h e t er m 2 ± [C (a ′, b ′) + C (a ′, b )] d o es

n ot b e c o m e n e g ati v e. T h us, it is n ot n e c ess ar y t o a p pl y t h e

a bs ol ut e:

|C (a, b ) − C (a, b ′)| ≤ 2 ± [C (a ′, b ′) + C (a ′, b )] ( 1 6. 1 4)

N e xt, i n t h e a b o v e e q u ati o n, t h e ± si g n is c h os e n s o t h at t h e

t er m ± [C (a ′, b ′) + C (a ′, b )] ≤ 0 or ± [C (a ′, b ′) + C (a ′, b )] =

−| C (a ′, b ′) + C (a ′, b )|. T h us, t h e E q. ( 1 6. 1 4) i m pli es:

|C (a, b ) − C (a, b ′)| ≤ 2 − | C (a ′, b ′) + C (a ′, b )| or ( 1 6. 1 5)

|C (a, b ) − C (a, b ′)| + |C (a ′, b ′) + C (a ′, b )| ≤ 2 ( 1 6. 1 6)

H er e b y, w e a b br e vi at e t h e a b o v e s u m b y S :

S ≤ 2 wit h ( 1 6. 1 7)

S = |C (a, b ) − C (a, b ′)| + |C (a ′, b ′) + C (a ′, b )| ( 1 6. 1 8)

T his r el ati o n is c all e d B ell’s i n e q u alit y, s e e e. g. B ell ( 1 9 6 4),

B all e nti n e ( 1 9 9 8).

I n or d er t o i n v esti g at e n o nl o c al p h e n o m e n a (s e cti o n 1 6. 1. 1),

t h e dist a n c e d o b s b et w e e n t h e d et e ct ors D A a n d D B i n Fi g.

( 1 6. 1) is arr a n g e d s u ffi ci e ntl y l ar g e: F or it, t h e ti m e di ff er e n c e

∆ to b s of t h e ti m es at w hi c h t h e d et e ct ors D A a n d D B i n Fi g.
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( 1 6. 1) e x e c ut e t h eir o bs er v ati o ns m ulti pli e d b y c is s m all er t h a n

t h e dist a n c e d o b s b et w e e n t h e d et e ct ors. T h us, n o c o m m u ni c a-

ti o n at v ≤ c b et w e e n t h e p arti cl es c a n g e n er at e a n a d diti o n al

c orr el ati o n:

n o c o m m u ni c ati o n at v ≤ c i n cr e as es S ( 1 6. 1 9)

1 6. 1. 1 Ei n s t ei n l o c ali t y p ri n ci pl e

Ei nst ei n ( 1 9 4 8) d es cri b e d t h e Ei nst ei n l o c alit y pri n ci pl e as f ol-

l o ws, s e e als o ( B all e nti n e, 1 9 9 8, p. 5 8 5), ( S a k ur ai a n d N a p oli-

t a n o, 1 9 9 4, p. 2 4 1):

’ F ü r di e r el ati v e U n a b h ä n gi g k eit r ä u mli c h dist a nt er Di n g e ( A

u n d B) ist di e I d e e c h ar a kt eristis c h: ä u ß er e B e ei n fl uss u n g v o n

A h at k ei n e n u n mitt el b ar e n Ei n fl u ß a uf B.’

’ F or t h e r el ati v e i n d e p e n d e n c e of s p ati all y dist a nt t hi n gs ( A a n d

B), t h e f oll o wi n g i d e a is c h ar a ct eristi c: A n e xt er n al i n fl u e n c e

u p o n A h as n o u n m e di at e d i n fl u e n c e u p o n B.’

T h er e b y, s p ati all y dist a nt t hi n gs ar e s p a c eli k e, s e e e. g. ( H o b-

s o n et al., 2 0 0 6, p. 7), e v e nts wit h t h e n e g ati v e di ff er e n c e, s e e

e. g. ( S a k ur ai a n d N a p olit a n o, 1 9 9 4, p. 2 4 1):

∆ s 2 = c 2 ∆ t2 − ∆ x 2 − ∆ y 2 − ∆ z 2 ≤ 0 or ( 1 6. 2 0)

∆ s 2 = c 2 ∆ t2
o b s − d 2

o b s ≤ 0 is s p a c eli k e ( 1 6. 2 1)

A p h e n o m e n o n vi ol ati n g Ei nst ei n l o c alit y pri n ci pl e is us u all y

n a m e d n o nl o c al , s e e e. g. V ai d m a n ( 2 0 1 9), ( S c h e c k, 2 0 1 3,

s e cti o n 5. 1).

1 6. 2 E x p e ri m e n t al t e s t of B ell’ s i n e q u ali t y

I d e a : T h e B ell i n e q u alit y ( E q. 1 6. 1 8) pr o vi d es t h e m a xi m al

v al u e of t h e s u m S of c orr el ati o ns t h at c a n b e e x pl ai n e d b y
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Ψ A, + Ψ B ,−

Ψ A, − Ψ B ,+

D B

b
D A

a

Fi g ur e 1 6. 2: W a v e f u n cti o n Ψ us e d f or a t est of B ell’s i n e q u alit y,
s e e e. g. ( R os e nf el d et al., 2 0 1 7, E q. 1), ( S a k ur ai a n d N a p oli-
t a n o, 1 9 9 4, 3. 1 0. 1) or ( B all e nti n e, 1 9 9 8, E q. 2 0. 2 0): T h e li n e ar
c o m bi n ati o n i n E q. ( 1 6. 2 3) is us e d. T h er e b y, t h e pr o d u ct f u n c-
ti o ns Ψ A, + Ψ B, − ( d ott e d) a n d Ψ A, − Ψ B, + ( d as h e d) ar e c o m bi n e d.

hi d d e n v ari a bl es. T h us, n o nl o c alit y c a n b e t est e d b y t w o o bs er-

v ati o ns wit h t h e f oll o wi n g pr o p erti es:

( 1) B ot h o bs er v ati o ns ar e n o nl o c al a c c or di n g t o E q. ( 1 6. 2 1).

( 2) T h e r es ults of b ot h o bs er v ati o ns ar e e v al u at e d s o t h at t h e

s u m S of c orr el ati o ns is pr o vi d e d.

H er e, w e s u m m ari z e t h e r es ults of s u c h a n e x p eri m e nt wit h

el e ctr o ns, f or m or e d et ails s e e R os e nf el d et al. ( 2 0 1 7).

R os e nf el d et al. ( 2 0 1 7) e x e c ut e o bs er v ati o ns at t w o el e ctr o ns.

T h es e h a v e b e e n pl a c e d at l o c ati o ns A a n d B at t h e f oll o wi n g

dist a n c e:

d o b s = 3 9 8 m ( 1 6. 2 2)

T h e el e ctr o ns h a v e b e e n pr e p ar e d i n a m a xi m all y e nt a n gl e d

st at e, s e e Fi g. ( 1 6. 2).:

Ψ =
Ψ A, + Ψ B, − − Ψ A, − Ψ B, +√

2
(1 6. 2 3)

T h e o bs er v ati o ns st art b y t h e c h oi c e of t h e dir e cti o ns a of d e-

t e ct or D A a n d b of d et e ct or D B i n Fi g. ( 1 6. 2). T h e o bs er v ati o ns
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e n d w h e n t h es e d et e ct ors s e n d t h e o bs er v e d si g n als t o w ar ds f ur-

t h er d e vi c es. T h e ti m e b et w e e n t h e st art a n d e n d of t h e o bs er-

v ati o ns is as f oll o ws:

∆ to b s = 1 2 0 ns ( 1 6. 2 4)

T h us, t h e e x p eri m e nt is n o nl o c al a c c or di n g t o E q. ( 1 6. 2 1):

c · ∆ to b s = 3 6 m > d o b s = 3 9 8 m ( 1 6. 2 5)

I n or d er t o t est B ell’s i n e q u alit y, t w o ort h o g o n al dir e cti o ns a

a n d a ′ ar e c h os e n, t w o ort h o g o n al dir e cti o ns b a n d b ′ ar e s el e ct e d

at t h e f oll o wi n g a n gl es ( R os e nf el d et al., 2 0 1 7, p. 2):

e .g . α = 9 0 o , α′ = 0 o , β = 4 5 o , β′ = − 4 5 o ( 1 6. 2 6)

H er e b y, w e us e p ol ar c o or di n at es, s o t h at α ′ = 0 o c orr es p o n ds

t o t h e u nit v e ct or e x i n t h e dir e cti o n of t h e x - a xis. A c c or di n gl y,

α = 9 0 o c orr es p o n ds t o t h e u nit v e ct or e y i n t h e dir e cti o n of t h e

y - a xis.

A c c or di n g t h e hi d d e n v ari a bl es, B ell’s i n e q u alit y s h o ul d h ol d,

s o t h at t h e s u m S is li mit e d fr o m a b o v e b y t w o:

S ≤ 2 wit h ( 1 6. 2 7)

S = |C (a, b ) − C (a, b ′)| + |C (a ′, b ′) + C (a ′, b )| ( 1 6. 2 8)

I n t his c as e, t h e c orr es p o n di n g q u a nt u m c orr el ati o ns c a n b e

e v al u at e d wit h h el p of s c al ar pr o d u cts:

C (a, b ) = c os 4 5 o =
1

√
2

= C (a ′, b ) = C (a ′, b ′) ( 1 6. 2 9)

a n d C (a, b ′) = c os 1 3 5 o =
− 1
√

2
(1 6. 3 0)

Alt o g et h er, t h e a b o v e s u m of q u a nt u m c orr el ati o ns is l ar g er

t h a n t w o:

S =
1

√
2

−
− 1
√

2
+

2
√

2
=

4
√

2
= 2

√
2 > 2 ( 1 6. 3 1)
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Ψ A, e y ,− Ψ B, e y ,+

D B

b
D A

a

Fi g ur e 1 6. 3: A n o bs er v ati o n at D A wit h c orr es p o n di n g t o t h e
o p er at or ˆA e y

c a n pr o vi d e t h e r es ult A, − , s e e Fi g. ( 1 6. 2). As a

r es ult, t h e e nt a n gl e d w a v e f u n cti o n Ψ is pr oj e ct e d t o t h e ˆA e y
Ψ =

− Ψ A, e y ,− Ψ B, e y ,+√
2

. T h er e b y, t h e d ott e d s u m m a n d i n Fi g. ( 1 6. 2)

v a nis h es.

T h e e x p eri m e nt pr o vi d es t h e f oll o wi n g v al u e of t h e s u m, s e e

R os e nf el d et al. ( 2 0 1 7):

S o b s = 2 .2 2 1 ± 0 .0 3 3 ( 1 6. 3 2)

T h us, B ell’s i n e q u alit y is vi ol at e d b y a n a m o u nt of s e v e n st a n-

d ar d d e vi ati o ns.

T h us, t h e o bs er v e d c orr el ati o ns ar e l ar g er t h a n t h e c orr el a-

ti o ns t h at c a n b e pr o vi d e d b y hi d d e n v ari a bl es. H er e b y, t h e

a d diti o n al c orr el ati o ns c a n n ot b e pr o vi d e d b y a p h ysi c al o bj e ct

t h at pr o p a g at es sl o w er t h a n t h e v el o cit y of li g ht, as t h e t w o o b-

s er v ati o ns ar e n o nl o c al a c c or di n g t o E q. ( 1 6. 2 1). T h us, a ki n d

of c o m m u ni c ati o n at v > c b et w e e n t h e el e ctr o ns t o o k pl a c e.

T h e n c e, a ki n d of n o nl o c alit y h as b e e n o bs er v e d, s e e s e cti o n

( 1 6. 1. 1). N ot e t h at m a n y e x p eri m e nts h a v e b e e n e x e c ut e d t h at

vi ol at e B ell’s i n e q u alit y, s e e e. g. As p e ct et al. ( 1 9 8 2), H e ns e n

et al. ( 2 0 1 5). Es p e ci all y i nt er esti n g is a vi ol ati o n of B ell’s i n-

e q u alit y at c os mi c s c al es, s e e e. g. H a n dst ei n er et al. ( 2 0 1 7).
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1 6. 3 E x pl a n a ti o n b y t h e d y n a mi c s of v ol u m e

T h e e nt a n gl e d el e ctr o ns h a v e t h e c o m m o n w a v e f u n cti o n Ψ i n

E q. ( 1 6. 2 3). As t h e el e ctr o ns ar e q u a nt u m o bj e cts, t h e y f ul fill

t h e S E Q.

B y c h a n c e, o n e of t h e d et e ct ors m e as ur es first. F or i nst a n c e,

it is d et e ct or D A . It o bs er v es i n o n e of t h e t w o dir e cti o ns e x

or e y ( E q. 1 6. 2 6). I n t h e e x p eri m e nt, t h e dir e cti o n is c h os e n

at r a n d o m a c c or di n g t o a n u m b er g e n er at or. F or i nst a n c e, t h e

dir e cti o n e y is s el e ct e d. H er e b y, t h e r es ult at D A mi g ht b e − .

T h er e b y, t h e c orr es p o n di n g o p er at or ˆA e y
a cts u p o n t h e w a v e

f u n cti o n Ψ. As a r es ult, at D A , t h e w a v e f u n cti o n is p ol ari z e d

a c c or di n g t o − e y ( E q. 1 6. 2 3):

ˆA e y
Ψ =

− Ψ A, e y ,− Ψ B, e y ,+
√

2
(1 6. 3 3)

A c c or di n gl y, t h e w a v e f u n cti o n i n E q. ( 1 6. 2 3) b e c o m es t h e pr o-

j e ct e d w a v e f u n cti o n i n E q. ( 1 6. 3 3), s e e Fi g. ( 1 6. 3).

T h e c h a n g e of t h e s ol uti o n Ψ of t h e S E Q t o w ar ds t h e s ol u-

ti o n ˆA e y
r e q uir es s o m e d ur ati o n ∆ tt r a n si e nt f or t h e tr a nsi e nt p h e-

n o m e n o n, s e e e. g. B er gi n a n d C olli ns ( 1 9 5 1). T h e d ur ati o n
∆ tt r a n si e nt is li mit e d fr o m b el o w b y t h e dist a n c e d o b s b et w e e n

t w o d et e ct ors o bs er vi n g t h e tr a nsi e nt p h e n o m e n o n, di vi d e d b y

t h e hi g h est p ossi bl e v el o cit y v d y n a v ail a bl e b y t h e d y n a mi c al

e q u ati o n, t h e S E Q:

∆ tt r a n si e nt ≥
d o b s

v d y n
( 1 6. 3 4)

H o w e v er, t h e S E Q pr o vi d es n o r estri cti o n t o t h e hi g h est v e-

l o cit y v d y n . As a c o ns e q u e n c e, t h e tr a nsi e nt ti m e t e n ds t o z er o:

li m
v d y n → ∞

∆ tt r a n si e nt ≥
d o b s

v d y n
= 0 ( 1 6. 3 5)

C o ns e q u e ntl y, t h e p air of e nt a n gl e d el e ctr o ns c h a n g e t h eir

s ol uti o n Ψ of t h e S E Q t o w ar ds t h e s ol uti o n ˆA a Ψ wit hi n a n e g-

li gi bl e d ur ati o n of t h e tr a nsi e nt p h e n o m e n o n ∆tt r a n si e nt. T his
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f ull y e x pl ai ns t h e ki n d of c o m m u ni c ati o n at v > c t h at c a us es

t h e v al u e S > 2 of t h e i n di c at or, s e e s e cti o n ( 1 6. 3. 1).

1 6. 3. 1 L a pl a c e t r a n sf o r m s d e s c ri b e t r a n si e n t s

I d e a : A tr a nsi e nt p h e n o m e n o n st arts t o f or m at a ti m e at w hi c h

t h e s yst e m is c h a n g e d b y a n o bs er v ati o n or b y a n y ot h er e xt er-

n al i n fl u e n c e. If t h e s yst e m is d es cri b e d b y a li n e ar di ff er e n-

ti al e q u ati o n i n cl u di n g p h as e v el o citi es, t h e n t h e tr a nsi e nts ar e

f or m e d as a li n e ar c o m bi n ati o n of s ol uti o ns pr o p a g ati n g at t h e
p h as e v el o cit y. T h at li n e ar c o m bi n ati o n c a n b e d es cri b e d b y

t h e L a pl a c e tr a nsf or m, s e e e. g. S c hi ff ( 1 9 9 1), Z a m or a n o a n d

C a m p os ( 2 0 0 7), Ki m et al. ( 2 0 1 8) or G e ers a n d S o b el ( 1 9 7 1).

I n g e n er al, t h e L a pl a c e tr a nsf or m pr o vi d es a tr a nsf or m ati o n

of a f u n cti o n f (t) of ti m e t o a d o m ai n of p ossi bl y c o m pl e x tr a n-

si e nt fr e q u e n ci es s = x + i · y as f oll o ws, s e e e. g. ( S c hi ff, 1 9 9 1,

E q. 1. 1):

F (s ) = L (f (t)) =
∞

0

e − s ·t · f (t)dt ( 1 6. 3 6)

= li m
t′→ ∞

t′

0

e − s ·t · f (t)dt ( 1 6. 3 7)

If a f u n cti o n f (t) is d e fi n e d at t h e o p e n i nt er v al [ 0 , ∞ [, t h e n it

c a n b e d es cri b e d b y t h e i n v ers e tr a nsf or m L − 1 (F (s )), s e e e. g.

( S c hi ff, 1 9 9 1, E q. 4. 2):

f (t) =
1

2 π
·

∞

− ∞

e x ·t · e i y·tF (x, y )d y f or t > 0 ( 1 6. 3 8)

As y is a n i nt e gr ati o n v ari a bl e, it c a n b e r e n a m e d b y ω . A c-

c or di n gl y, y c a n b e i nt er pr et e d b y t h e cir c ul ar fr e q u e n c y of t h e

R G W:

f (t) =
1

2 π
·

∞

− ∞

e x ·t · e i ω·tF (x, ω )d ω f or t > 0 ( 1 6. 3 9)

A c c or di n gl y, t h e a b o v e r e pr es e nt ati o n c a n b e i nt er pr et e d or

us e d as f oll o ws:
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( 1) T h e tr a nsi e nt f u n cti o n f (t) d es cri b es a tr a nsi e nt e ff e ct or

tr a nsi e nt p h e n o m e n o n of a s ol uti o n of t h e S E Q.

( 2) T h e cir c ul ar fr e q u e n ci es ω d es cri b e t h e R G W.

( 3) H er e b y, e a c h cir c ul ar fr e q u e n c y ω c orr es p o n ds t o a w a v e

n u m b er |k | wit h a p h as e v el o cit y v p as f oll o ws:

v p =
ω

|k |
o r ω = v p · |k | ( 1 6. 4 0)

T h e w a v e n u m b er is n o n z er o, as t h e w a v el e n gt h λ = 2 π

|k |
is li m-

it e d b y t h e li g ht h ori z o n. As v p is u nli mit e d a n d |k | is n o n z er o,

t h e cir c ul ar fr e q u e n c y ω is u nli mit e d. As a c o ns e q u e n c e, t h e

tr a nsf or m F (x, ω ) c a n b e t h e f u n cti o n F (x, ω ) = e − x ·t. T h us,

t h e tr a nsi e nt f u n cti o n f (t) i n E q. ( 1 6. 3 9) is as f oll o ws:

f (t) =
1

2 π
·

∞

− ∞

e x ·t · e i ω·te − x ·td ω or ( 1 6. 4 1)

f (t) =
1

2 π
·

∞

− ∞

e i ω·td ω = δ (t) ( 1 6. 4 2)

H er e b y, δ (t) r e pr es e nts t h e δ distri b uti o n. T h us, t h e tr a nsi e nt

f u n cti o n f (t) is n o n z er o o nl y at t = 0. H e n c e, t h e tr a nsi e nt

p h e n o m e n o n c a n t a k e pl a c e i nst a ntl y. T h er e b y, t h e p ot e nti al φ L

dri v es t h e tr a nsi e nt p h e n o m e n o n, a n d as t h e cir c ul ar fr e q u e n ci es

ar e u nli mit e d, t h e pr o c ess t a k es pl a c e as f ast as p ossi bl e. T h us

t h e tr a nsi e nt p h e n o m e n o n t a k es pl a c e i nst a ntl y.

( 4) T h er e b y, t h e v el o cit y of t h e pr o p a g ati o n of t h e tr a nsi e nt

p h e n o m e n o n i n s p a c eti m e is d es cri b e d b y t h e u nli mit e d p h as e

v el o cit y v p , s o t h at t h e dist a n c e r e pr es e nts n o li mit ati o n. We

s u m m ari z e o ur r es ults:

P r o p o si ti o n 6 V el o ci t y of t r a n si e n t p h e n o m e n o n

( 1 ) If a fi r st s ol uti o n of t h e S E Q c h a n g e s t o a s e c o n d s ol uti o n

of t h e S E Q, t h e n t hi s c h a n g e t a k e s pl a c e b y a t r a n si e nt p h e-

n o m e n o n.
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( 2 ) T h e ti m e e v ol uti o n of t h e t r a n si e nt p h e n o m e n o n i s d e s c ri b e d

b y a t r a n si e nt f u n cti o n f (t). A s a r e s ult of t h e u nli mit e d p h a s e

v el o cit y v p , t h e t r a n si e nt f u n cti o n f (t) c a n b e c o m e a d elt a - di s-

t ri b uti o n. T h u s, t h e t r a n si e nt e ff e ct c a n t a k e pl a c e i n st a ntl y.

A s t h e t r a n si e nt p h e n o m e n o n i s d ri v e n b y t h e p ot e nti al, it r a k e s

pl a c e i n t h e f a st e st p o s si bl e m a n n e r: i n st a ntl y.

Usi n g P R O P ( 6) a n d T H Ms ( 5, 1 2), w e d eri v e t h e e x pl a n a-

ti o n of t h e o bs er v e d n o nl o c alit y, s e e s e cti o n ( 1 6. 2).

T h e o r e m 3 4 E x pl a n a ti o n of n o nl o c ali t y

If d et e ct o r s D A a n d D B e x e c ut e s a n o b s e r v ati o n s a c c o r di n g t o

t h e c o n diti o n i n p a rt ( 1 ), t h e n t h e r e s ult s i n p a rt s ( 2- 7 ) h ol d:

C O N DI TI O N:

( 1 ) T h e d et e ct o r D A e x e c ut e s a n o b s e r v ati o n wit h a n o b s e r v a bl e

A a n d a n o p e r at o r ˆA at a w a v e f u n cti o n Ψ . T h e d et e ct o r D B

at a di st a n c e d o b s e x e c ut e s a n o b s e r v ati o n at a d u r ati o n ∆ to b s

aft e r t h e o b s e r v ati o n e x e c ut e d b y D A . T h e r e b y, D B e x e c ut e s

it s o b s e r v ati o n wit h a n o b s e r v a bl e B a n d a n o p e r at o r B̂ at a

t r a n sf o r m e d v e r si o n Ψ t r a n s f = ˆA Ψ of t h e s a m e ( o r e nt a n gl e d )

w a v e f u n cti o n Ψ .

C O N S E Q U E N C E S:

( 2 ) B ef o r e t h e o b s e r v ati o n e x e c ut e d b y D A , t h e w a v e f u n cti o n

Ψ w a s a fi r st s ol uti o n of t h e S E Q.

( 3 ) T h e o b s e r v ati o n e x e c ut e d b y D A c h a n g e s t h e w a v e f u n cti o n

Ψ t o a s e c o n d s ol uti o n Ψ t r a n s f of t h e S E Q. T hi s c h a n g e t a k e s

pl a c e b y a t r a n si e nt p h e n o m e n o n.

( 4 ) T h e ti m e e v ol uti o n of t h e t r a n si e nt p h e n o m e n o n c a n b e d e-

s c ri b e d b y a f u n cti o n f (t). T h at f u n cti o n c a n b e e x p r e s s e d wit h

h el p of t h e L a pl a c e t r a n sf o r m i n t e r m s of a li n e a r c o m bi n ati o n

of ci r c ul a r f r e q u e n ci e s ω a s f oll o w s:

f (t) =
1

2 π
·

∞

− ∞

e x ·t · e i ω·tF (x, ω )d ω f or t > 0 ( 1 6. 4 3)



2 1 4 C H A P T E R 1 6. O N B E L L’ S T H E O R E M

( 5 ) H e r e b y, e a c h ci r c ul a r f r e q u e n c y ω c o r r e s p o n d s t o a w a v e

n u m b e r |k | wit h a p h a s e v el o cit y v p a s f oll o w s, s e e T H M ( 5,

p a rt ( 1 2 ) ) a n d T H M ( 1 2 ):

v p =
ω 0

|k |
+ v g is u nli mit e d fr o m a b o v e ( 1 6. 4 4)

I n t hi s m a n n e r, t h e p h a s e v el o cit y v p of t h e S E Q d et e r mi n e s t h e

e v ol uti o n of t h e t r a n si e nt p h e n o m e n o n i n s p a c eti m e. A s a c o n-

s e q u e n c e, t h e d u r ati o n ∆ tt r a n si e nt of t h e t r a n si e nt p h e n o m e n o n

i s u nli mit e d f r o m b el o w:

∆ tt r a n si e nt =
d o b s

v p
is u nli mit e d fr o m b el o w ( 1 6. 4 5)

( 6 ) C o n s e q u e ntl y, t h e n o nl o c alit y o b s e r v e d i n s e cti o n ( 1 6. 2 ) i s

e x pl ai n e d b y t h e r a pi d t r a n si e nt p h e n o m e n o n i n p a rt ( 5 ). T h e

r a pi d t r a n si e nt e ff e ct i s e n a bl e d b y t h e u nli mit e d p h a s e v el o citi e s

i n T H M s ( 5, 1 2 ). T h e hi g h p h a s e v el o citi e s b e c o m e p o s si bl e i n

t h e d y n a mi c s of v ol u m e i n h e r e nt t o t h e R G W i n c h a pt e r s ( 7,

8 ), s e e T H M ( 1 2, p a rt s ( 3 b, 4 b ) a n d c o r oll a r y ( 8 ).

Alt o g et h e r, t h e d u r ati o n ∆ tt r a n si e nt of t h e t r a n si e nt e ff e ct i s

s h o rt e r t h a n t h e d u r ati o n of b ot h o b s e r v ati o n s ∆ to b s .

( 7 ) A s t h e d e fi niti o n of t h e Ei n st ei n l o c alit y p ri n ci pl e i s a p-

pli c a bl e t o a n u n m e di at e d d y n a mi c s o nl y, s e e s e cti o n ( 1 6. 1. 1 ),

a n d si n c e t h e o b s e r v e d n o nl o c alit y ( s e cti o n 1 6. 2 ) i s a c hi e v e d o r

m e di at e d b y t h e d y n a mi c s of v ol u m e, t h e Ei n st ei n l o c alit y p ri n-

ci pl e c a n n ot b e a p pli e d. T h u s, t h e o b s e r v e d n o nl o c alit y d o e s n ot

vi ol at e t h e Ei n st ei n l o c alit y p ri n ci pl e, a s t h e p r e mi s e of t h at
p ri n ci pl e ( u n m e di at e d d y n a mi c s ) i s n ot f ul fill e d.

( 8 ) T h e v ol u m e m e di at e s n o nl o c alit y a s f oll o w s: T w o w a v e f u n c-

ti o n s at a di st a n c e ( s e e e. g. Fi g s. 1 6. 1, 1 6. 2, 1 6. 3 ) a r e r at e s

ε̇ L of v ol u m e. B et w e e n t h e t w o w a v e f u n cti o n s, t h e r e i s v ol u m e.

Wit hi n it, t h e t r a n si e nt p h e n o m e n o n c a n t a k e pl a c e.
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M a p pi n g t h e o r e m

I d e a s : Firstl y, i n r el ati vit y, a v ol u m e d V c a n b e e x pr ess e d i n

t er ms of t h e m etri c t e ns or g i j , ( H o bs o n et al., 2 0 0 6, s e cti o n

2. 1 4). T h us, w e d eri v e t h e d y n a mi cs of t h e r at e ε̇ L a n d of t h e

pr o p orti o n al w a v e f u n cti o n Ψ as a f u n cti o n of t h e m etri c t e ns or.

S e c o n dl y, Ei nst ei n ( 1 9 1 5) pr o p os e d t h e Ei nst ei n fi el d e q u a-

ti o n, E F E, i n or d er t o d es cri b e t h e d y n a mi cs of s p a c eti m e. T h at

d y n a mi cs h as b e e n e x pr ess e d i n t er ms of t h e Ri c ci fl o w, d es cri b-

i n g t h e d y n a mi cs of t h e m etri c t e ns or g i j , A n d ers o n ( 2 0 0 4),

B al m er ( 2 0 2 1). T h us, w e d eri v e t h e d y n a mi cs of t h e r at e ˙ε L

a n d of t h e pr o p orti o n al w a v e f u n cti o n Ψ as a f u n cti o n of t h e

Ri c ci fl o w.

T hir dl y, w e pr o vi d e t h e r el ati o n b et w e e n t h e d y n a mi cs of t h e

E F E a n d of t h e Ri c ci fl o w o n t h e o n e h a n d a n d t h e d y n a mi cs

of t h e r at e ε̇ L a n d of t h e pr o p orti o n al w a v e f u n cti o n Ψ o n t h e

ot h er h a n d.

T h e o r e m 3 5 M a p pi n g of r a t e s, t e n s o r s a n d Ri c ci fl o w

( 1 ) I n a D di m e n si o n al m et ri c s p a c e wit h a m et ri c t e n s o r g i j

wit h a d et e r mi n a nt |g i j |, a v ol u m e el e m e nt h a s t h e f oll o wi n g

v ol u m e, ( H o b s o n et al., 2 0 0 6, s e cti o n 2. 1 4 ):

d V L = |g ij | · Π k = D
k = 1 d x k ( 1 7. 1)

2 1 5
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I n a l o c al c o o r di n at e s y st e m wit h a di a g o n al m et ri c t e n s o r, t h e

v ol u m e i s a s f oll o w s:

d V L = Π k = D
k = 1 |g k k | · Π k = D

k = 1 d x k ( 1 7. 2)

( 2 ) T h e a d diti o n al v ol u m e i s t h e f oll o wi n g f u n cti o n of t h e m et-

ri c i n c u r v e d s p a c e a n d t h e c o r r e s p o n di n g m et ri c g i j, f l at i n fl at

s p a c e, s e e c h a pt e r ( 7 ):

δ V = |g ij | · Π k = D
k = 1 d x k − |g ij, f l at | · Π k = D

k = 1 d x k or ( 1 7. 3)

δ V = |g ij | − |g ij, f l at | · Π k = D
k = 1 d x k ( 1 7. 4)

( 3 ) T h e r el ati v e a d diti o n al v ol u m e i s t h e f oll o wi n g f u n cti o n of

t h e m et ri c i n c u r v e d s p a c e a n d t h e c o r r e s p o n di n g m et ri c g i j, f l at

i n fl at s p a c e, s e e c h a pt e r ( 7 ):

ε L =
δ V

d V L
a n d ( 1 7. 5)

ε L =
|g ij | − |g ij, f l at |

|g ij |
or ( 1 7. 6)

ε L = 1 −
|g ij, f l at |

|g ij |
( 1 7. 7)

( 3 a ) If t h e m et ri c t e n s o r s a r e r e p r e s e nt e d i n a di a g o n al f o r m,

a n d if t h e m et ri c t e n s o r of fl at s p a c e a n d of c u r v e d s p a c e di ff e r

i n o n e di r e cti o n j o nl y, t h e n t h e r el ati v e a d diti o n al v ol u m e i s

u ni di r e c ti o n al , s e e c h a pt e r s ( 7, 1 0 ):

g ii = g ii, f l at f or i = j ( 1 7. 8)

ε L, j j = 1 −
|g j j, f l at |

|g j j |
( 1 7. 9)
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( 3 b ) If t h e m et ri c t e n s o r s a r e r e p r e s e nt e d i n a di a g o n al f o r m,

a n d if t h e n o n z e r o el e m e nt s of t h e m et ri c t e n s o r a r e e q u al, t h e n

t h e r el ati v e a d diti o n al v ol u m e i s i s o t r o pi c, s e e c h a pt e r s ( 7, 1 0 ):

g ii = g ii, f l at f or all 1 ≤ i ≤ D ( 1 7. 1 0)

ε L,i s o = 1 −
|g j j, f l at |D

|g j j |D
( 1 7. 1 1)

T h e i s ot r o pi c r at e ε L,i s o c a n al s o b e e x p r e s s e d i n a l e s s s p e ci fi c

m a n n e r b y ε L .

( 4 ) T h e r at e of r el ati v e a d diti o n al v ol u m e i s t h e ti m e d e ri v ati v e

of t h e r el ati v e a d diti o n al v ol u m e, s e e c h a pt e r ( 7 ):

∂

∂ τ
ε L = ε̇ L a n d ( 1 7. 1 2)

∂

∂ τ
ε L , j j = ˙ε L, j j ( 1 7. 1 3)

( 5 ) A c c o r di n g t o t h e c h ai n r ul e, t h e r at e of r el ati v e a d diti o n al

v ol u m e i s t h e f oll o wi n g f u n cti o n of t h e m et ri c t e n s o r, C. ( 7 ):

ε̇ L = −
∂

∂ τ

|g ij, f l at |

|g ij |
a n d ( 1 7. 1 4)

ε̇ L =
|g ij, f l at |

2 |g ij |
3 ·

∂

∂ τ
|g ij | ( 1 7. 1 5)

( 5 a ) If t h e m et ri c t e n s o r i s i n a di a g o n al f o r m, t h e n t h e r at e i n

E q. ( 1 7. 1 5 ) i s a s f oll o w s, s e e p a rt s ( 1 ) a n d ( 5 ):

ε̇ L =
Π j = D

j = 1 |g j j, f l at |

2 Π j = D
j = 1 |g j j |

3 ·
∂

∂ τ
Π j = D

j = 1 |g j j | ( 1 7. 1 6)

( 5 b ) If t h e m et ri c t e n s o r i s i n a di a g o n al f o r m wit h p o siti v e g j j ,

t h e n t h e r at e i n ( 5 a ) i s a s f oll o w s:
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ε̇ L =
Π j = D

j = 1 g j j, f l at

2 Π j = D
j = 1 g j j

3 ·
∂

∂ τ
Π j = D

j = 1 g j j

p ol y − di r e cti o n al c h a n g e

( 1 7. 1 7)

In g e n e r al, t h e p r o d u ct Π j = D
j = 1 g j j r e p r e s e nt s a m et ri c c h a n g e i n

D di r e cti o n s. A c c o r di n gl y, t h e p r o d u ct i s p ol y- di r e c ti o n al .

T h e ti m e d e ri v ati v e c h a r a ct e ri z e s a c h a n g e. C o r r e s p o n di n gl y,
∂
∂ τ Π j = D

j = 1 g j j d e s c ri b e s a p ol y- di r e c ti o n al c h a n g e .

( 5 c ) I n o r d e r t o p r o vi d e a m a p pi n g t o t h e Ri c ci fl o w, t h e r at e

i n ( 5 b ) i s e x p a n d e d b y a r bit r a r y fi x e d p a rt s of li n e el e m e nt s d x 2
j

a s f oll o w s:

ε̇ L =
Π D

j = 1 g j j, f l at

2 Π D
j = 1 g j j

3 ·
1

Π D
j = 1 d x 2

j

∂

∂ τ
Π D

j = 1 g j j d x 2
j ( 1 7. 1 8)

T h e p r o d u ct r ul e p r o vi d e s t h e f oll o wi n g r at e:

ε̇ L =
Π D

j = 1 g j j, f l at

2 Π D
j = 1 g j j

3

1

Π D
j = 1 d x 2

j

D

k

S k
∂

∂ τ
g k k d x 2

k ( 1 7. 1 9)

H e r e b y, f o r e a c h di r e cti o n k , t h e f a ct o r S k s u m m a ri z e s t h e f a c-

t o r s of t h e r e s p e cti v e s u b s p a c e o rt h o g o n al t o di r e cti o n k :

S k = Π D
j = 1 , j= k g j j d x 2

j ( 1 7. 2 0)

( 5 d ) I n t h e c a s e of a u ni di r e cti o n al r at e of r el ati v e a d diti o n al

v ol u m e i n a di r e cti o n i, t h e ti m e d e ri v ati v e i s n o n z e r o f o r di r e c-

ti o n i o nl y. S o a m o n g t h e f a ct o r s S k , o nl y S i i s m ulti pli e d wit h

a n o n z e r o d e ri v ati v e. T h u s, t h e f a ct o r S i a n d t h e d e ri v ati v e c a n

b e e xt r a ct e d f r o m t h e s u m i n E q. ( 1 7. 1 9 ):

ε̇ L,ii =
Π D

j = 1 g j j, f l at

2 Π D
j = 1 g j j

3

S i

Π D
j = 1 d x 2

j

∂

∂ τ
g iid x 2

i ( 1 7. 2 1)
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In t h e c o nt e xt of t h e Ri c ci fl o w, ( B al m e r, 2 0 2 1, s e cti o n 2 ), t h e

li n e el e m e nt d s 2 i s n a m e d g , ( H o b s o n et al., 2 0 0 6, s e cti o n 2. 1 1 ),

d s 2 = D
k, j g k j d x k d x j = g . I n t h e c a s e of u ni di r e cti o n al f o r m a-

ti o n of v ol u m e, t h e ti m e d e ri v ati v e of g r e d u c e s t o t h e t e r m

g iid x 2
i i n t h e a b o v e e q u ati o n:

ε̇ L,ii =
Π D

j = 1 g j j, f l at

2 Π D
j = 1 g j j

3

S i

Π D
j = 1 d x 2

j

∂

∂ τ
g i w it h ( 1 7. 2 2)

g =

D

k

g k k d x 2
k f or di a g o n al g k j ( 1 7. 2 3)

g =

D

k, j

g k j d x k d x j ( 1 7. 2 4)

g i = g iid x 2
i f or u ni dir e cti o n al g k j ( 1 7. 2 5)

T h e d e ri v ati v e of t h e li n e el e m e nt i s i d e nti fi e d wit h t h e Ri c ci

fl o w a s f oll o w s, ( A n d e r s o n, 2 0 0 4, E q s. 4- 6 ), ( B al m e r, 2 0 2 1,

s e cti o n 2 ):

∂

∂ τ
g = − 2 · R i cg wit h ( 1 7. 2 6)

Ri c g is t h e Ri c ci t e ns or of g ( 1 7. 2 7)

T h u s, t h e r at e i n E q. ( 1 7. 2 2 ) i s e x p r e s s e d a s a f u n cti o n of t h e

Ri c ci t e n s o r:

ε̇ L,ii = −
Π D

j = 1 g j j, f l at

Π D
j = 1 g j j

3

S i

Π D
j = 1 d x 2

j

· Ri c g i
( 1 7. 2 8)

( 6 ) T h e d y n a mi c v ol u m e a n d t h e Ri c ci fl o w a r e r el at e d a s f ol-

l o w s:

( 6 a ) T h e r at e of u ni di r e cti o n al r el ati v e a d diti o n al v ol u m e c a n

b e e x p r e s s e d a s a f u n cti o n of t h e Ri c ci fl o w at a u ni di r e cti o n al

li n e el e m e nt g i, s e e p a rt ( 5 d ).
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( 6 b ) T h e r at e of a p ol y- di r e cti o n al fl o w, s e e p a rt ( 5 b ), i s c h a r-

a ct e ri z e d b y a p r o d u ct of D t e n s o r el e m e nt s, ∂
∂ τ Π j = D

j = 1 g j j . I n

c o nt r a st, t h e Ri c ci fl o w a n d t h e li n e el e m e nt g a r e c h a r a ct e r-

i z e d b y t e n s o r el e m e nt s t h at a r e n ot m ulti pli e d wit h e a c h ot h e r.

T h u s, t h e r at e of r el ati v e a d diti o n al v ol u m e i s m o r e c o m pl e x

t h a n t h e Ri c ci fl o w. T hi s c o m pl e xit y of t h e r at e of r el ati v e a d-

diti o n al v ol u m e i s a c o n s e q u e n c e of t h e f a ct t h at t h e v ol u m e i s

c h a r a ct e ri z e d b y a p r o d u ct of D t e n s o r el e m e nt s, s e e p a rt ( 1 ).

( 6 c ) Alt o g et h e r, t h e d y n a mi c s of t h e d y n a mi c al v ol u m e, D V, c a n

b e d e ri v e d o n t h e b a si s of t h e E F E, s e e t h e c o g niti v e m a p i n Fi g.

( 1 2. 3 ). T h e r e b y, t h e D V i s m o r e c o m pl e x t h a n t h e Ri c ci fl o w

o r t h e c u r v at u r e t e n s o r u n d e rl yi n g t h e E F E. T h at a d diti o n al

c o m pl e xit y i s e s s e nti al f o r t h e u ni fi c ati o n of g r a vit y, s p a c eti m e

a n d q u a nt u m p h y si c s.

( 6 d ) T h e r el ati o n b et w e e n D V a n d t h e Ri c ci fl o w c a n b e c al c u-

l at e d b y u si n g p a rt s ( 1 ), ( 2 ) a n d ( 3 ).

( 6 e ) T h e r el ati o n b et w e e n D V a n d t h e E F E c a n b e c al c ul at e d
b y u si n g p a rt s ( 1 ), ( 2 ) a n d ( 3 ) a n d b y e x p r e s si n g t h e E F E i n

t e r m s of t h e m et ri c t e n s o r. F o r it, t h e Ri c ci t e n s o r i s e x p r e s s e d

i n t e r m s of t h e m et ri c t e n s o r, ( L a n d a u a n d Lif s c hit z, 1 9 7 1, §

1 0 1 ), t h e Ri c ci s c al a r i s e x p r e s s e d a s a p r o d u ct of Ri c ci t e n s o r

a n d m et ri c t e n s o r, ( L a n d a u a n d Lif s c hit z, 1 9 7 1, E q. 9 2. 1 2 ),

a n d t h e n o n h o m o g e n e o u s E F E i s e x p r e s s e d i n t e r m s of t h e Ri c ci

t e n s o r, t h e Ri c ci s c al a r a n d t h e e n e r g y m o m e nt u m t e n s o r, ( L a n-

d a u a n d Lif s c hit z, 1 9 7 1, E q. 9 5. 5 ), a n d t h e h o m o g e n e o u s E F E

i s e x p r e s s e d i n t e r m s of t h e Ri c ci t e n s o r a n d t h e Ri c ci s c al a r.
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I n t e r p r e t a ti o n

1 8. 1 R ol e of p a r a d o x e s

A p ar a d o x is a st at e m e nt t h at is i n c o ntr ast t o o ur e v er y d a y e x-

p eri e n c e, a n d t h at tri es t o p oi nt at t h e c o m pl e xit y of p h e n o m-

e n a, r e fl e cti n g j ust a s p e ci fi c f or m of tr ut h, Br o c k h a us ( 1 9 9 8).

I n p h ysi cs, a p ar a d o x is a p h e n o m e n o n t h at s e e ms or a p p e ars

t o b e i n c o ntr ast t o l a ws of p h ysi cs, Br o c k h a us ( 1 9 9 8). I n q u a n-

t u m p h ysi cs, t h er e ar e s e v er al p ar a d o x es, Ei nst ei n et al. ( 1 9 3 5),

A h ar o n o v a n d R o hrli c h ( 2 0 0 5) ( S c h e c k, 2 0 1 3, p. 7 2 0), H o bs o n

( 2 0 1 7), ( K u m ar, 2 0 1 8, p. 9 3, 1 8 1). We tr e at a d o u bl e slit p ar a-

d o x t h at h as b e e n r e g ar d e d as ’ all of t h e m yst er y of Q P’, s e e

( Fe y n m a n, 1 9 6 5, p. 1 3 0).

1 8. 2 D el a y e d c h oi c e e x p e ri m e n t

1 8. 2. 1 E x p e ri m e n t

W h e el er ( 1 9 8 4) pr o p os e d t h e d el a y e d c h oi c e e x p eri m e nt: A

s o ur c e e mits si n gl e p h ot o ns. S o t h er e is at m ost o n e p h ot o n

i n t h e e x p eri m e nt. T h at p h ot o n c a n p ass a d o u bl e slit, Fi g.

( 1 8. 1). T h e n it c a n hit a s cr e e n. H o w e v er, aft er t h e p h ot o n

p ass e d t h e d o u bl e slit, t h e e x p eri m e nt er c a n m a k e t h e d el a y e d

c h oi c e t o r e m o v e t h e s cr e e n, b ef or e t h e p h ot o n r e a c h es t h e

s cr e e n. I n t h at c as e, t h e p h ot o n c a n r e a c h o n e of t w o d et e ct ors

2 2 1
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S

D 1

D 2

s c r e e n

Fi g ur e 1 8. 1: S c h e m e of d el a y e d c h oi c e e x p eri m e nt: T h e s o ur c e S

e mits si n gl e p h ot o ns. D ott e d li n es i n di c at e s o m e w a v e fr o nts.

W hil e t h e p h ot o n is b et w e e n d o u bl e slit a n d s cr e e n, t h e s cr e e n

c a n b e r e m o v e d. I n t h at c as e, t h e d et e ct ors D 1 a n d D 2 c a n

d et e ct t h e p h ot o n.

D 1 or D 2 . T h e e x p eri m e nt is r e p e at e d m a n y ti m es, a n d t h e p at-

t er n of p h ot o ns hitti n g t h e s cr e e n is st or e d a n d dis pl a y e d. F or

it, t h e s cr e e n c a n b e a p h ot o gr a p hi c pl at e or a c a m er a s e ns or.

1 8. 2. 2 O b s e r v a ti o n

I n t h e a b o v e e x p eri m e nt, t h e f oll o wi n g s h o ul d b e o bs er v e d:

( 1) At t h e s cr e e n, m a n y p h ot o ns ar e d et e ct e d a n d t h e di ffr a cti o n

p att er n of t h e d o u bl e slit f or ms, s e e Fi g. ( 1 8. 1).

( 2) At e a c h d et e ct or a n d at a n i nst a nt of ti m e, a p h ot o n c a n

o nl y b e d et e ct e d, if t h e s cr e e n is r e m o v e d, a n d if n o p h ot o n is

d et e ct e d at t h e ot h er d et e ct or.

( 3) At b ot h d et e ct ors, t h e pr o b a bilit y of d et e cti n g a p h ot o n is

pr o p orti o n al t o t h e a bs ol ut e s q u ar e of t h e w a v e f u n cti o n |Ψ |2 .

P a r a d o x a n d s ol u ti o n :

If t h e d et e ct or D 1 d et e cts a p h ot o n, t h e n t h e f oll o wi n g is a s-

s u m e d as a r es ult of t h e b asi c c o n c e pt of g e o m etri c al o pti cs,

s e e e. g. ( B or n a n d W olf, 1 9 8 0, C. III):

B a si c c o n c e p t of g e o m e t ri c al o p ti c s : T h e p h ot o n p a s s e d

t h e l o w e r slit i n Fi g. ( 1 8. 1 ), wit h o ut p a s si n g t h e u p p e r slit.
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H o w e v er, if t h e s cr e e n w o ul d n ot h a v e b e e n r e m o v e d, t h e n

t h at p h ot o n w o ul d h a v e c o ntri b ut e d t o t h e di ffr a cti o n p att er n.

T his is e x pl ai n e d wit h t h e i m pr o v e d c o n c e pt of el e ctr o m a g n eti c

w a v es, , s e e e. g. ( B or n a n d W olf, 1 9 8 0, C. I):

I m p r o v e d c o n c e p t of el e c t r o m a g n e ti c w a v e s : T h e li g ht

p a s s e d b ot h slit s i n Fi g. ( 1 8. 1 ).

H o w e v er, t h er e is o nl y o n e p h ot o n i n t h e e x p eri m e nt at a ti m e.

T his is v eri fi e d b y t h e f a ct t h at o nl y o n e of t h e d et e ct ors c a n

d et e ct a p h ot o n at a ti m e.

A d v a n c e d c o n c e p t of t h e p o s t ul a t e s of q u a n t u m p h y si c s :

T h e p h ot o n i s o b s e r v e d at t h e s c r e e n o r at o n e of t h e d et e ct o r s
i n Fi g. ( 1 8. 1 ). T h e r e b y, t h e p o st ul at e s d o n ot e x pl ai n t h e p r o p-

a g ati o n of t h e p h ot o n b et w e e n d o u bl e slit a n d s c r e e n o r b et w e e n

s c r e e n a n d d et e ct o r. T hi s vi e w c o r r e s p o n d s t o t h e C o p e n h a g e n

i nt e r p r et ati o n, s e e e. g. H ei s e n b e r g ( 1 9 5 8 ).

A c c or di n g t o t h e ot h er a d v a n c e d c o n c e pt of r el ati vit y, t h e f ol-

l o wi n g is e x p e ct e d:

A d v a n c e d c o n c e p t of r el a ti vi t y : N o p h y si c al e ff e ct s h o ul d

p r o p a g at e f a st e r t h a n t h e v el o cit y of li g ht c i n n at u r al v ol u m e.

H o w e v er, if t h e w a v e f u n cti o n arri v es at b ot h d et e ct ors, a n d if

D 1 d et e cts t h e p h ot o n, t h e n t h e w a v e f u n cti o n v a nis h es at D 2

i m m e di at el y, s o t h at D 2 d o es n ot d et e ct a s e c o n d p h ot o n at t h e

s a m e ti m e. S u c h a n i m m e di at e v a nis hi n g of t h e w a v e f u n cti o n

is s o m eti m es c all e d c oll a p s e of t h e w a v e f u n c ti o n o r s t a t e

v e c t o r , s e e e. g. (Is h a m, 1 9 9 5, p. 2 4 0) or Wei n b er g ( 2 0 1 7).

Alt o g et h er, t h er e is a n a p p ar e nt p ar a d o x: T h e a d v a n c e d c o n-

c e pt of r el ati vit y c a n n ot e x pl ai n all o bs er v ati o ns. T h e a d v a n c e d

c o n c e pt of q u a nt u m p ost ul at es c a n e x pl ai n all r es ults d et e ct e d

h er e - h o w e v er, q u a nt u m p ost ul at es d o n ot e x pl ai n ess e nti al

a c hi e v e m e nts of r el ati vit y, a n d q u a nt u m p ost ul at es d o n ot e x-

pl ai n h o w a p h ysi c al o bj e ct a c hi e v es a n i m m e di at e c h a n g e at a

dist a n c e.
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A d v a n c e d c o n c e p t of d y n a mi c v ol u m e, D V : D V e x pl ai ns

t h e p ar a d o x: T h e w a v e f u n cti o n Ψ of a n o bj e ct r e pr es e nts t h e

r at e of r el ati v e a d diti o n al v ol u m e. It pr o p a g at es t hr o u g h b ot h

slits. If t h e s cr e e n is n ot r e m o v e d, t h e n t h e o bj e ct is o bs er v e d

wit h t h e c orr e ct pr o b a bilit y |Ψ |2 (r ), a c c or di n g t o t h e di ffr a cti o n

p att er n. If t h e s cr e e n is r e m o v e d, a n d if t h e o bj e ct is o bs er v e d

at o n e of t h e t w o d et e ct ors, t h e n Ψ is tr a nsf or m e d t o t h at s o-

l uti o n of t h e S E Q, t h at h as t h e pr o b a bilit y o n e at t h at d et e c-

t or. T h at tr a nsf or m ati o n t a k es pl a c e a c c or di n g t o t h e tr a nsi e nt

p h e n o m e n o n at p h as e v el o citi es t h at ar e a b o v e (i n a n u nli mit e d

m a n n er) t h e v el o cit y of li g ht c i n n at ur al v ol u m e. As a c o n-

s e q u e n c e, t h e o bj e ct is n ot d et e ct e d at t h e ot h er d et e ct or. S o,

D V e x pl ai ns t h e d el a y e d c h oi c e e x p eri m e nt.

M or e o v er, D V c a us es t h e c ur v at ur e of s p a c eti m e ( C. 7, 8, 9).

F urt h er m or e, t h e D V c a us es t h e e x p a nsi o n of s p a c e si n c e t h e

Bi g B a n g ( C. 5, 1 2, 2 0, 2 1, 2 2). S o, D V e x pl ai ns t h e r es ults of

G R a n d b e y o n d ( C. 1 2, 2 0, 2 1, 2 2).

1 8. 2. 3 R e al e x p e ri m e n t

J a q u es et al. ( 2 0 0 7) p erf or m e d a sli g htl y m o di fi e d d el a y e d c h oi c e

e x p eri m e nt: M a c h- Z e h n d er i nt erf er o m et er h as t w o p at hs. A n

el e ctr o- o pti c al m o d ul at or is r a pi dl y c o ntr oll e d b y a v olt a g e a n d

pr o vi d es a d el a y e d c h oi c e. T h e o bs er v ati o ns ar e as i n s e cti o n

( 1 8. 2. 2).

1 8. 2. 4 Tr u t h s l e a r n t i n a d el a y e d c h oi c e e x p e ri m e n t

As el a b or at e d i n s e cti o n ( 1 8. 1), o n e or m or e s p e ci fi c f or ms of

tr ut h c a n b e l e ar n e d fr o m a p ar a d o x i n p h ysi cs. W h at ar e t h es e

tr ut hs i n t h e d el a y e d c h oi c e e x p eri m e nt ?

Firstl y, a wr o n g ass u m pti o n is t h at t h e p h ot o n w o ul d p ass

o n e slit o nl y. I nst e a d, t h e w a v e f u n cti o n Ψ d o es al w a ys d es cri b e

t h e d et er mi nisti c a n d t h e pr o b a bilisti c pr o p ert y of q u a nt u m

p h ysi cs: T h e w a v e f u n cti o n d es cri b es t h e d et er mi nisti c pr o p-
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a g ati o n a c c or di n g t o t h e S E Q. A n d t h e w a v e f u n cti o n d es cri b es

t h e pr o b a bilisti c o c c urr e n c e of t h e w h ol e o bj e ct pr o p orti o n al t o

|Ψ |2 a n d a c c or di n g t o s e cti o n ( 1 4. 6. 1).

S e c o n dl y, if a p h ot o n is d et e ct e d b y D 1 , t h e n n o p h ot o n is

d et e ct e d b y D 2 at t h e s a m e ti m e, s e e it e m ( 2) i n s e cti o n ( 1 8. 2. 2).

T h us, t h e t w o p ossi bl y d et e ct e d e v e nts ’ d et e cti o n i n D 1 ’ a n d

’ d et e cti o n i n D 2 ’ ar e n ot i n d e p e n d e nt of e a c h ot h er. T h us, t h e

w a v e f u n cti o n Ψ or st at e |Ψ is n ot s e p ar a bl e. T h e n c e, t h e st at e

|Ψ is e nt a n gl e d, s e e S a n z et al. ( 2 0 1 6).

T hir dl y, i n t h e d el a y e d c h oi c e e x p eri m e nt, t h e m e c h a nis m b y

w hi c h n at ur e pr o vi d es e nt a n gl e m e nt is e x pl ai n e d b y t h e r a pi d

tr a nsi e nt p h e n o m e n o n of t h e d y n a mi cs of v ol u m e. H er e b y, it is

ess e nti al t h at t his r a pi d tr a nsi e nt p h e n o m e n o n is d eri v e d fr o m

first pri n ci pl es o nl y. F or it, n o h y p ot h esis or fit is us e d.

F o urt hl y, t h e o bs er v e d n o nl o c alit y d o es n ot vi ol at e Ei nst ei n’s

pri n ci pl e of l o c alit y: T h e d y n a mi cs of v ol u m e is d eri v e d fr o m

f u n d a m e nt al pri n ci pl es of p h ysi cs ( C. 2), a n d it e x pl ai ns t h e

o bs er v e d n o nl o c alit y. H er e b y, t h e d y n a mi cs of v ol u m e m e di at es

p h ysi c al pr o c ess es as f oll o ws: A p h ysi c al pr o c ess t a k es pl a c e i n

v ol u m e, a n d t h e w a v e f u n cti o n of t h at pr o c ess is t h e r at e of

r el ati v e a d diti o n al v ol u m e. As Ei nst ei n f or m ul at e d his l o c alit y

pri n ci pl e o nl y f or u n m e di at e d pr o c ess es, his l o c alit y pri n ci pl e is

n ot a p pli c a bl e. T h us, his l o c alit y pri n ci pl e is n ot vi ol at e d.

1 8. 2. 5 All of t h e m y s t e r y of Q P

Fe y n m a n ( 1 9 6 5) wr ot e ( p. 1 3 0) t h at t h e d o u bl e slit e x p eri m e nt

c o nt ai ns ’ all of t h e m yst er y of q u a nt u m m e c h a ni cs’. T his m ys-

t er y ess e nti all y is t h e s e cr et of t h e m e c h a nis m of n o nl o c ali t y .

I n p arti c ul ar, t h e e nt a n gl e m e nt of dist a nt o bj e cts or q u a ntiti es

pr o vi d es n o nl o c alit y, V ai d m a n ( 2 0 1 9). T h e d y n a mi cs of v ol u m e

e x pl ai ns t h e d o u bl e slit e x p eri m e nt a n d t h er e b y s ol v es Fe y n-

m a n’s ’ m yst er y of q u a nt u m m e c h a ni cs’.
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1 8. 3 D V o v e r c o m e s C o p e n h a g e n i n t e r p r e t a-

ti o n

I d e a : T h e D V e x pl ai ns t h e ess e nti al p ar a d o x es of Q P. T h us,

t h e D V s h o ul d o v er c o m e i nt er pr et ati o ns of Q P t h at h a v e b e e n

us e d d uri n g t h e er a at w hi c h t h er e w as n o s u ffi ci e nt e x pl a n ati o n

of q u a nt u m p ar a d o x es, s e e e. g. Ei nst ei n et al. ( 1 9 3 5), Fe y n m a n

( 1 9 6 5), A h ar o n o v a n d R o hrli c h ( 2 0 0 5), H o bs o n ( 2 0 1 7), Wei n-

b er g ( 2 0 1 7).

T h e p ar a d o x es of Q P h a v e b e e n i nt er pr et e d i n v ari o us m a n-

n ers, s e e e. g. H o bs o n ( 2 0 1 7). T h er e b y, t h e C o p e n h a g e n i nt er-

pr et ati o n is r e g ar d e d as t h e st a n d ar d t e xt b o o k i nt er pr et ati o n,

s e e ( H o bs o n, 2 0 1 7, p. 2 6 3). I n t h at i nt er pr et ati o n, a q u a nt u m

st at e or w a v e f u n cti o n d o es n ot r e pr es e nt o bj e cti v e r e alit y. I n-

st e a d, it r e pr es e nts o nl y o ur k n o wl e d g e of r e alit y. H o bs o n ( 2 0 1 7)

s u m m ari z es ( p. 1 9 7): ’ T h e C o p e n h a g e n i nt er pr et ati o n is a n ef-

f ort t o fi x q u a nt u m p h ysi cs b y i nt er pr eti n g it n o n-r e alisti c all y.’

T h e D V is d eri v e d f or m f u n d a m e nt al pri n ci pl es of p h ysi cs

o nl y, wit h o ut usi n g a n y h y p ot h esis, s e e p art (II). As a c o ns e-

q u e n c e, t h e d y n a mi cs of v ol u m e e x pl ai ns t h e ess e nti al p ar a d o x

of Q P, s e e s e cti o n ( 1 8. 2). M or e o v er, t h e d y n a mi cs of v ol u m e

e x pl ai ns n o nl o c alit y i n n at ur e, s e e C. ( 1 6). F urt h er m or e, t h e

d y n a mi cs of v ol u m e e x pl ai ns m e di ati o n i n n at ur e, s e e C. ( 1 4,

1 6). T h er e b y, t h e D V s h o ws t h at Ei nst ei n’s pri n ci pl e of l o c alit y

is n ot vi ol at e d, s e e C. ( 1 6). I n t his m a n n er, t h e D V o v er c o m es

t h e n o n-r e alisti c C o p e n h a g e n i nt er pr et ati o n as f oll o ws: T h e D V

pr o vi d es a d eri v e d n o nl o c al e x pl a n ati o n t h at d o es n ot vi ol at e

Ei nst ei n’s pri n ci pl e of l o c alit y.
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D e ri v a ti o n of D a r k E n e r g y

I d e a: We d eri v e d t h e d y n a mi cs of t h e l o c all y f or m e d v ol u m e,

L F V, i n T H Ms ( 1 5, 1 8). T h at d y n a mi cs s h o ul d als o pr o vi d e t h e

f or m ati o n of a p r e s e n t- d a y p r o b e v ol u m e d V 0 at a n ar bitr ar y

l o c ati o n R 0 . T h at pr o c ess of f or m ati o n t o o k pl a c e si n c e t h e Bi g

B a n g or d uri n g t h e H u b bl e ti m e tH 0
( Fi g. 1 9. 1):

d V 0 f or ms d uri n g tH 0
≈ t0 ( 1 9. 1)

As t h at d y n a mi cs is r el at e d t o t h e fi el d G ∗ = G M / R 2 , it

s h o ul d pr o vi d e t h e e n er g y d e nsit y u v ol = ρ v ol c
2 of v ol u m e. We

a n al y z e t h at pr o c ess pr o gr essi v el y i n t hr e e st e ps:

( 1) I n a n i d e al pr o c ess, w e d eri v e u v ol i n a u ni v ers e c o nsisti n g

of v ol u m e o nl y, s e e c h a pt er 1 9.

( 2) We d eri v e u v ol i n a u ni v ers e c o nsisti n g of v ol u m e a n d a

h o m o g e n e o us d e nsit y of m att er as w ell as r a di ati o n.

( 3) We d eri v e u v ol i n a u ni v ers e c o nsisti n g of v ol u m e a n d a

h o m o g e n e o us a n d h et er o g e n e o us d e nsit y of m att er as w ell as

r a di ati o n, s e e c h a pt er ( 2 1).

1 9. 1 N a t u r e of d e n si t y of v ol u m e

D uri n g t h e e x p a nsi o n of s p a c e si n c e t h e Bi g B a n g, t h e a m o u nts

of v ol u m e i n cr e as e. As v ol u m e pr o p a g at es at v = c , it is q u a n-

ti z e d ( c h a pt er 4). A q u a nt u m of v ol u m e is at its l o w est e n er g y

2 2 9
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st at e, t h e z er o- p oi nt e n er g y, Z P E. T h e r e as o n is as f oll o ws: Ot h-

er wis e, a n e wl y f or m e d q u a nt u m of v ol u m e c o ul d r e a c h a l o w er

e n er g y st at e a n d e mit t h e e n er g y di ff er e n c e, w h er e b y t h at dif-

f er e n c e c o ul d vi ol at e t h e l a w of e n er g y c o ns er v ati o n, w hi c h is

a p pli c a bl e h er e a c c or di n g t o t h e N o et h er ( 1 9 1 8) t h e or e m. T h us,

t h e e n er g y of v ol u m e is t h e e n er g y of z er o- p oi nt os cill ati o ns,

Z P Os 1 .

1 9. 2 u v ol i n a u ni v e r s e of v ol u m e

I d e a: As a first a n d i d e al c as e, w e a n al y z e t h e pr o c ess of f or-

m ati o n of v ol u m e, a n d w e d eri v e t h e e n er g y d e nsit y u v ol i n a

u ni v ers e t h at c o nsists of v ol u m e o nl y.

1 9. 2. 1 H o m o g e n e o u s, i s o t r o pi c a n d c o n s t a n t v ol u m e

I n t h e pr es e nt c as e, t h er e is n o r a di ati o n or m att er. T h us, t h e

s yst e m is h o m o g e n e o us a n d is otr o pi c. A c c or di n gl y, w e d eri v e

t h e h o m o g e n e o us d e nsit y ρ v ol, h. of t h e v ol u m e.

1 9. 2. 2 S e p a r a ti o n of s p a c e a n d ti m e

I n t h e c o nst a nt a n d h o m o g e n e o us d e nsit y ρ v ol, h. of t h e v ol u m e

m o d el e d h er e, t h e ti m e i n cr e as es at a h o m o g e n e o us a n d c o nst a nt

r at e 2 . A c c or di n gl y, w e i n v esti g at e s p a c e a n d ti m e s e p ar at el y.

1 9. 2. 3 F o r m a ti o n of v ol u m e b y v ol u m e

A n i n cr e m e nt al v ol u m e d V j h as t h e d y n a mi c m ass d M j :

d M j = d V j · ρ v ol, h. ( 1 9. 2)

A c c or di n g t o t h e l a w of u ni di r e c ti o n al f or m ati o n of v ol u m e,

s e e T H M ( 1 5), t h e d y n a mi c m ass d M j e x hi bits a fi el d at t h e

1 W a v el e n gt h s of t h e s e Z P O s h a v e b e e n d eri v e d i n m or e d et ail i n C ar m e si n ( 2 0 1 8 c, b,
2 0 1 9 b, 2 0 2 1 b).

2 Of c o u r s e, i n t h e vi ci nit y of a l o c al m a s s, t h e r at e of i n cr e a s e of ti m e i s c h a n g e d. B ut
t h er e i s n o s p e ci al l o c al m a s s i n t h e c o n si d er e d s y st e m wit h h o m o g e n e o u s d e n sit y.
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pr o b e v ol u m e d V 0 at a dist a n c e R . T h us, t h e r at e of f or m e d

v ol u m e is pr o p orti o n al t o t h e fi el d:

d ε̇ L (R , d Mj ) =
|d G ∗

j |(R )

c
=

G · d M j

R 2 · c
(1 9. 3)

H er e b y, w e c h os e a mi ni m al p ossi bl e d M j , s o t h at w e k n o w

t h at d M j is q u a nti z e d, s e e c h a pt er ( 4). T h er e b y, t h e fi el d G ∗

c a n n ot b e m e as ur e d a n d r e m ai ns u n c ert ai n, si mil ar t o t h e u n-

c ert ai nt y r el ati o n, s e e H eis e n b er g ( 1 9 2 7), P R O P ( 4) i n C. ( 1 0).

A c c or di n gl y, w e d e n ot e t h e a b o v e r at e b y d ε̇ L, G ∗ u n c ert ai n . We

s u m m ari z e:

P r o p o si ti o n 7 R a t e s e mi t t e d b y v ol u m e

( 1 ) A d y n a mi c m a s s of v ol u m e d M j c a u s e s a r at e at a di st a n c e

R , t h at c a n b e c al c ul at e d a s f oll o w s:

d ε̇ L, G ∗ u n c ert ai n (R, d M j ) =
G · d M j

R 2 · c
( 1 9. 4)

( 2 ) P h ot o n s a n d m att e r e mit fi el d s t h at c a n i n p ri n ci pl e b e c o m-

p e n s at e d b y fi el d s of ot h e r p h ot o n s o r p a rti cl e s of m att e r. M a n y

p h ot o n s o r p a rti cl e s of m att e r c a n b e d e s c ri b e d b y a h o m o g e-

n e o u s d e n sit y pl u s a h et e r o g e n eit y. T h e h o m o g e n e o u s d e n sit y

d o e s n ot c a u s e a g r a vit ati o n al fi el d, s e e c h a pt e r ( 2 0 ).

( 3 ) C o r r e s p o n di n gl y, p h ot o n s c a n b e l o c ali z e d i n a n o pti c al r e s-

o n at o r, f o r i n st a n c e. A n d m att e r c a n b e l o c ali z e d i n a n el e ct ri c al

o r g r a vit ati o n al fi el d, f o r i n st a n c e. I n c o nt r a st, v ol u m e p r o p a-

g at e s at v = c a n d c a n n ot b e l o c ali z e d i n s u c h d e vi c e s.

I n t h e a b o v e t hr e e c as es, t hr e e- di m e nsi o n al v ol u m e a n d its e n-

er g y d e nsit y ar e a n al y z e d b as e d o n o ur v er y g e n er al f o ur pri n-

ci pl es i n c h a pt er ( 2). A c c or di n gl y, o ur r es ults h ol d f or a l ar g e

v ari et y of c os m ol o gi c al m o d els, s e e e. g. H o bs o n et al. ( 2 0 0 6),

C ar m esi n ( 2 0 1 9 b).
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ρ v ol

d R

R d M j

d V j

R 0

d V 0

d ε̇ L

R G W v ol

d ε̇ L

R G W v ol

d ε̇ L

R G W v ol

Fi g ur e 1 9. 1: T h e d e nsit y ρ v ol i n a n ar e a at a dist a n c e R fr o m
R 0 h as a j − t h d y n a mi c m ass d M j . It g e n er at es r at es d ε̇ L =
d ε̇ L, G ∗ u n c ert ai n (R, d M j ) pr o p a g ati n g t o w ar ds all dir e cti o ns i n t h e
s a m e m a n n er.

1 9. 2. 4 R G W s p r o p a g a ti n g t o w a r d s R 0

T h e r at e gr a vit y w a v es R G W v ol f or m e d b y a j − t h d y n a mi c m ass

a c c or di n g t o E q. ( 1 9. 3) st e a dil y pr o p a g at e t o w ar ds all dir e cti o ns

i n a n is otr o pi c m a n n er, s e e s e cti o n ( 1 9. 2. 1). I n t his s e cti o n,

w e i nt e gr at e t h os e R G W v ol t h at st e a dil y pr o p a g at e t o w ar ds t h e

v ol u m e d V 0 ( Fi g. 1 9. 1, E q. 1 9. 1).

1 9. 2. 4. 1 R a t e s a r ri vi n g a t R 0

I d e a : We i nt e gr at e all r at es t h at st e a dil y arri v e at d V 0 ( Fi g.

1 9. 1, E q. 1 9. 1).

S h ell a r o u n d R 0 : T h e d y n a mi c m ass es d M j at a dist a n c e R fr o m

R 0 c o nstit ut e a s h ell wit h c e nt er R 0 a n d wit h a dist a n c e R fr o m

R 0 , a n d wit h a t hi c k n ess d R , s o t h at t h e m ass of t h e s h ell is t h e
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s u m of t h e m ass es d M j i n t h e s h ell, s e e Fi g. ( 1 9. 1):

d M (R ) =
j, R j ∈ s h ell

d M j ( 1 9. 5)

I n t h e pr es e nt a n al ysis of t h e f or m ati o n of L F V i n a u ni v ers e

c o nsisti n g of v ol u m e o nl y, t h e F D A b e c o m es e x a ct a n d t h e i n-

cr e m e nts d L a n d d R ar e e q u al. A c c or di n gl y, als o t h e s q u ar es

of t h e r at es of r el ati v e a n d n or m ali z e d L F V ar e e q u al, s e e E q.

( 9. 4 1). H er e b y, t h e si g n of t h es e r at es d es cri b es t h e di ff er e n c e

b et w e e n a Bi g B a n g a n d a c o n c ei v a bl e Bi g Cr u n c h, s e e G o o d-

st ei n ( 1 9 9 7).

At R 0 , e a c h of t h es e m ass es c a us es t h e r at e i n E q. ( 1 9. 4).

T h es e r at es r e pr es e nt t h e v ol u m e δ V for m e d p er v ol u m e d V

a n d p er ti m e δ t. As v ol u m e is a n a d diti v e q u a ntit y, t h e s u m of

t h es e r at es d ε̇ L, G ∗ u n c ert ai n (R, d M j ) arri v es at R 0 , s e e Fi g. ( 1 9. 3):

d ε̇ L, G ∗ u n c ert ai n (R, d M (R )) =
j

d ε̇ L, G ∗ u n c ert ai n (R, d M j ) ( 1 9. 6)

d ε̇ L, G ∗ u n c ert ai n (R, d M (R )) =
1

c
·
G · d M (R )

R 2
(1 9. 7)

I n t h e f oll o wi n g, w e a b br e vi at e d ε̇ L, G ∗ u n c ert ai n b y d ε̇ :

d ε̇ (R , d M(R )) =
1

c
·
G · d M (R )

R 2
(1 9. 8)

M a s s of s h ell a r o u n d R 0 : T h at m ass d M (R ) is e q u al t o t h e pr o d-

u ct of t h e d e nsit y ρ v ol, h. a n d t h e v ol u m e d V = 4 π · R 2 · d R of

t h e s h ell, s e e Fi g. ( 1 9. 1):

d M (R ) = ρ v ol, h. · 4 π · R 2 · d R ( 1 9. 9)

R a t e c a u s e d b y s h ell a n d a r ri vi n g a t R 0 : We i ns ert t h e m ass i n

E q. ( 1 9. 9) i nt o E q. ( 1 9. 8):

d ε̇ (R , d M(R )) =
1

c
·
G · ρ v ol, h. · 4 π R 2 d R

R 2
(1 9. 1 0)
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ρ v ol

R H 0

R 0
d V 0

d R

Fi g ur e 1 9. 2: B all wit h c e nt er R 0 a n d H u b bl e r a di us R H 0
: T h at b all

is p artiti o n e d i nt o s h ells wit h c e nt er R 0 a n d t hi c k n ess d R . E a c h
s h ell c a us es t h e s a m e r at e ( d as h e d), d ε̇ (R, d M (R )), arri vi n g at
R 0 .

We c a n c el R 2 . S o, w e d eri v e t h e r at e t h at is c a us e d b y t h e s h ell

at R , wit h a t hi c k n ess d R , w h er e b y t h e r at e arri v es at R 0 :

d ε̇ (R , d M(R )) =
G · ρ v ol, h. · 4 π

c
· d R ( 1 9. 1 1)

As t h e m ass d M (R ) is a f u n cti o n of t h e d e nsit y a n d d R , w e

writ e t h e a b o v e E q. a c c or di n gl y:

d ε̇ (d R, ρ v ol, h. ) =
G · ρ v ol, h. · 4 π

c
· d R ( 1 9. 1 2)

1 9. 2. 4. 2 I n v a ri a n c e of r a t e s d ε̇ (d R, ρ v ol, h. )

T h e a b o v e r at e i n E q. ( 1 9. 1 1) e x hi bits t h e f oll o wi n g pr o p ert y:

E a c h s h ell ar o u n d R 0 wit h t hi c k n ess d R c a us es t h e s a m e r at e

d ε̇ (R ) t h at arri v es at R 0 , irr es p e cti v e of t h e r a di us R of t h e

s h ell, s e e Fi g. ( 1 9. 2). T h us, t h e r at e p er d R of t h e r at es d ε̇ (R )

is a c o nst a nt K 0 :

d ε̇ (d R, ρ v ol, h. )

d R
=

4 π G · ρ v ol, h.

c
= K 0 (1 9. 1 3)
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T h at r at e p er d R is a f u n cti o n of t h e d y n a mi c d e nsit y ρ v ol, h. of

v ol u m e a n d of t h e u ni v ers al c o nst a nts G a n d c o nl y.

1 9. 2. 4. 3 I n t e g r a ti o n of d ε̇ (R )

I n or d er t o i nt e gr at e t h e r at es d ε̇ (d R, ρ v ol, h. ) of t h e r at e gr a vit y

w a v es R G W v ol arri vi n g at R 0 , w e a n al y z e t h e pr o p erti es of t h es e
w a v es R G W v ol :

( 1) T h e w a v es R G W v ol pr o p a g at e at v = c , w h er e b y t h e y ar e

n ot dist ur b e d b y a n y ot h er o bj e ct, s e e P R O P ( 7) i n c h a pt er

( 1 9).

( 2) T h e w a v es R G W v ol h a v e f or m e d si n c e t h e Bi g B a n g i n t h e

s h ells ar o u n d R 0 d es cri b e d a b o v e, s e e Fi g. ( 1 9. 2).

( 3) T h e l ar g est li g ht-tr a v el ti m e of t h e R G W v ol arri vi n g at t0 is

t h e H u b bl e ti m e 3 tH 0
= 1 / H 0 .

( 4) T h us, t h e l ar g est r a di us of t h e li g ht-tr a v el dist a n c e of t h e

s h ells d es cri b e d a b o v e is R H 0
= tH 0

· c , t h e H u b bl e r a di us.

( 5) A c c or di n gl y, if w e i nt e gr at e t h e a b o v e s h ells, t h e n t h e u p p er

li mit of t h e i nt e gr ati o n is R H 0
.

( 6) If w e i nt e gr at e t h e a b o v e s h ells, t h e n t h e l o w er li mit of

i nt e gr ati o n is a l e n gt h n e ar t h e Pl a n c k l e n gt h L P . Pl a n c k ( 1 8 9 9)

i ntr o d u c e d L P = 1 .6 1 6 · 1 0 − 3 5 m. T h at l e n gt h is n e gli gi bl e h er e

at a v er y g o o d a p pr o xi m ati o n, a n d it is s et t o z er o.

( 7) T h e u p p er li mit of t h e i nt e gr ati o n of r at es pr o vi d es t h e s u m

of all r at es t h at st e a dil y arri v e at R 0 . A c c or di n gl y, w e m ar k it
b y ε̇ at R 0

.

A c c or di n g t o t h e a b o v e pr o p erti es of t h e R G W v ol , t h e i nt e gr a-

ti o n of t h e s h ells is as f oll o ws, s e e E q. ( 1 9. 1 1):

ε̇ a t R 0

0

d ε̇ =
4 π · G

c
·

R H

0

ρ v ol, h. d R ( 1 9. 1 4)

3 T h e H u b bl e ti m e d e s cri b e s t h e a g e of t h e u ni v er s e at a r el ati v el y hi g h p r e ci si o n, s e e
e. g. Pl a n c k- C oll a b or ati o n ( 2 0 2 0), C ar m e si n ( 2 0 1 9 b).
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δ V (tH 0
)

δ t

δ V
δ t

tH 0
tp0

ε̇ at R 0
· d V 0

tH 0 to d a yBi g B a n g

Fi g ur e 1 9. 3: A m o u nt of v ol u m e δ V (tH 0
) f or m e d i n t h e c o nsi d er e d

pr es e nt- d a y v ol u m e d V 0 d uri n g t h e H u b bl e ti m e tH 0
. At e a c h

ti m e tp , a c orr es p o n di n g p arti al v ol u m e δ V p = ε̇ at R 0 o f t p
· d V 0 · δ t

is c a us e d, s e e s e cti o n ( 1 9. 2. 5).

We s u bstit ut e R = c · t:

ε̇ a t R 0

0

d ε̇ = 4 π · G ·
tH 0

0

ρ v ol, h. dt ( 1 9. 1 5)

We e v al u at e t h e i nt e gr als. S o, w e d eri v e t h e r at e of f or m ati o n

of v ol u m e t h at st e a dil y arri v es at R 0 a n d ori gi n at es fr o m r a dii

R ≤ R H 0
= c · tH 0

:

ε̇ at R 0
(R H 0

) = 4 π G · tH 0
· ρ v ol, h. ( 1 9. 1 6)

1 9. 2. 5 L F V c o r r e s p o n di n g t o a ti m e

Q u e s ti o n : C orr es p o n di n g t o a ti m e tp ≤ tH 0
( Fi g. 1 9. 3) a n d

d uri n g a n i n cr e m e nt of ti m e δ t, t h er e f or ms t h e f oll o wi n g i n cr e-

m e nt of p arti al v ol u m e:

δ V p (δ t) = ˙ ε at R 0 o f t p
· d V 0 · δ t (1 9. 1 7)

T his is a dir e ct c o ns e q u e n c e of t h e d e fi niti o n of t h e r at e ˙ε =
δ V / δ t
d V . W h at p arti al v ol u m e δ V p (tH 0

) f or ms d uri n g t h e ti m e r a n g-

i n g fr o m t = 0 t o w ar ds t = tH 0
? H o w l ar g e is t h e r at e ε̇ at R 0 o f t p

c orr es p o n di n g t o δ V p (tp )?
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At t h e v ol u m e δ V p (tp ) a n d d uri n g t h e ti m e r a n gi n g fr o m t = 0

t o w ar ds t = tp , t h er e arri v es t h e f oll o wi n g a c c u m ul at e d r at e, s e e

E q. ( 1 9. 1 6):

ε̇ at R 0 u ntil t p
= 4 π G · tp · ρ v ol, h. ( 1 9. 1 8)

R e mi n d t h at t h e a b o v e r at e is a r es ult of t h e i nt e gr ati o n of

i n cr e m e nt al r at es fr o m t = 0 t o w ar ds t = tp , s e e E q. ( 1 9. 1 5).

D uri n g t h e r e m ai ni n g ti m e r a n gi n g fr o m tp t o w ar ds t = tH 0
, t h e

r e m ai ni n g r at e arri v es:

ε̇ at R 0 s i n c e tp
= 4 π G · (tH 0

− tp ) · ρ v ol, h. ( 1 9. 1 9)

R e mi n d t h at t h e a b o v e r at e is a r es ult of t h e i nt e gr ati o n of

i n cr e m e nt al r at es fr o m t = tp t o w ar ds t = tH 0
, s e e E q. ( 1 9. 1 5).

T h us, t h e f ull r at e arri vi n g at R 0 d uri n g t h e ti m e r a n gi n g fr o m

t = 0 t o w ar ds t = tH 0
is t h e r at e o bt ai n e d b y t h e f ull i nt e gr al

of i n cr e m e nt al r at es r a n gi n g fr o m t = 0 t o w ar ds t = tH 0
, d et er-

mi n e d b y E q. ( 1 9. 1 6). It is t h e s u m of t h e r at es i n E qs. ( 1 9. 1 8,

1 9. 1 9):

ε̇ at R 0 o f t p
= ˙ ε at R 0 u ntil t p

+ ˙ ε at R 0 s i n c e tp
( 1 9. 2 0)

ε̇ at R 0 o f t p
= ˙ ε at R 0

(R H 0
) = 4 π G ·tH 0

·ρ v ol, h. f or e a c h δ V p (1 9. 2 1)

C o ns e q u e ntl y, t h e f oll o wi n g p arti al v ol u m e f or ms d uri n g t h e

ti m e r a n gi n g fr o m t = 0 t o w ar ds t = tH 0

δ V p (δ t = tH 0
) = ˙ ε at R 0

(R H 0
) · d V 0 · δ t W e s u m m ari z e : ( 1 9. 2 2)

P r o p o si ti o n 8 A c c u m ul a t e d r a t e

I n a u ni v e r s e c o n si sti n g of h o m o g e n e o u s v ol u m e, at a n a r bi-

t r a r y l o c ati o n R 0 , t h e r e a r ri v e s a n a c c u m ul at e d r at e of v ol u m e

a s f oll o w s:

( 1 ) At R 0 , t h e r at e p e r s h ell wit h t hi c k n e s s d R of t h e r at e s d ε̇ (R )

i s a c o n st a nt K 0 :

d ε̇ (d R, ρ v ol, h. )

d R
=

4 π G · ρ v ol, h.

c
= K 0 (ρ v ol, h. ) ( 1 9. 2 3)
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T h at r at e i s a f u n cti o n of t h e c o n st a nt d y n a mi c d e n sit y ρ v ol, h.

of v ol u m e a n d of t h e u ni v e r s al c o n st a nt s G a n d c o nl y.

( 2 ) At R 0 , a n d at e a c h p a rti al v ol u m e δ V p (tp ) c o r r e s p o n di n g

t o a n a r bit r a r y p a rti al ti m e tp ∈ [ 0, tH 0
], t h e r e i s t h e f oll o wi n g

a c c u m ul at e d r at e of f o r m ati o n of v ol u m e o ri gi n ati n g f r o m r a dii

R ≤ R H 0
= c · tH 0

:

ε̇ at R 0
(R H 0

) = 4 π G · tH 0
· ρ v ol, h. ( 1 9. 2 4)

1 9. 2. 6 R a t e of v ol u m e f o r m e d a t d V 0

I n t his s e cti o n, w e d eri v e t h e r at e of v ol u m e δ V
δ t th at st e a dil y

f or ms at t h e c o nsi d er e d pr es e nt- d a y v ol u m e d V 0 at R 0 , s e e Fi gs.

( 1 9. 1, 1 9. 2).

F or it, w e e x pr ess t h e r at e ˙ε at R 0
in E q. ( 1 9. 2 4) i n t er ms of

its d e fi niti o n i n t er ms of i n cr e m e nts:

ε̇ at R 0
=

δ V

δ t · d V 0
( 1 9. 2 5)

I n or d er t o d eri v e t h e r at e of v ol u m e δ V
δ t th at f or ms i n t h e c o n-

si d er e d pr es e nt- d a y v ol u m e d V 0 at R 0 , w e m ulti pl y t h e a b o v e

E q. ( 1 9. 2 5) b y t h at v ol u m e d V 0 :

ε̇ at R 0
· d V 0 =

δ V

δ t
(1 9. 2 6)

R e s ul t: T h e r at e of v ol u m e δ V
δ t th at f or ms i n t h e c o nsi d er e d

pr es e nt- d a y v ol u m e d V 0 at R 0 is e q u al t o t h e pr o d u ct of t h e

v ol u m e d V 0 a n d t h e r at e ε̇ at R 0
th at d es cri b es t h e n or m ali z e d

r at e of f or m ati o n of v ol u m e ε̇ at R 0
= δ V / δ t

d V . I n t h e c o nsi d er e d

u ni v ers e c o nsisti n g of v ol u m e o nl y, t h at r at e is a c o nst a nt.

1 9. 2. 7 V ol u m e f o r m e d a t d V 0

I n t his s e cti o n, w e d eri v e t h e a m o u nt of v ol u m e δ V (tH 0
) t h at h as

f or m e d at t h e c o nsi d er e d pr es e nt- d a y v ol u m e d V 0 at R 0 d uri n g

t h e H u b bl e ti m e tH 0
, s e e Fi gs. ( 1 9. 1, 1 9. 2, 1 9. 3).
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D e ri v a ti o n: F or it, w e m ulti pl y t h e c o nst a nt r at e of f or m ati o n

of v ol u m e i n d V 0 , s e e E q. ( 1 9. 2 6) a n d Fi g. ( 1 9. 3), b y tH 0
:

δ V (tH 0
) = ˙ ε at R 0

· tH 0
· d V 0 ( 1 9. 2 7)

P r o p o si ti o n 9 V ol u m e f o r m e d b y t h e a c c u m ul a t e d r a t e

I n a u ni v e r s e c o n si sti n g of v ol u m e o nl y, at a n a r bit r a r y l o c ati o n

R 0 , i n a p r e s e nt- d a y p r o b e v ol u m e d V 0 , d u ri n g t h e H u b bl e ti m e

tH 0
, at t h e a r ri vi n g a c c u m ul at e d r at e of f o r m ati o n of v ol u m e

( P R O P 8 ), t h e f o r m e d v ol u m e δ V (tH 0
) i s e q u al t o t h e p r o b e

v ol u m e d V 0 :

δ V (tH 0
) = d V 0 ( 1 9. 2 8)

1 9. 2. 8 D e ri v a ti o n of t h e d e n si t y of v ol u m e

I n t his s e cti o n, w e d eri v e t h e d e nsit y of v ol u m e. F or it, w e i ns ert

t h e f or m e d v ol u m e δ V (tH 0
) i n E q. ( 1 9. 2 7) i n t h e a b o v e e q u alit y

of v ol u m es ( E q. 1 9. 2 8):

ε̇ at R 0
· tH 0

· d V 0 = d V 0 ( 1 9. 2 9)

We i ns ert t h e r at e ˙ ε at R 0
(E q. 1 9. 2 4), a n d w e di vi d e b y d V 0 :

4 π · G · tH 0
· ρ v ol, h. · tH 0

= 1 ( 1 9. 3 0)

We s ol v e f or ρ v ol, h. , a n d w e m ar k t h at t h e or eti c all y d eri v e d d e n-

sit y b y ρ v ol,t h e o :

ρ v ol, h. =
1

4 π · G · t2
H 0

= ρ v ol,t h e o ( 1 9. 3 1)

T h e c orr es p o n di n g e n er g y d e nsit y of v ol u m e is as f oll o ws:

u v ol, h. = ρ v ol, h. · c 2 =
c 2

4 π · G · t2
H 0

= u v ol,t h e o ( 1 9. 3 2)

W e s u m m ari z e o ur fi n di n gs:
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P r o p o si ti o n 1 0 R a t e a r ri vi n g a t a p r o b e v ol u m e

If a r at e ε̇ at R 0
of L F V a r ri v e s at a n a r bit r a r y p r o b e v ol u m e d V 0

at a n a r bit r a r y l o c ati o n R 0 , t h e n t h e f oll o wi n g h ol d s:

( 1 ) D u ri n g t h e H u b bl e ti m e tH 0
a n d at d V 0 , t h e r at e f o r m s t h e

v ol u m e d V 0 :

ε̇ at R 0
· tH 0

· d V 0 = d V 0 ( 1 9. 3 3)

( 2 ) If t h e r at e i s c a u s e d b y a d e n sit y ρ v ol, h. , t h e n t h e r at e f ul fill s

t h e f oll o wi n g r el ati o n ( E q. 1 9. 2 4 a p pli e s h e r e, a s t h e c o r r e-

s p o n di n g s u m m ati o n a n d i nt e g r ati o n c a n b e u s e d h e r e. ):

ε̇ at R 0
= 4 π G · tH 0

· ρ v ol, h. ( 1 9. 3 4)

1 9. 2. 9 C o m p a ri s o n wi t h o b s e r v e d d e n si t y ρ v ol, o b s

I n t his s e cti o n, w e c o m p ar e t h e t h e or eti c al v al u e ρ v ol,t h e o of t h e

d e nsit y of v ol u m e wit h a n o bs er v e d v al u e ρ v ol, o b s .

H er e b y, e a c h o bs er v ati o n of ρ v ol, o b s us es a p h ysi c al o bj e ct t h at

w as e mitt e d at s o m e ti m e te m . As a m att er of f a ct, t h e o bs er-

v ati o n d e p e n ds sli g htl y o n t h at ti m e te m , s e e e. g. C ar m esi n

( 2 0 1 8 b), C ar m esi n ( 2 0 2 1 a), C ar m esi n ( 2 0 2 1 c). A c c or di n gl y, w e

c h o os e a ti m e te m t h at r e pr es e nts a r el ati v el y h o m o g e n e o us u ni-

v ers e. S u c h a ti m e c orr es p o n ds t o t h e e arl y u ni v ers e 4 .

A c c or di n gl y, w e c o m p ar e wit h a n o bs er v ati o n at hi g h r e d-

s hift z . C orr es p o n di n gl y, w e c o m p ar e wit h a n o bs er v ati o n b as e d

o n t h e C M B. I n p arti c ul ar, t h e o bs er v ati o ns of t h e C M B b y

t h e Pl a n c k s at ellit e pr o vi d e o bs er v ati o ns b as e d o n t e m p er at ur e

p o w er s p e ctr a as f oll o ws, s e e Pl a n c k- C oll a b or ati o n ( 2 0 2 0):

H 0 , o b s, C M B = 6 6 .8 8 ( ± 0 .9 2)
k m

s · M p c
( 1 9. 3 5)

Ω Λ , o b s = 0 .6 7 9 ± 0 .0 1 3 ( 1 9. 3 6)

4 N ot e t h at a h o m o g e n e o u s d e n sit y of r a di ati o n d o e s h ar dl y a ff e ct t h e o b s er v ati o n, s e e
e. g. ( C ar m e si n, 2 0 2 1 d, s e cti o n 7. 5), C ar m e si n ( 2 0 2 1 a), C ar m e si n ( 2 0 2 1 c)
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H er e b y, t h e d e nsit y p ar a m et er Ω Λ is d e fi n e d as t h e r ati o of

ρ Λ a n d t h e criti c al d e nsit y ρ c r,t 0
. T h e criti c al d e nsit y ρ c r,t 0

is

d e fi n e d as t h e pr es e nt- d a y d e nsit y, at w hi c h t h e c ur v at ur e p a-

r a m et er k i n t h e F L E is z er o, s e e e. g. H o bs o n et al. ( 2 0 0 6)

or C ar m esi n ( 2 0 1 9 b). H er e b y, k = 0 is t h e r e alisti c v al u e, s e e

Pl a n c k- C oll a b or ati o n ( 2 0 2 0), ( C ar m esi n, 2 0 2 1 d, t h e or e m 3 2( 6))

a n d E q. ( 5. 1 0):

H 2
0 =

8 π G · ρ c r,t 0

3
− k ·

c 2

r 2
w it h k = 0 , s o ( 1 9. 3 7)

ρ c r,t 0
=

3 H 2
0

8 π G
( 1 9. 3 8)

We d eri v e t h e d e nsit y p ar a m et er Ω v ol,t h e o :

Ω v ol,t h e o =
ρ v ol,t h e o

ρ c r,t 0

=
1

4 π · G · t2
H 0

·
8 π G

3 H 2
0

=
2

3
(1 9. 3 9)

T h us, t h e t h e or eti c al d e nsit y p ar a m et er Ω v ol,t h e o = 2
3 is i n pr e cis e

a c c or d a n c e wit h t h e o bs er v e d v al u e Ω Λ , o b s = 0 .6 7 9 ± 0 .0 1 3.

T h e o r e m 3 6 F o r m a ti o n of v ol u m e b y v ol u m e

I n a u ni v e r s e c o n si sti n g of v ol u m e o nl y, t h e f oll o wi n g h ol d s:

( 1 ) T h e d e n sit y p a r a m et e r of v ol u m e i s e q u al t o 2 / 3 :

Ω v ol,t h e o =
2

3
(1 9. 4 0)

T h at r e s ult i s i n p r e ci s e a c c o r d a n c e wit h o b s e r v ati o n of e a rl y

d a r k e n e r g y wit h h el p of t h e C M B:

Ω Λ , o b s = 0 .6 7 9 ± 0 .0 1 3 ( 1 9. 4 1)

( 2 ) T h e d y n a mi c d e n sit y of v ol u m e i s a s f oll o w s:

ρ v ol, h. =
1

4 π · G · t2
H 0

= ρ v ol,t h e o ( 1 9. 4 2)
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T h e r e b y, t h e r at e a r ri vi n g at R 0 a n d c a u s e d b y v ol u m e i s e q u al

t o t h e i n v e r s e H u b bl e ti m e:

ε̇ at R 0
=

1

tH 0

(1 9. 4 3)

A c c o r di n gl y, t h e d y n a mi c d e n sit y of v ol u m e i s a s f oll o w s, s e e

P R O P ( 1 0 ):

ε̇ 2
at R 0

4 π · G
= ρ v ol,t h e o =

ε̇ at R 0

4 π · G · tH 0

(1 9. 4 4)

c

4 π · G
· K 0 (ρ v ol, h. ) = ρ v ol,t h e o ( 1 9. 4 5)

( 3 ) T h e r e i s a c o n st a nt a n d h o m o g e n e o u s d e n sit y ρ v ol, h. , s e e E q.

( 1 9. 4 5 ).

( 4 ) At a p r e s e nt- d a y p r o b e v ol u m e d V 0 at a n a r bit r a r y l o c ati o n

R 0 , t h e r e o c c u r s t h e a c c u m ul at e d r at e of f o r m ati o n of v ol u m e:

ε̇ at R 0
= 4 π G · tH 0

· ρ v ol, h. ( 1 9. 4 6)

At t h at r at e, t h e p r e s e nt- d a y p r o b e v ol u m e d V 0 f o r m s d u ri n g t h e

H u b bl e ti m e tH 0
.

1 9. 3 u v ol a t a n o t h e r ti m e

Q u e s ti o n : W h at is t h e v al u e of t h e e n er g y d e nsit y u v ol of v ol-

u m e at a n ot h er v al u e tH 1
of t h e H u b bl e ti m e ?

F or it, w e us e t h e a c c u m ul at e d r at e of f or m ati o n of v ol u m e

ori gi n ati n g fr o m r a dii R ≤ R H 0
= c · tH 0

, s e e P R O P ( 8):

ε̇ at R 0
(R H 0

) = 4 π G · tH 0
· ρ v ol, h. ( 1 9. 4 7)

I n t h e c as e of a n ot h er v al u e tH 1
of t h e H u b bl e ti m e, t h e a c c u-

m ul at e d r at e ori gi n at es fr o m r a dii R ≤ R H 1
= tH 1

:

ε̇ at R 0
(R H 1

) = 4 π G · tH 1
· ρ v ol, h. ( 1 9. 4 8)
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Fi g ur e 1 9. 4: In or d er t o m e as ur e t h e d e nsit y as a f u n cti o n of
l o c ati o n, s p a c e is p artiti o n e d i nt o b o x es. A b o x h as a l o c ati o n
r , a n d t h e d e nsit y ρ m (t, r ) is m e as ur e d f or e a c h b o x.

T his r el ati o n h ol ds f or t h e f oll o wi n g r e as o n: I n t h e d eri v ati o n of

P R O P ( 8), w e di d n ot us e t h e p arti c ul ar v al u e tH 0
of t h e H u b bl e

c o nst a nt. C o ns e q u e ntl y, P R O P ( 8) h ol ds f or e a c h v al u e tH 1
of

t h e H u b bl e c o nst a nt. T h us, P R O P ( 8) pr o vi d es t h e a b o v e E q.

We e m p h asi z e t h at t h e h o m o g e n e o us d e nsit y ρ v ol, h. is t h e

s a m e i n b ot h r at es i n E qs. ( 1 9. 4 7, 1 9. 4 8). As t h es e t er ms

r es ult fr o m t h e i nt e gr ati o n wit h r es p e ct t o R or t wit h t h e s a m e
h o m o g e n e o us i nt e gr a n d ρ v ol, h. , s e e E q. ( 1 9. 1 5). T h e r ati o of

t h es e E qs. ( 1 9. 4 7, 1 9. 4 8) pr o vi d es t h e r el ati o n of r at es a n d

ti m es as f oll o ws:

ε̇ at R 0
(R H 1

)

ε̇ at R 0
(R H 0

)
=

tH 1

tH 0

o r
ε̇ at R 0

(R H 1
)

tH 1

=
ε̇ at R 0

(R H 0
)

tH 0

(1 9. 4 9)

We a n al y z e t h e p ossi bilit y of a d e nsit y ρ v ol, h. (tH 1
) at t h e ti m e

tH 1
. A n o bs er v er at tH 1

c o ul d d et er mi n e ρ v ol, h. (tH 1
) wit h t h e r at e

i n E q. ( 1 9. 4 8):

ε̇ at R 0
(R H 1

) = 4 π G · tH 1
· ρ v ol, h. (tH 1

) ( 1 9. 5 0)

I n or d er t o d et er mi n e ρ v ol, h. (tH 1
), t h e o bs er v er c o ul d s ol v e t h e

a b o v e E q. f or ρ v ol, h. (tH 1
):

ρ v ol, h. (tH 1
) =

ε̇ at R 0
(R H 1

)

tH 1

1

4 π G
( 1 9. 5 1)
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I n or d er t o c o m p ar e t h e a n al y z e d d e nsit y ρ v ol, h. (tH 1
) wit h

t h e h o m o g e n e o us d e nsit y ρ v ol, h. i n E q. ( 1 9. 4 7), w e a p pl y t h e

r el ati o n of r at es i n E q. ( 1 9. 4 9):

ρ v ol, h. (tH 1
) =

ε̇ at R 0
(R H 0

)

tH 0

1

4 π G
( 1 9. 5 2)

Usi n g t h e r at e i n E q. ( 1 9. 4 7), w e i d e ntif y t h e ri g ht h a n d si d e

i n t h e a b o v e E q. wit h t h e h o m o g e n e o us d e nsit y i n E q. ( 1 9. 4 7):

ρ v ol, h. (tH 1
) = ρ v ol, h. , s o w e g et : ( 1 9. 5 3)

T h e o r e m 3 7 H o m o g e n ei t y i m pli e s c o n s t a n t ρ v ol, h.

I n a u ni v e r s e c o n si sti n g of h o m o g e n e o u s v ol u m e o nl y, t h e f ol-

l o wi n g h ol d s:

( 1 ) T h e e n e r g y d e n sit y u v ol of v ol u m e t h at f o r m s at t h e p r e s e nt-

d a y H u b bl e ti m e tH 0
i s e q u al t o t h e e n e r g y d e n sit y t h at f o r m s at

a n a r bit r a r y v al u e tH 1
of t h e H u b bl e ti m e:

ρ v ol, h. (tH 1
) = ρ v ol, h. = ρ v ol,t h e o =

1

4 π G · t2
H 0

a n d ( 1 9. 5 4)

u v ol, h. (tH 1
) = u v ol, h. = ρ v ol,t h e o · c 2 =

c 2

4 π G · t2
H 0

( 1 9. 5 5)

( 2 ) T h e r at e of L F V at t h e p r e s e nt- d a y H u b bl e ti m e tH 0
a n d t h e

r at e of L F V at a n ot h e r v al u e tH 1
of t h e H u b bl e ti m e a r e r el at e d

a s f oll o w s:

ε̇ at R 0
(R H 1

)

ε̇ at R 0
(R H 0

)
=

tH 1

tH 0

o r
ε̇ at R 0

(R H 1
)

tH 1

=
ε̇ at R 0

(R H 0
)

tH 0

(1 9. 5 6)

( 3 ) T h u s, t h e d e n sit y of v ol u m e i s t r a n sf o r m e d a s f oll o w s: A s

a c o n s e q u e n c e of t h e r el ati o n of r at e s i n E q. ( 1 9. 5 6 ), t h e d e n-

sit y ρ v ol, h. (tH 1
) c a n n ot b e d et e r mi n e d b y r e pl a ci n g t h e v al u e of

t h e H u b bl e ti m e o nl y i n e q u ati o n ρ v ol,t h e o = 1
4 π G ·t2

H 0

. I n st e a d,

t h e v al u e of t h e H u b bl e ti m e A N D t h e v al u e of t h e r at e a r e

t r a n sf o r m e d. T hi s i m pli e s t h e c o n st a nt e n e r g y d e n sit y i n E q.

( 1 9. 5 4 ).
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D a r k E n e r g y i n a
H o m o g e n e o u s U ni v e r s e

Q u e s ti o n : If a h o m o g e n e o us d e nsit y ρ h o m is a d d e d t o t h e u ni-

v ers e c o nsisti n g of v ol u m e o nl y (s e cti o n 1 9. 2), t h e n t h er e o c c urs

a h o m o g e n e o us u ni v ers e, a n d t h e n t h er e ar e a d diti o n al m ass es

or d y n a mi c m ass es m i. D o t h es e m i c a us e a n e xtr a r at e ε̇ at R 0
a t

t h e pr es e nt- d a y pr o b e v ol u m e d V 0 ? As t h e ess e nti al e x a m pl e,

w e a n al y z e t h e d e nsit y of m att er ρ m .

2 0. 1 S p a ti al a v e r a g e s i n c o s m ol o g y

I d e a : I n or d er t o m e as ur e a h o m o g e n e o us d e nsit y ρ h o m , it is

n e c ess ar y t o e x e c ut e a n a v er a g e i n a v ol u m e L 3
b o x . I n t his s e c-

ti o n, w e s u m m ari z e m et h o ds of s u c h a v er a gi n g i n c os m ol o g y, s e e

Fi g. ( 1 9. 4) a n d s e e e. g. P e e bl es ( 1 9 7 3), Kr a vts o v a n d B or g a ni

( 2 0 1 2), C ar m esi n ( 2 0 2 1 d), H a u d e et al. ( 2 0 2 2).

B o x e s: As a c o n v e nti o n, t h e s p ati al a v er a g e is p erf or m e d wit hi n

a c u bi c v ol u m e V wi n = L 3
b o x , r el at e d t o 8 M p c as f oll o ws, s e e e.

g. Kr a vts o v a n d B or g a ni ( 2 0 1 2), C ar m esi n ( 2 0 2 1 d) 1 :

1 N ot e t h at t hi s s c ali n g of t h e si z e L b o x i s a c o n v e nti o n. I n g e n er al, t h e s c ali n g of L b o x

i s n ot i d e nti c al t o t h e s c al e f a ct or d e s cri bi n g t h e e x p a n si o n of s p a c e si n c e t h e Bi g B a n g.
S o m eti m e s, a v er a g e s ar e p erf or m e d i n s p h er e s, W hit e et al. ( 1 9 9 3).
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L b o x = 8 h − 1 M p c wit h h = H 0 ·
1

1 0 0

k m

s · M p c
( 2 0. 1)

L o c al d e n si t y: A b o x h as a l o c ati o n r . A l o c al d e nsit y at a ti m e

t is m e as ur e d f or e a c h b o x:

l o c al d e nsit y ρ m (t, r ) ( 2 0. 2)

Gl o b al d e n si t y: T h e gl o b all y a v er a g e d d e nsit y is i ntr o d u c e d:

gl o b al d e nsit y ρ m, h o m (t) ( 2 0. 3)

O v e r d e n si t y: T h e o v er d e nsit y is i ntr o d u c e d as f oll o ws:

o v er d e nsit y δ (t, r ) =
ρ m (t, r ) − ρ m, h o m (t)

ρ m, h o m (t)
( 2 0. 4)

T h e d e nsit y ρ m, h et (t, r ) of t h e h et er o g e n eit y is t h e pr o d u ct of

ρ m, h o m (t) a n d t h e o v er d e nsit y:

ρ m, h et (t, r ) = ρ m, h o m (t) · δ (t, r ) ( 2 0. 5)

We s u m m ari z e t h e d e nsiti es i n t h e s urr o u n di n gs of t h e v ol u m e:

ρ = ρ m, h o m (t) + ρ m, h et (t, r ) + ρ r + ρ Λ ( 2 0. 6)

2 0. 1. 1 A v e r a g e s of fl u c t u a ti o n s

I n t his s e cti o n, w e s u m m ari z e s p ati al a v er a gi n g of fl u ct u ati o ns

i n c os m ol o g y, s e e f or i nst a n c e P e e bl es ( 1 9 7 3), Kr a vts o v a n d

B or g a ni ( 2 0 1 2), C ar m esi n ( 2 0 2 1 d).

A s p ati al a v er a g e of a f u n cti o n f (r ) is a p pli e d wit hi n a v ol u m e

V wi n d o w or V wi n of a c o nsi d er e d r e gi o n ( wi n d o w) of a v er a gi n g:

f (r ) V w i n
= V w i n

f (r ) d r 3

V w i n
1 d r 3

( 2 0. 7)
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Fl u ct u ati o ns of a f u n cti o n f (r ) ar e us u all y d es cri b e d b y t h e

st a n d ar d d e vi ati o n σ V w i n
:

σ 2
V w i n

= [f (r ) − f (r ) V w i n
]2 V w i n

= f 2 (r ) V w i n
− f (r ) 2

V w i n

( 2 0. 8)

As a c o n v e nti o n, t h e s p ati al a v er a g e is p erf or m e d wit hi n a c u bi c

v ol u m e V wi n = L 3
b o x , r el at e d t o 8 M p c as f oll o ws, s e e E q. ( 2 0. 1)

or e. g. Kr a vts o v a n d B or g a ni ( 2 0 1 2), C ar m esi n ( 2 0 2 1 d) 2 . I n

t h at c as e, t h e st a n d ar d d e vi ati o n is n a m e d σ 8 (t) or δ (t):

σ 8 (t) = δ (t) = σ δ, V w i n
(t) wit h σ 8 ,0 = σ 8 (t0 ) ( 2 0. 9)

2 0. 2 F o r m a ti o n a n d p r o p a g a ti o n of v ol u m e

I d e a : T h e d y n a mi cs of a d diti o n al v ol u m e a n d of v ol u m e i n g e n-

er al is d es cri b e d b y t h e f or m ati o n a n d pr o p a g ati o n of v ol u m e

( c h a pt er 1 1). Aft er a v er a gi n g, a h o m o g e n e o us d e nsit y ρ m, h o m (t)

d o es n ot c a us e a n e xtr a r at e ε̇ at R 0
a t t h e pr es e nt- d a y pr o b e v ol-

u m e d V 0 . T h e f or m ati o n of v ol u m e i n d V 0 is b as e d o n a s ol uti o n

of t h e n o n h o m o g e n e o us D E Q, s o it c o ul d b e c a us e d b y a l o c al

h et er o g e n eit y ρ m, h et (t, r ) o nl y. I n c o ntr ast, t h e pr o p a g ati o n of

v ol u m e is d es cri b e d b y a s ol uti o n of t h e h o m o g e n e o us D E Q.

H er e, w e el a b or at e l o c al a n d a v er a g e d r es ults.

T h e o r e m 3 8 F o r m a ti o n & p r o p a g a ti o n a t h o m o g e n ei t y

( 1 ) I n a u ni v e r s e wit h a h o m o g e n e o u s d e n sit y ρ m, h o m , t h e f ol-

l o wi n g h ol d s:

( 1 a ) E a c h m a s s o r d y n a mi c m a s s m i c a u s e s u ni di r e cti o n al f o r-

m ati o n of v ol u m e ε̇ L i n it s n e a r vi ci ni t y . It i s d e s c ri b e d b y

a n o n h o m o g e n o u s s ol u ti o n of t h e D E Q ( 1 1. 7 ). E a c h s u c h

s ol uti o n i s c h a r a ct e ri z e d b y a n o n z e r o g r a vit ati o n al fi el d G ∗
i .

( 1 b ) At a l a r g e r vi ci ni t y, h et e r o g e n eit y c a n c el s o ut, s o t h at

t h e d e n sit y i s h o m o g e n e o u s. C o r r e s p o n di n gl y, t h e fi el d s G ∗
i of

2 N ot e t h at t hi s s c ali n g of t h e si z e L b o x i s a c o n v e nti o n. I n g e n er al, t h e s c ali n g of L b o x

i s n ot i d e nti c al t o t h e s c al e f a ct or d e s cri bi n g t h e e x p a n si o n of s p a c e si n c e t h e Bi g B a n g.
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di ff e r e nt m a s s e s m i c o m p e n s at e e a c h ot h e r, s o t h at t h e fi el d G ∗

i s z e r o. A s a c o n s e q u e n c e, t h e h o m o g e n e o u s s ol u ti o n of t h e

D E Q d e s c ri b e s t h e d y n a mi c s. C o n s e q u e ntl y, t h e d e n sit y ρ m , h o m

d o e s n ot c a u s e a n y e xt r a r at e ε̇ at R 0
at t h e p r e s e nt- d a y p r o b e

v ol u m e d V 0 .

( 1 c ) T h e h o m o g e n e o u s d e n sit y, ρ m , h o m c a u s e s t h e s q u a r e d n o r-

m ali z e d r at e of gl o b all y f o r m e d v ol u m e
˙V
V

2

= 2 4 π G ρ m , h o m . If

s u c h G F V a r ri v e s at t h e p r e s e nt- d a y p r o b e v ol u m e d V 0 , it p a s s e s

d V 0 wit h o ut f o r mi n g v ol u m e at d V 0 , a s it p r o p a g at e s a c c o r di n g

t o t h e h o m o g e n e o u s s ol u ti o n .

( 2 ) A p o s si bl e h o m o g e n e o u s d e n sit y ρ r , h o m of r a di ati o n e x hi bit s

t h e s a m e p r o p e rti e s wit h r e s p e ct t o d V 0 , s e e p a rt ( 1 ).

( 3 ) F o r e a c h a v e r a g e d d e n sit y ρ 1 , t h e L F V o r G F V e x hi bit a

s ol uti o n of t h e D E Q ( 1 1. 7 ). T h at s ol uti o n i n cl u d e s a s ol uti o n

of t h e c o r r e s p o n di n g h o m o g e n e o u s D E Q. A c c o r di n gl y, t h at s ol u-

ti o n al s o d e s c ri b e s a s q u a r e d n o r m ali z e d r at e of gl o b all y f o r m e d

v ol u m e
˙V
V

2

= 2 4 π G ρ 1 .

( 4 ) I n t h e u ni v e r s e c o n si sti n g of v ol u m e o nl y, t h e d e n sit y p a-

r a m et e r of v ol u m e i s e q u al t o t w o t hi r d s, Ω v ol = 2
3 .

( 5 ) I n t h e h o m o g e n e o u s u ni v e r s e, t h e d e n sit y p a r a m et e r of v ol-

u m e i s e q u al t o t w o t hi r d s, Ω v ol = 2
3 . A h o m o g e n e o u s d e n sit y

ρ m , h o m c a u s e s G F V, b ut ρ m , h o m d o e s n ot c a u s e a c h a n g e of t h e

d e n sit y of v ol u m e ρ v ol .

( 6 ) I n a u ni v e r s e wit h h et e r o g e n e o u s m att e r wit h a c o r r e s p o n d-

i n g d e n sit y ρ m, h o m + ρ m, h et , t h e f oll o wi n g h ol d s:

( 6 a ) E a c h l o c al h et e r o g e n eit y ρ m, h et (r ) c a u s e s u ni di r e cti o n al f o r-

m ati o n of v ol u m e ε̇ L . It i s d e s c ri b e d b y a n o n h o m o g e n o u s s ol u-

ti o n of t h e D E Q ( 1 1. 7 ). E a c h s u c h s ol uti o n i s c h a r a ct e ri z e d b y

a n o n z e r o g r a vit ati o n al fi el d G ∗
i .

( 6 b ) C o n s e q u e ntl y, a l o c al h et e r o g e n eit y ρ m, h et (r ) c a u s e s a n e x-
t r a r at e ε̇ at R 0

at t h e p r e s e nt- d a y p r o b e v ol u m e d V 0 .



C h a p t e r 2 1

D a r k E n e r g y b y H e t e r o g e n ei t y

E s s e n ti al q u e s ti o n : T h e f or m ati o n of L F V a c c or di n g t o u ni-

dir e cti o n al f or m ati o n of v ol u m e ( T H M 1 5) at a h o m o g e n e o us

d e nsit y ρ m ,h o m pr o vi d es a v al u e u v ol, t h e o ,h o m of t h e e n er g y d e n-

sit y of v ol u m e ( T H M 3 6, 3 7, 3 8). F or c o m p aris o n, t h e v al u e

u Λ , o b s, C M B of t h e e n er g y d e nsit y of Λ h as b e e n o bs er v e d wit h

h el p of t h e c os mi c mi cr o w a v e b a c k gr o u n d, C M B. T h at v al u e is

i n pr e cis e a c c or d a n c e wit h o ur d eri v e d v al u e u v ol, t h e o ,h o m ( C. 1 9).

H o w e v er, Ri ess et al. ( 2 0 2 2) dis c o v er e d a hi g hl y si g ni fi c a nt dis-

cr e p a n c y a m o n g di ff er e nt o bs er v ati o ns of t h e H u b bl e c o nst a nt

H 0 . W h at is t h e p h ysi c al r e as o n of t h at di ff er e n c e ?

2 1. 1 P h y si c s of t h e o b s e r v e d di s c r e p a n c y

I d e a : I n us u al c os m ol o gi c al m o d els, a h o m o g e n e o us u ni v ers e is

us e d, Fri e d m a n n ( 1 9 2 2), L e m aitr e ( 1 9 2 7), H o bs o n et al. ( 2 0 0 6).

Wit h it, t h e r at e of e x p a nsi o n is d es cri b e d b y t h e H u b bl e p a-

r a m et er, E q. ( 5. 2 7):

H (z ) = H 0 Ω Λ + Ω m, 0 ( 1 + z ) 3 + Ω r, 0 ( 1 + z ) 4 ( 2 1. 1)

T h er e b y, t h e r e ds hift z d es cri b es a c al e n d ar d at e, w e a p pl y

Ω k, 0 = 0, a n d t h e H u b bl e c o nst a nt H 0 is a c o nst a nt. I n o ur

h et er o g e n e o us u ni v ers e, t h e f a ct or H 0 i n E q. ( 2 1. 1) mi g ht b e a

f u n cti o n of z . We pr o vi d e a first t est of t h at p ossi bilit y:

2 4 9
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2 1. 1. 1 O b s e r v e d di s c r e p a n c y

B as e d o n t h e C M B, e mitt e d at z e m = 1 0 9 0 .3, t h e o bs er v e d v al u e

of H 0 is as f oll o ws, Pl a n c k- C oll a b or ati o n ( 2 0 2 0):

H 0 , o b s, C M B = 6 6 .8 8( ± 0 .9 2)
k m

s · M p c
( 2 1. 2)

Ri ess et al. ( 2 0 2 2) us e d r a di ati o n e mitt e d fr o m s u p er n o v a e of

t y p e I a i n n e ar g al a xi es a n d o bt ai n e d t h e f oll o wi n g H 0 - v al u e:

H 0 , o b s, n e a r, I a = 7 3 .0 4( ± 1 .0 1)
k m

s · M p c
( 2 1. 3)

T h er e b y, t h e a v er a g e d r e ds hift is z = 0 .0 5 5, s e e ( Ri ess et al.,

2 0 2 2, s e cti o ns 5. 1 a n d 5. 2). S o, o bs er v ers dis c o v er e d a n i nt er-

esti n g dis cr e p a n c y at t h e fi v e σ c o n fi d e n c e l e v el, a n d it mi g ht

b e r el at e d t o t h e r e ds hift z e m .

2 1. 1. 2 H o w a r e di ff e r e n t v al u e s of H 0 o b s e r v e d ?

I d e a: T h e v al u es of t h e H u b bl e p ar a m et er H (z ) a n d t h e r o ot

i n E q. ( 2 1. 1) c a n b e o bs er v e d. T h at E q. c a n b e s ol v e d f or H 0 :

H 0 =
H (z )

Ω Λ + Ω m, 0 ( 1 + z ) 3 + Ω r, 0 ( 1 + z ) 4
( 2 1. 4)

If a n o bs er v er us es r a di ati o n e mitt e d at a r e ds hift z e m , t h e n t h e

st at e a n d t h e v al u e of H 0 at z = z e m ar e o bs er v e d:

H 0 (z e m ) =
H (z e m )

Ω Λ + Ω m, 0 ( 1 + z e m ) 3 + Ω r, 0 ( 1 + z e m ) 4
( 2 1. 5)

2 1. 1. 3 Pl a n a n d r e s ul t s

I n t h e f oll o wi n g, w e will e x pl ai n t h e dis cr e p a n c y i n s e cti o n

( 2 1. 1. 1) b y f u n d a m e nt al p h ysi cs: Firstl y, w e s h o w h o w H 0 b e-

c o m es a f u n cti o n of ti m e or of z = z e m (s e cti o n 2 1. 2). S e c o n dl y,

w e will d eri v e a r ef er e n c e v al u e of H 0 , c orr es p o n di n g t o t h e h o-

m o g e n e o us u ni v ers e (s e cti o n 2 1. 3). T hir dl y, w e will d eri v e t h e
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o bs er v e d dis cr e p a n c y. F o urt hl y, w e will pr e cis el y pr e di ct p ossi-

bl e f ut ur e o bs er v ati o ns of s u c h dis cr e p a n ci es (s e cti o n 2 1. 4).

2 1. 2 Ti m e d e p e n d e n c e of H 0

F a c t of ti m e d e p e n d e n c e : Of c o urs e, t h e us u al or i d e al v al u e

H 0 ,i d e al of t h e H u b bl e c o nst a nt d o es n ot d e p e n d o n ti m e, s e e e.

g. H o bs o n et al. ( 2 0 0 6); Pl a n c k- C oll a b or ati o n ( 2 0 2 0); W or k m a n

et al. ( 2 0 2 2). H o w e v er, e a c h o bs er v ati o n of t h e H u b bl e c o nst a nt

us es a pr o b e, t h e C M B or li g ht e mitt e d b y n e ar g al a xi es, f or

i nst a n c e. As a m att er of f a ct, e a c h pr o b e h as b e e n e mitt e d at

a ti m e te m of e missi o n. T h us, e a c h o bs er v e d v al u e H 0 , o b s of t h e

H u b bl e c o nst a nt is a f u n cti o n of t h e ti m e of e missi o n:

H 0 , o b s = H 0 , o b s(te m ) ( 2 1. 6)

I n pri n ci pl e, H 0 , o b s c o ul d d e p e n d o n e v e n m or e p e c uli ar d et ails

of o bs er v ati o n. H o w e v er, w e will s h o w t h at t h e l ar g est p art of

t h e o bs er v e d v ari ati o n of H 0 , o b s c a n b e e x pl ai n e d b y t h e ti m e

e v ol uti o n of t h e u ni v ers e 1 .

2 1. 3 D e ri v a ti o n of t h e i d e al v al u e of H 0

I d e a : We i ntr o d u c e a n i d e al r ef er e n c e v al u e H 0 , h o m c orr es p o n d-

i n g t o t h e h o m o g e n e o us u ni v ers e. F or it, w e d eri v e H 0 , h o m fr o m

o ur t h e or eti c al v al u e of t h e e n er g y d e nsit y i n t h e h o m o g e n e o us

u ni v ers e ( T H Ms 3 6 a n d 3 8):

ρ v ol,t h e o (te m = th o m ) =
1

4 π G · t2
H 0 , h o m

( 2 1. 7)

R e mi n d t h at a h o m o g e n e o us d e nsit y of m att er c a us es m or e v ol-

u m e, b ut n o i n cr e as e d d e nsit y of v ol u m e. T his r ef er e n c e v al u e

is a n i d e al v al u e f or t h e f oll o wi n g r e as o ns:

1 S e e e. g. C ar m e si n ( 2 0 1 8 c), C ar m e si n ( 2 0 1 8 b), C ar m e si n ( 2 0 1 9 b), C ar m e si n ( 2 0 2 1 d),
C ar m e si n ( 2 0 2 1 a), C ar m e si n ( 2 0 2 1 b), C ar m e si n ( 2 0 2 1 c).
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( 1) T h e h o m o g e n e o us c as e is i d e al, as t h e c orr es p o n di n g d e n-

sit y ρ v ol,t h e o (te m = th o m ) is e q u al t o t h e d e nsit y of t h e u ni v ers e

c o nsisti n g of v ol u m e o nl y:

ρ v ol,t h e o (te m = th o m ) = ρ v ol, c. h. ( 2 1. 8)

( 2) O nl y t his h o m o g e n e o us c as e is i d e al, as h et er o g e n eit y is

p e c uli ar. H er e b y, th o m d es cri b es t h e ti m e at w hi c h t h e u ni v ers e

w as h o m o g e n e o us. A c c or di n gl y, tH 0 , h o m
= 1 / H 0 , h o m d es cri b es

t h e ti m e c orr es p o n di n g t o t h e i d e al H u b bl e c o nst a nt H 0 , h o m.

( 3) As t h e u ni v ers e w as m ost h o m o g e n e o us i n t h e e arl y u ni v ers e,

a pr o b e e mitt e d at th o m c a n s a m pl e a v er y h u g e v ol u m e. T h us,

p ossi bl e p e c uli ar l o c al d e vi ati o ns c a n b e a v er a g e d o ut.

M e t h o d s : We d eri v e t h e i d e al v al u e H 0 , h o m b y s e v er al m et h o ds,

i n or d er t o s h o w t h e r o b ust n ess of t h e c o n c e pt:

2 1. 3. 1 Fi r s t d e ri v a ti o n of H 0 , h o m

T h e i d e al v al u e H 0 , h o m c orr es p o n ds t o t h e ti m e th o m at w hi c h

t h e u ni v ers e w as h o m o g e n e o us. C orr es p o n di n gl y, H 0 , h o m is t h e

v al u e of H 0 , o b s at th o m :

H 0 , h o m = H 0 , o b s(te m = th o m ) ( 2 1. 9)

E s ti m a ti o n of H 0 , h o m: As t h e u ni v ers e h as b e e n n e arl y h o m o g e-

n e o us at t h e e missi o n of t h e C M B, t h e i d e al v al u e is t h at of t h e

C M B, i n a g o o d a p pr o xi m ati o n:

H 0 , h o m ≈ H 0 (te m = tC M B ) = 6 6.8 8 ( ± 0 .9 2)
k m

s · M p c
( 2 1. 1 0)

As t h at v al u e ess e nti all y r e pr es e nts t h e pr es e nt- d a y a g e of t h e

u ni v ers e, tH 0
= 1 / H 0 , it c a n n ot b e d eri v e d, it is m e as ur e d.

2 1. 3. 2 S e c o n d d e ri v a ti o n of H 0 , h o m

I d e a : We d eri v e H 0 , h o m o n t h e b asis of t h e l o c al d y n a mi cs of

L F V. F or it, w e us e t h e d e nsit y ρ v ol,t h e o (te m = th o m ) i n E q.
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( 2 1. 7), t h at w e d eri v e d o n t h e b asis of t h at l o c al d y n a mi cs,

C. ( 1 9).

Firstl y, w e a p pl y tH 0 , h o m
= 1 / H 0 , h o m t o t h e d e nsit y i n E q.

( 2 1. 7), a n d w e s ol v e f or H 2
0 , h o m:

H 2
0 , h o m = ρ v ol,t h e o (te m = th o m ) · 4 π G ( 2 1. 1 1)

H er e b y, t h e d e nsit y is t h e pr o d u ct of t h e d e nsit y p ar a m et er a n d

t h e criti c al d e nsit y,

ρ v ol,t h e o (te m = th o m ) = Ω v ol, 0 (te m = th o m ) · ρ c r, 0 (te m = th o m )

( 2 1. 1 2)

or ρ v ol,t h e o (te m = th o m ) =
2

3
ρ c r, 0 (te m = th o m ) ( 2 1. 1 3)

a n d t h e criti c al d e nsit y is as f oll o ws ( E q. 1 9. 3 8):

ρ c r, 0 (te m = th o m ) =
3 H 2

0 (te m = th o m )

8 π G
( 2 1. 1 4)

S e c o n dl y, w e i ns ert t h e a b o v e r el ati o ns of d e nsiti es i n E qs.

( 2 1. 1 2, 2 1. 1 3) i nt o t h e t er m of H 2
0 , h o m i n E q. ( 2 1. 1 1):

H 2
0 , h o m =

2

3

3 H 2
0 (te m = th o m )

8 π G
· 4 π G = H 2

0 (te m = th o m ) ( 2 1. 1 5)

T h us, t h e i d e al v al u e of H 0 is t h e v al u e of t h e H u b bl e c o nst a nt

at t h e ti m e w h e n t h e u ni v ers e w as h o m o g e n e o us:

H 0 , h o m = H 0 (te m = th o m ) ( 2 1. 1 6)

T his r es ult is i n a c c or d a n c e wit h E qs. ( 2 1. 9, 2 1. 1 0).

2 1. 4 P a r a m e t e r m e a s u r e d wi t h a p r o b e

I d e a : If t h e v al u e of H 0 is m e as ur e d, t h e n a pr o b e is us e d t h at

h as b e e n e mitt e d at a ti m e te m ( Fi g. 2 1. 1). I n t h at pr o b e,

h et er o g e n eit y t h at f or m e d at ti m es tf or m b ef or e te m is i n cl u d e d.

I n t his s e cti o n, w e d eri v e r at es of L F V c a us e d b y h et er o g e n eit y

at s u c h ti m es tf or m, s e e E q. ( 2 1. 2).



2 5 4 C H A P T E R 2 1. D A R K E N E R G Y B Y H E T E R O G E N EI T Y

zz e m0

0t0 te m

p h ot o
ta k e n

e v al u ati o n

r a di a ti o n
p r o p a g a t e s s t r u c t u r e f o r m a ti o n

tfor m - i n t e g r a ti o n
t

p r es e nt- d a y

Fi g ur e 2 1. 1: M e as ur e m e nt of a c os m ol o gi c al p ar a m et er: T h e
str u ct ur e f or m e d d uri n g t h e ti m e b et w e e n t = 0 a n d te m
( d as h e d). T h e str u ct ur e, e. g. t h e a b o v e t w o st ars, e mits r a di-
ati o n at a ti m e te m . T h at r a di ati o n pr o p a g at es t o t h e o bs er v er
d uri n g t h e ti m e b et w e e n te m a n d t0 ( d ott e d).

2 1. 4. 1 Fi el d c a u s e d a t a ti m e tf or m

At a ti m e tf or m, a m ass d M j,h et (tf or m) c a us es t h e fi el d at R :

|d G ∗
j |(R ) =

G · d M j,h et (tf or m)

R 2
(2 1. 1 7)

If t h e m ass is at a l o c ati o n r , t h e n t h e m ass is e x pr ess e d b y

t h e d e nsit y a n d o v er d e nsit y, s e e E q. ( 2 0. 5):

d M j,h et (tf or m) = ρ m ,h o m (tf or m) · δ (tf or m, r ) · d V j (tf or m) ( 2 1. 1 8)

I n t h e e x p a n di n g u ni v ers e, t h e s c al e r a di us c a n c h a n g e fr o m a

v al u e a (tf or m) t o a v al u e a (t0 ). T h er e b y, t h e v ol u m e d V j c h a n g es

as f oll o ws:

d V j (t0 ) = d V j (tf or m)
a (t0 )

a (tfor m )

3

( 2 1. 1 9)

C o ns e q u e ntl y, t h e d e nsit y c h a n g es as f oll o ws:

ρ m (t0 ) = ρ m (tf or m)
a (tf or m)

a (t0 )

3

(2 1. 2 0)
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d R

R d M j
d V j

R 0
d V 0

d ε̇ L

R G W

d ε̇ L

R G W

d ε̇ L

R G W

ρ m ,h et

Fi g ur e 2 1. 2: T h e d e nsit y ρ m ,h et i n a n ar e a at a dist a n c e R fr o m
R 0 h as a j − t h m ass d M j . It g e n er at es r at es d ε̇ L p r o p a g ati n g
t o w ar ds all dir e cti o ns i n t h e s a m e m a n n er.

T h e m ass i n E q. ( 2 1. 1 8) is tr a nsf or m e d t o t h e m ass t er m i n E q.

( 2 1. 2 1) b y i ns erti n g t h e c h a n g es i n E qs: ( 2 1. 1 9, 2 1. 2 0):

d M j,h et (tf or m) = ρ m ,h o m (t0 ) · δ (tf or m, r ) · d V j (t0 ) ( 2 1. 2 1)

2 1. 4. 2 Fl u c t u a ti o n s c a u s e d a t a ti m e tf or m

I d e a : I n or d er t o a n al y z e fl u ct u ati o ns of fi el ds, w e i n v esti g at e

s q u ar es a n d t h eir a v er a g es.

At a ti m e tf or m, m ass es d M j,h et (tf or m) c a us e t h e fi el d i n E q.

( 2 1. 1 7) a n d its s q u ar e at R . H er e b y, w e e x pr ess t h e m ass i n

t er ms of t h e d e nsit y i n E q. ( 2 1. 2 1):

d G ∗ 2
r, f r o m tf o r m

(t0 , R) =
G 2 · ρ 2

m ,h o m (t0 ) · δ 2 (tf or m, r ) · d V 2
L

R 4

(2 1. 2 2)

T h er e b y, w e r e pl a c e t h e s u bs cri pt j of a m ass b y t h e s u bs cri pt

r of t h e l o c ati o n, a n d w e us e t h e v ol u m e of t h e s h ell d V L =

4 π R 2 d L . I n t h e pr es e nt gl o b al a n al ysis, w e c a n r e pl a c e d L b y
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d R is a v er y g o o d a p pr o xi m ati o n. A d diti o n all y, w e a p pl y t h e

a v er a g e wit h r es p e ct t o t h e fl u ct u ati o ns of h et er o g e n eit y.

N e xt, w e us e t h e l a w of u ni dir e cti o n al f or m ati o n of v ol u m e

( T H M 1 5), a n d w e a p pl y t h e st a n d ar d d e vi ati o n δ 2 = σ 2 :

d ε̇ 2
h et (t0 , tf or m, R) =

G 2 · ρ 2
m ,h o m (t0 ) · σ 2 (tf or m) · 1 6 π 2 d R 2

c 2

(2 1. 2 3)

2 1. 4. 3 Li n e a r g r o w t h t h e o r y

I d e a : T h e ti m e e v ol uti o n of t h e h et er o g e n eit y is d es cri b e d b y

t h e ti m e e v ol uti o n of t h e st a n d ar d d e vi ati o n σ 2 (tf or m) i n E q.

( 2 1. 2 3). F or it, w e a p pl y t h e li n e ar gr o wt h t h e or y.

B as e d o n t h e F L E, t h e li n e ar gr o wt h t h e or y d es cri b es t h e ti m e

e v ol uti o n of d e nsit y fl u ct u ati o ns. As a r es ult, t h e st a n d ar d d e-

vi ati o n is a li n e ar f u n cti o n of ti m e as f oll o ws 2 :

σ (t) = σ 8 ,0 ·
t

tH 0

(2 1. 2 4)

2 1. 4. 4 I n t e g r a ti o n a n d e q ui v al e n t r a t e

I d e a s : Firstl y, f or e a c h ti m e of e missi o n te m , w e i nt e gr at e t h e

fl u ct u ati o ns t h at f or m e d i n t h e u ni v ers e si n c e t h e Bi g B a n g at

tf or m = 0 u ntil te m .

S e c o n dl y, t h e s q u ar e d r at es d ε̇ 2
h et (t0 , tf or m, R) i n E q. ( 2 1. 2 3)

c orr es p o n d t o R G Ws wit h a ki n eti c e n er g y ( T H M 1 9). T h e

pr es e n c e of t h at n o n z er o ki n eti c e n er g y s h o ws t h at t h er e ar e

n o n z er o R G Ws wit h a c orr es p o n di n g e q ui v al e nt r at e d ε̇ h et ,e q ui .

A c c or di n gl y, w e e x pr ess d ε̇ 2
h et (t0 , tf or m, R) b y t h e ki n eti c e n er g y

of c orr es p o n di n g R G Ws, s e e T H M ( 1 9):

d ε̇ 2
h et (t0 , tf or m, R) = d u ki n ·

8 π G

c 2
(2 1. 2 5)

2 K r a vt s o v a n d B or g a ni ( 2 0 1 2), ( C ar m e si n, 2 0 2 1 d, E q. ( 7. 1 2 3)), wit h n or m ali z ati o n t o
σ (tH 0

) = σ 8 ,0 . E q. ( 2 1. 2 4) i s a g o o d a p p r o xi m ati o n, M a n d al a n d N a d k ar ni- G h o s h ( 2 0 2 0).
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A c c or di n g t o T H M ( 1 9), t h e ki n eti c e n er g y c orr es p o n ds t o a

s q u ar e of e q ui v al e nt r at es:

d u ki n =
c 2

8 π G
· d ε̇ 2

e q ui ,h et , c o ns e q u e ntl y , ( 2 1. 2 6)

d ε̇ h et ,e q ui = d ε̇ 2
h et (t0 , tf or m, R) , ( 2 1. 2 7)

We i d e ntif y t h e i n cr e m e nt d R wit h t h e ti m e of f or m ati o n m ul-

ti pli e d b y c or |d R | = c · |dt f or m|. S o t h e r at e is tr a nsf or m e d t o

t h e f oll o wi n g t er m, s e e E q. ( 2 1. 2 3):

d ε̇ h et ,e q ui =
G · ρ m ,h o m (t0 ) · σ 8 ,0 · tf or m · 4 π · dt f or m

tH 0

(2 1. 2 8)

T h e r ati os of d e nsiti es a n d d e nsit y p ar a m et ers ar e e q u al:

ρ m ,h o m (t0 )

Ω m, 0
=

ρ Λ ,h o m (t0 )

Ω Λ ,0
o r ( 2 1. 2 9)

ρ m ,h o m (t0 ) = ρ Λ ,h o m (t0 ) ·
Ω m, 0

Ω Λ ,0
(2 1. 3 0)

We a p pl y E q. ( 2 1. 3 0) t o t h e r at e i n E q. ( 2 1. 2 8):

d ε̇ h et ,e q ui =
tf or m

tH 0

d tf or m

tH 0

[4 π G ρ Λ ,h o m (t0 )tH 0
]
σ 8 ,0 · Ω m, 0

Ω Λ ,0
(2 1. 3 1)

We us e s c al e d ti m e : t̃ : =
tf or m

tH 0

, w it h it, ( 2 1. 3 2)

d ε̇ h et ,e q ui = t̃ dt̃ · [ 4π G · ρ Λ ,h o m (t0 ) · tH 0
] ·

σ 8 ,0 · Ω m, 0

Ω Λ ,0
(2 1. 3 3)

We a p pl y t h e i nt e gr al. M or e o v er, w e i d e ntif y t h e r e ct a n g ul ar

br a c k et wit h t h e r at e i n t h e h o m o g e n e o us u ni v ers e ( p art ( 4) i n

T H M 3 6):

ε̇ h o m = 4 π G · ρ Λ ,h o m (t0 ) · tH 0
a n d ( 2 1. 3 4)

ε̇ h e t ,e q ui ,0

0

d ε̇ h et ,e q ui =
t̃e m

0

t̃ dt̃ · ε̇ h o m ·
σ 8 ,0 · Ω m, 0

Ω Λ ,0
o r ( 2 1. 3 5)
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ε̇ h et ,e q ui ,0 ( t̃e m ) = ε̇ h o m ·
t̃2
e m σ 8 ,0 · Ω m, 0

2 Ω Λ ,0
(2 1. 3 6)

We a b br e vi at e t h e r ati os of t h e r at e ˙ ε h et ,e q ui ,0 c a us e d b y h et er o-

g e n eit y a n d t h e r at e ε̇ h o m o f t h e h o m o g e n e o us u ni v ers e:

κ ( t̃e m ) =
ε̇ h et ,e q ui ,0 ( t̃e m )

ε̇ h o m

=
t̃2
e m σ 8 ,0 · Ω m, 0

2 Ω Λ ,0
o r ( 2 1. 3 7)

κ (z e m ) =
σ 8 ,0 · Ω m, 0

2 Ω Λ ,0 · (1 + z e m ) 2
or ( 2 1. 3 8)

ε̇ h et ,e q ui ,0 ( t̃e m ) = κ ( t̃e m ) · ε̇ h o m o r ( 2 1. 3 9)

ε̇ h et ,e q ui ,0 ( t̃e m ) = κ (z e m ) · ε̇ h o m (2 1. 4 0)

2 1. 4. 5 E q ui v al e n t d e n si t y

I d e a : T h e d e nsit y of h et er o g e n eit y is z er o. H o w e v er, t h e h et-

er o g e n eit y c a us es a n a d diti o n al r at e. T his c a n b e r e pr es e nt e d

b y a n e q ui v al e nt d e nsit y ρ h et, e q ui

I n or d er t o d eri v e t h e e q ui v al e nt d e nsit y, w e a p pl y t h e a b-

br e vi ati o n i n E q. ( 2 1. 3 7) a n d t h e r at e ε̇ h o m in E q. ( 2 1. 3 4) t o

t h e r at e ε̇ h et ,e q ui ,0 i n E q. ( 2 1. 3 6):

ε̇ h et ,e q ui ,0 ( t̃e m ) = 4π G · ρ Λ ,h o m (t0 ) · tH 0
· κ ( t̃e m ) ( 2 1. 4 1)

T h e pr o d u ct ρ Λ ,h o m (t0 ) · κ ( t̃e m ) i n t h e a b o v e E q. is c a us e d b y

h et er o g e n eit y. A c c or di n gl y, w e c all t h e pr o d u ct e q ui v al e n t

d e n si t y of h e t e r o g e n ei t y :

ρ h et, e q ui = ρ Λ ,h o m (t0 ) · κ ( t̃e m ) ( 2 1. 4 2)

Wit h it, t h e r at e ˙ ε h et ,e q ui ,0 i n E q. ( 2 1. 4 1) is as f oll o ws:

ε̇ h et ,e q ui ,0 ( t̃e m ) = 4π G · ρ h et, e q ui · tH 0
( 2 1. 4 3)

I n or d er t o o bt ai n t h e c o m pl et e r at e ε̇ s u m , w e a d d t h e t w o r at es

i n E qs. ( 2 1. 4 1) a n d ( 2 1. 3 4):

ε̇ s u m ( t̃e m ) = ε̇ h o m + ε̇ h et ,e q ui ,0 ( t̃e m ) = 4π G [ρ Λ ,h o m (t0 ) + ρ h et, e q ui ]tH 0

( 2 1. 4 4)
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We a p pl y t h e a b br e vi ati o n i n E q. ( 2 1. 3 9) t o t h e a b o v e r at e:

ε̇ s u m ( t̃e m ) = ε̇ h o m · [1 + κ ( t̃e m )] ( 2 1. 4 5)

We a b br e vi at e t h e s u m of d e nsiti es i n E q. ( 2 1. 4 4), a n d w e us e

ρ Λ ,h o m (t0 ) = ρ v ol , C. ( 2 0):

ρ Λ ,h o m (t0 ) + ρ h et, e q ui = ρ v ol + e q ui = ρ v ol + ρ h et, e q ui ( 2 1. 4 6)

We i ns ert t h e d e nsit y a n d t h e r at e i n E qs. ( 2 1. 4 5, 2 1. 4 6) i nt o

t h e r at e i n E q. ( 2 1. 4 4). A d diti o n all y, w e di vi d e b y 4 π G · tH 0
:

ε̇ h o m · [1 + κ ( t̃e m )] ·
1

4 π G · tH 0

= ρ v ol + e q ui ( 2 1. 4 7)

We d es cri b e t h e r ati o of t h e d e nsiti es ρ v ol + e q ui a n d ρ Λ ,h o m (t0 )

wit h h el p of a n e x p o n e nt ξ t h at w e d eri v e i n t h e f oll o wi n g:

ρ v ol + e q ui = ρ Λ ,h o m (t0 )[ 1 + κ ( t̃e m )]
ξ = ρ v ol, t h e o [ 1 +κ ( t̃e m )]

ξ ( 2 1. 4 8)

H er e b y, w e us e t h e e q u alit y of ρ Λ ,h o m (t0 ) a n d ρ v ol, t h e o . Wit h it,

t h e d e nsit y i n E q. ( 2 1. 4 7) is as f oll o ws:

ε̇ h o m ·[1 + κ ( t̃e m )] ·
1

4 π G
·

1

tH 0

= ρ Λ ,h o m (t0 ) ·[ 1 +κ ( t̃e m )]
ξ or ( 2 1. 4 9)

ε̇ h o m · [1 + κ (z e m )] ·
1

4 π G
·

1

tH 0

= ρ Λ ,h o m (t0 ) · [ 1 + κ (z e m )]
ξ ( 2 1. 5 0)

2 1. 4. 6 H u b bl e c o n s t a n t m e a s u r e d wi t h a p r o b e

I d e a : If t h e H u b bl e c o nst a nt H 0 , o b s is m e as ur e d wit h a pr o b e

e mitt e d at a ti m e te m , t h e n t h e r at e ε̇ s u m ( t̃e m ) i n E q. ( 2 1. 4 4) ar-

ri v es at t h e pr o b e v ol u m e d V 0 . A c c or di n gl y, t h e o bs er v e d H u b-

bl e c o nst a nt H 0 , o b s i n cl u d es t h e s u m of d e nsiti es ρ v ol + e q ui . T h e

r es ulti n g H u b bl e c o nst a nt H 0 , o b s is el a b or at e d i n t his s e cti o n.

F or it, w e us e t h e f a ct t h at t h e H u b bl e c o nst a nt is a f u n cti o n

of t h e d e nsit y. T h e r a di ati o n er a is c h ar a ct eri z e d b y r e ds hifts

a b o v e z e q = 3 4 1 1 ± 4 8, ( Pl a n c k- C oll a b or ati o n, 2 0 2 0, t a bl e 2).
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H et er o g e n eit y w as still v er y s m all at t h e r e ds hift z C M B = 1 0 9 0

of t h e e missi o n of t h e C M B, S m o ot et al. ( 1 9 9 2) or ( C ar m esi n,

2 0 2 1 d, E q. 7. 1 0 4):

σ 8 (z C M B = 1 0 9 0) = 4 4 · 1 0 − 6 ( 2 1. 5 1)

A c c or di n gl y, i n o ur pr es e nt a n al ysis of h et er o g e n eit y, w e c a n

n e gl e ct t h e d e nsit y of r a di ati o n i n a g o o d a p pr o xi m ati o n. T h us,

H 0 is as f oll o ws:

H 2
0 =

8 π G

3
· (ρ m ,h o m + ρ Λ ) ( 2 1. 5 2)

I n t h e o bs er v e d H u b bl e c o nst a nt H 0 , o b s, t h e r at e c a us e d b y

h et er o g e n eit y is i n cl u d e d. T his r at e c orr es p o n ds t o t h e d e nsit y

ρ h et ,e q ui . T h us, t his r at e c a n b e i n cl u d e d i n t h e H u b bl e c o nst a nt

i n E q. ( 2 1. 5 2) b y usi n g t h e s u m of t h e d e nsiti es ρ v ol + e q ui i nst e a d

of t h e d e nsit y of v ol u m e ρ Λ . S o w e d eri v e t h e s q u ar e d o bs er v e d

H u b bl e c o nst a nt:

H 2
0 , o b s(z e m ) =

8 π G

3
· (ρ m ,h o m + ρ v ol + e q ui ) ( 2 1. 5 3)

I n t h e a b o v e E q., w e i ns ert ρ v ol + e q ui i n E q. ( 2 1. 4 8):

H 2
0 , o b s =

8 π G

3
· (ρ m ,h o m + ρ v ol,t h e o · [ 1 + κ (z e m )]

ξ ) ( 2 1. 5 4)

I n t h e a b o v e H u b bl e c o nst a nt E q. ( 2 1. 5 4), w e a p pl y t h e

d e nsit y p ar a m et ers. As H 0 , o b s d es cri b es t h e pr es e nt- d a y r at e of

e x p a nsi o n of t h e u ni v ers e, t h e pr es e nt- d a y d e nsit y p ar a m et er of

m att er is us e d:

Ω m, 0 =
ρ m ,h o m

ρ c r., 0
a n d Ω v ol, 0 ,t h e o =

ρ v ol,t h e o

ρ c r., 0
=

2

3
(2 1. 5 5)

S o w e d eri v e:

H 2
0 , o b s =

8 π G · ρ c r., 0

3
· (Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )]

ξ ) ( 2 1. 5 6)



2 1. 4. P A R A M E T E R M E A S U R E D WI T H A P R O B E 2 6 1

We i d e ntif y t h e fr a cti o n i n t h e a b o v e E q. wit h t h e s q u ar e d

H u b bl e c o nst a nt H 2
0 ,wit h o ut h et wit h o ut h et er o g e n eit y:

H 2
0 , o b s(z e m ) = H 2

0 ,wit h o ut h et · ( Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )]
ξ )

( 2 1. 5 7)

We a p pl y t h e r o ot.

H 0 , o b s(z e m ) = H 0 ,wit h o ut h et · Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ

( 2 1. 5 8)

We a p pl y t h e H u b bl e ti m es tH 0 , o b s = 1 / H 0 , o b s(z e m ) a n d tH 0 , h o m =

1 / H 0 ,wit h o ut h et t o t h e a b o v e e q u ati o n:

1 /t H 0 , o b s = 1 /t H 0 , h o m · Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ

( 2 1. 5 9)

We a p pl y t h e i n v ers e H u b bl e ti m e 1 /t H 0 , o b s t o t h e d e nsit y i n

E q. ( 2 1. 5 0). As t h e h et er o g e n eit y is i n cl u d e d i n E q. ( 2 1. 5 0),

t h e o bs er v e d H u b bl e ti m e is us e d:

ε̇ h o m · [1 + κ (z e m )] ·
1

4 π G
·

1

tH 0 ,o b s
= ρ Λ ,h o m (t0 ) · [ 1 + κ (z e m )]

ξ or

ε̇ h o m [1 + κ (z e m )] Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ ·
1

4 π G

1

tH 0 ,h o m

= ρ Λ ,h o m (t0 ) · [ 1 + κ (z e m )]
ξ

( 2 1. 6 0)

We a p pl y ˙ ε h o m = 1
tH 0 ,h o m

( E q. 1 9. 2 9) t o t h e a b o v e E q.:

[ 1 + κ (z e m )] · Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ

·
1

4 π G · t2
H 0 , h o m

= ρ Λ ,h o m (t0 ) · [ 1 + κ (z e m )]
ξ ( 2 1. 6 1)

We a p pl y 1
4 π G ·t2

H 0 , h o m
= ρ Λ ,h o m (t0 ) ( E q. 1 9. 3 1) t o t h e a b o v e E q..

A d diti o n all y, w e di vi d e t h e E q. b y ρ Λ ,h o m (t0 ):
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[ 1 + κ (z e m )] Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ = [ 1 + κ (z e m )]
ξ

( 2 1. 6 2)

T h e e x p o n e nt ξ is d et er mi n e d b y t his e q u ati o n.

2 1. 4. 7 D e ri v a ti o n of t h e e x p o n e n t ξ

I n or d er t o s ol v e E q. ( 2 1. 6 2), w e a p pl y t h e s q u ar e. A d diti o n all y,

w e a b br e vi at e 1 + κ (z e m ) b y y , a n d w e a b br e vi at e y ξ b y w :

y 2 ( Ω m, 0 + Ω v ol, 0 ,t h e o · w ) = w 2 or ( 2 1. 6 3)

0 = w 2 − w · Ω v ol, 0 ,t h e o · y 2 − Ω m, 0 · y 2 wit h ( 2 1. 6 4)

y = 1 + κ (z e m ) a n d w = y ξ ( 2 1. 6 5)

T h e a b o v e q u a dr ati c e q u ati o n h as t h e f oll o wi n g t w o s ol uti o ns:

w ± =
Ω v ol, 0 ,t h e o · y 2

2
· 1 ± 1 +

4 Ω m, 0

Ω 2
v ol, 0 ,t h e o · y 2

( 2 1. 6 6)

T h e s ol uti o n w − is n e g ati v e. T h us, it d o es n ot pr o vi d e a r e al

e x p o n e nt, s e e E q. ( 2 1. 6 5). A c c or di n gl y, w e s ol v e t h e a b o v e

e q u ati o n f or t h e e x p o n e nt ξ b y usi n g t h e s ol uti o n w + (s e e E q.

2 1. 6 5):

ξ =
l n(w + )

l n(y )
a n d y = 1 + κ (z e m ) wit h ( 2 1. 6 7)

w + =
Ω v ol, 0 ,t h e o · y 2

2
· 1 + 1 +

4 Ω m, 0

Ω 2
v ol, 0 ,t h e o · y 2

( 2 1. 6 8)
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2 1. 4. 8 H 0 m e a s u r e d wi t h t h e C M B

I d e a : If t h e H u b bl e c o nst a nt H 0 , o b s is m e as ur e d wit h a pr o b e

e mitt e d at a ti m e te m , t h e n it is d es cri b e d b y t h e t er m i n E q.

( 2 1. 5 7). Wit h it, w e d eri v e t h e t h e or eti c al v al u e of t h e o bs er v e d

H u b bl e c o nst a nt f or t h e c as e of o bs er v ati o n b as e d o n t h e C M B,

H 0 , o b s(z e m ) wit h z e m = z C M B .

I n t h e a b o v e E q., w e i ns ert t h e f oll o wi n g v al u es:

Ω v ol, 0 ,t h e o = 2
3 , Ω m, 0 = 1 − Ω v ol, 0 ,t h e o = 1

3 ,

σ 8 ,0 = 0 .8 1 1 8 ± 0 .0 0 8 9, ( Pl a n c k- C oll a b or ati o n, 2 0 2 0, t a bl e 2),

z C M B = 1 0 9 0 .3 ± 0 .4 1, ( Pl a n c k- C oll a b or ati o n, 2 0 2 0, t a bl e 2),

H 0 , o b s, C M B = 6 6 .8 8 ( ± 0 .9 2) k m
s ·M p c , ( Pl a n c k- C oll a b or ati o n, 2 0 2 0,

t a bl e 2).

T h us, t h e r ati o of r at es κ (z e m ) i n E qs. ( 2 1. 3 9, 2 1. 4 0) h as t h e

f oll o wi n g v al u e:

κ (z C M B ) =
0 .8 1 1 8 · 1 / 3

2 · 2 / 3 · (1 + 1 0 9 0 .3) 2
= 1 .7 · 1 0 − 7 ( 2 1. 6 9)

Wit h it, w e s ol v e E q. ( 2 1. 6 2), s e e s e cti o n ( 2 1. 4. 7):

ξ C M B = 1 .5 ( 2 1. 7 0)

C o ns e q u e ntl y, t h e o bs er v a bl e H u b bl e c o nst a nt wit h o ut h et er o-

g e n eit y h as t h e s a m e v al u e as pl us a r el ati v e c orr e cti o n of t h e

or d er of κ (z C M B ) ≈ 1 0 − 7 , s e e E q. ( 2 1. 5 7):

H 0 ,wit h o ut h et = H 0 , o b s, C M B · ( 1 + O ( 1 0 − 7 )) ( 2 1. 7 1)

2 1. 4. 9 H 0 m e a s u r e d wi t h n e a r g al a xi e s

I d e a : If t h e H u b bl e c o nst a nt H 0 , o b s is m e as ur e d wit h a pr o b e

e mitt e d at a ti m e te m , t h e n it is d es cri b e d b y t h e t er m i n E q.
( 2 1. 5 7). Wit h it, w e d eri v e t h e t h e or eti c al v al u e of t h e o bs er v e d

H u b bl e c o nst a nt f or t h e c as e of o bs er v ati o n b as e d o n t h e e mitt e d

r a di ati o n of n e ar g al a xi es at z e m = z n e ar = 0 .0 5 5, s e e ( Ri ess

et al., 2 0 2 2, s e cti o ns 5. 1 a n d 5. 2).
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I n E q. ( 2 1. 5 7), w e i ns ert t h e f oll o wi n g v al u es:

Ω v ol, 0 ,t h e o = 2
3 , Ω m, 0 = 1 − Ω v ol, 0 ,t h e o = 1

3 ,

σ 8 ,0 = 0 .8 1 1 8 ± 0 .0 0 8 9, ( Pl a n c k- C oll a b or ati o n, 2 0 2 0, t a bl e 2),

z n e ar = 0 .0 5 5, ( Ri ess et al., 2 0 2 2, s e cti o ns 5. 1 a n d 5. 2),

H 0 ,wit h o ut h et = 6 6 .8 8 ( ± 0 .9 2) k m
s ·M p c , E q. ( 2 1. 7 1).

T h us, t h e r ati o of r at es κ (z n e ar ) i n E qs. ( 2 1. 3 9, 2 1. 4 0) h as t h e

f oll o wi n g v al u e:

κ (z n e ar ) =
0 .8 1 1 8 · 1 / 3

2 · 2 / 3 · (1 + 0 .0 5 5) 2
= 0 .1 8 2 ± 0 .0 0 2 ( 2 1. 7 2)

Wit h it, w e s ol v e E q. ( 2 1. 6 2), s e e s e cti o n ( 2 1. 4. 7):

ξ n e ar = 1 .5 3 1 7 ( 2 1. 7 3)

C o ns e q u e ntl y, t h e t h e or eti c al v al u e of t h e o bs er v a bl e H u b bl e

c o nst a nt is as f oll o ws:

H 0 ,t h e o(z n e ar ) = H 0 ,wit h o ut h et
1

3
+

2

3
· 1 .1 8 2 1 .5 3 1 7 ( 2 1. 7 4)

= 7 3 .1 1 ± 1 .0 8
k m

s · M p c
( 2 1. 7 5)

T h us, o ur t h e or eti c al r es ult is i n pr e cis e a c c or d a n c e ( wit hi n

err ors of m e as ur e m e nt) wit h t h e c urr e ntl y m ost pr e cis e o bs er-

v ati o n i n E q. ( 2 1. 3):

H 0 , o b s, n e a r = 7 3 .0 4 ( ± 1 .0 1)
k m

s · M p c
at z = 0 .0 5 5 ( 2 1. 7 6)

T his is t h e b as eli n e r es ult i n ( Ri ess et al., 2 0 2 2, s e cti o ns 5. 1 a n d

5. 2), o bt ai n e d at t h e ” n e ar fi el d ” or ’l o w r e ds hift’ z = 0 .0 5 5.

T h e r el ati v e di ff er e n c e b et w e e n t h e or y a n d m e as ur e m e nt is

v er y l o w at 0. 0 9 6 %:

∆ o b s,t h e o =
H 0 , o b s, n e a r − H 0 ,t h e o(z n e ar )

H 0 ,o b s, n e a r
=

7 3 .1 1 − 7 3 .0 4

7 3 .0 4
= 0 .0 9 6 %

( 2 1. 7 7)
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1 0 − 4 1 0 − 2 1 0 0 1 0 2

6 5

7 0

7 5

r e ds hift ze m

H
0
,o
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a
n
d

H 0
,t

he
o

i
n

k
m

s·
M
p
c

Fi g ur e 2 1. 3: O bs er v e d v al u es of H u b bl e c o nst a nt H 0 , o b s as a f u n c-

ti o n of t h e r e ds hift z e m of t h e e missi o n of t h e r es p e cti v e pr o b e.

P r o b e s: × , m e g a m as er, P es c e et al. ( 2 0 2 0). ⋆ , dist a n c e l a d d er

wit h S N t y p e I, Ri ess et al. ( 2 0 2 2). f ull f ull ⋄ , st ar b urst g al a x-

i es, C a o et al. ( 2 0 2 1). o, b ar y o ni c a c o usti c os cill ati o ns, B A O,

P hil c o x et al. ( 2 0 2 0), A d dis o n et al. ( 2 0 1 8)). • , w e a k gr a vi-

t ati o n al l e nsi n g a n d g al a x y cl ust eri n g, A b b ott et al. ( 2 0 2 0)).

∆, str o n g gr a vit ati o n al l e nsi n g, Birr er et al. ( 2 0 2 0). ⋄ , gr a vit a-

ti o n al w a v e, Es c a mill a- Ri v er a a n d N aj er a ( 2 0 2 2). ⊗ , ol d g al a x-

i es or st ars, Ci m atti a n d M or es c o ( 2 0 2 3), ( T a b. 1). S q u ar e,

s urf a c e bri g ht n ess, Bl a k esl e e et al. ( 2 0 2 1). P e nt a g o n, C M B,

Pl a n c k- C oll a b or ati o n ( 2 0 2 0).

T h e o r y : d e ns el y d ott e d (l o os el y d ott e d: r a n g e of t h e or eti c al

v al u es, r es ulti n g fr o m err or of m e as ur e m e nt of t h e C M B v al u e).

C o m p a ri s o n : M e as ur e d v al u es a n d t h e or eti c al v al u es ar e i n

pr e cis e a c c or d a n c e wit hi n t h e err ors of m e as ur e m e nt.
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T h e o r e m 3 9 Ti m e e v ol u ti o n of t h e H u b bl e c o n s t a n t

( 1 ) T h e H u b bl e c o n st a nt H 0 i s a n e s s e nti al p a r a m et e r of s p a c e-

ti m e a n d of c o s m ol o g y. H o w e v e r, o b s e r v ati o n s s h o w t h at H 0 i s

n ot c o n st a nt Pl a n c k- C oll a b o r ati o n ( 2 0 2 0 ); Ri e s s et al. ( 2 0 2 2 ).

T h u s, t h e p h y si c al n at u r e of t h at di s c r e p a n c y i s e s s e nti al f o r t h e

f o u n d ati o n s of p h y si c s.

( 2 ) At a g o o d a p p r o xi m ati o n, Ω r, 0 = 0 , Ω K, 0 = 0 . Wit h it, w e

d e ri v e d, e x pl ai n e d a n d c al c ul at e d t h e di s c r e p a n c y a s f oll o w s:

( 2 a ) F o r t h e c a s e of a h o m o g e n e o u s u ni v e r s e, c o r r e s p o n di n g t o

t h e u ni v e r s e at t h e r e d s hift z = 1 0 9 0 , w e d e ri v e d t h e d y n a mi c

d e n sit y of v ol u m e ρ v ol,t h e o a n d t h e H u b bl e c o n st a nt, b ot h i n p r e-

ci s e a c c o r d a n c e wit h o b s e r v ati o n:

ρ v ol,t h e o =
1

4 π · G · t2
H

a n d Ω v ol, 0 ,t h e o =
2

3
(2 1. 7 8)

( 2 b ) F o r t h e c a s e of a h et e r o g e n e o u s u ni v e r s e, c o r r e s p o n di n g

t o t h e p r e s e nt- d a y u ni v e r s e at t h e r e d s hift z ≈ 0 , w e d e ri v e d

t h e s a m e d y n a mi c d e n sit y of v ol u m e ρ v ol,t h e o , b ut a n i n c r e a s e d

H u b bl e c o n st a nt, b ot h i n p r e ci s e a c c o r d a n c e wit h o b s e r v ati o n.

( 2 c ) T h e t h e o r eti c al v al u e H 0 ,t h e o(z e m ) of t h e o b s e r v a bl e H u b-

bl e c o n st a nt i s t h e f oll o wi n g f u n cti o n of t h e r e d s hift z e m ( of t h e

e mi s si o n of t h e p r o b e u s e d i n t h e o b s e r v ati o n ):

H 0 ,t h e o(z e m ) = H 0 ,wit h o ut h et · Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ

( 2 1. 7 9)

wit h κ (z e m ) =
σ 8 ,0 · Ω m, 0

2 Ω Λ ,0 · (1 + z e m ) 2
=

ε̇ h et ,0 ( t̃e m )

ε̇ h o m

a n d ( 2 1. 8 0)

H 2
0 ,wit h o ut h et =

8 π G

3
· ρ c r., 0 ( 2 1. 8 1)

H e r e b y, t h e e x p o n e nt ξ i s t h e s ol uti o n of t h e f oll o wi n g e q u ati o n:

[ 1 + κ (z e m )] Ω m, 0 + Ω v ol, 0 ,t h e o · [ 1 + κ (z e m )] ξ = [ 1 + κ (z e m )]
ξ

( 2 1. 8 2)
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Wit h it, t h e e x p o n e nt ξ i s a s f oll o w s:

ξ =
l n(w + )

l n(y )
a n d y = 1 + κ (z e m ) wit h ( 2 1. 8 3)

w + =
Ω v ol, 0 ,t h e o · y 2

2
· 1 + 1 +

4 Ω m, 0

Ω 2
v ol, 0 ,t h e o · y 2

( 2 1. 8 4)

( 2 d ) O u r r e s ult s a r e i n p r e ci s e a c c o r d a n c e wit h o b s e r v ati o n.

T h e di ff e r e n c e b et w e e n t h e m e a s u r e d a n d t h e t h e o r eti c al v al u e

i s 0. 0 9 6 % o nl y:

H 0 ,t h e o(z n e ar ) = 7 3.1 1 ± 1 .0 8
k m

s · M p c
( 2 1. 8 5)

H 0 , o b s, n e a r = 7 3 .0 4 ( ± 1 .0 1)
k m

s · M p c
at z = 0 .0 5 5 ( 2 1. 8 6)

∆ o b s,t h e o =
H 0 , o b s, n e a r − H 0 ,t h e o(z n e ar )

H 0 ,o b s, n e a r
= 0 .0 9 6 % ( 2 1. 8 7)

T h e r e b y, w e d o n ot e x e c ut e a n y fit o r i nt r o d u c e a n y h y p ot h e si s.

( 2 d 1 ) W e s ol v e t h e o b s e r v e d di s c r e p a n c y, t h e s o- c all e d H u b bl e

t e n si o n.

( 2 d 2 ) W e p r o vi d e t h e p h y si c al b a si s f o r t h e e n e r g y d e n sit y of

v ol u m e:

u v ol,t h e o = ρ v ol,t h e o · c 2 ( 2 1. 8 8)

T h u s, w e s ol v e t h e d a r k e n e r g y p r o bl e m, s e e e. g. C u g n o n

( 2 0 1 2 ). T h e r e b y, w e o v e r c o m e t h e h y p ot h eti c al c h a r a ct e r of t h e

c o s m ol o gi c al c o n st a nt Λ .

( 2 d 3 ) W e e xt e n d t h e i s ot r o pi c G F V d e s c ri b e d b y t h e F L E, s o

t h at t h e H u b bl e c o n st a nt i n p a rt ( 2 c ) a d diti o n all y i n cl u d e s t h e

u ni di r e cti o n al L F V. T h e r e b y, w e s h o w t h at t h e e x p a n si o n of

s p a c e i s b a s e d o n t h e f o r m ati o n of v ol u m e, w h e r e b y t h at f o r-

m ati o n i s e x pl ai n e d wit h o u r t h e o r y of t h e d y n a mi c s of v ol u m e,

s e e p a rt (II ).
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( 2 d 4 ) T h e e n e r g y of t h e v ol u m e i s a z e r o- p oi nt e n e r g y, Z P E, C.

( 2 2 ).

( 2 d 5 ) T h e e n e r g y of t h e v ol u m e r e p r e s e nt s a z e r o- p oi nt o s cil a-

ti o n. It r e p r e s e nt s a w a v e p a c k et, C. ( 2 2 ) a n d s e cti o n ( 1 4. 5 ). I n

c o nt r a st, t h e e n e r g y of a h a r m o ni c w a v e of t h e v ol u m e i s z e r o,

C. ( 1 1 ).

( 2 d 6 ) O u r r e s ult s p r e di ct t h e o b s e r v e d v al u e s H 0 , o b s(z e m ) of t h e

H u b bl e c o n st a nt a s a f u n cti o n of t h e r e d s hift of t h e e mi s si o n

of t h e u s e d p r o b e, s e e p a rt ( 2 c ). F o r t h e c a s e of v a ri o u s o b-

s e r v e d H 0 , o b s(z e m ), o u r p r e di cti o n i s i n p r e ci s e a c c o r d a n c e wit h

o b s e r v ati o n, s e e Fi g. ( 2 1. 3 ).

( 3 ) I n a h o m o g e n e o u s u ni v e r s e, a c o n st a nt e n e r g y d e n sit y of v ol-

u m e u v ol c a n b e d e ri v e d, s e e T H M ( 3 7 ) a n d ( C a r m e si n, 2 0 2 1 d,

T H M 2 2, p a rt ( 3 b ) ). O n t h at b a si s, a st e a d y st at e u ni v e r s e

c o ul d b e c o n c ei v a bl e. H o w e v e r, t h e ti m e e v ol uti o n of h et e r o-

g e n eit y cl e a rl y e x cl u d e s t h at p o s si bilit y, a s a r e s ult of t h e o r y

a n d i n p r e ci s e a c c o r d a n c e wit h o b s e r v ati o n, Fi g. ( 2 1. 3 ).

( 4 ) A s H 0 , o b s(z ) i s a f u n cti o n of ti m e o r z , it m o di fi e s t h e a g e of

t h e h o m o g e n e o u s u ni v e r s e t0 , h o m t o t h e a g e of t h e h et e r o g e n e o u s

u ni v e r s e t0 , h et, a c c o r di n g t o ( C a r m e si n, 2 0 1 9 b, E q. ( 2. 2 9 ) a n d

p a rt ( 2 c ) i n t hi s T H M.
( 4 a ) T h e p a r a m et e r s Ω v ol, 0 ,t h e o = 2

3 , Ω m, 0 = 1 − Ω v ol, 0 ,t h e o, σ 8 ,0 =

0 .8 1 1 8 ± 0 .0 0 8 9 a n d H 0 ,wit h o ut h et = 6 6 .8 8 ( ± 0 .9 2) k m
s ·M p c , ( Pl a n c k-

C oll a b o r ati o n, 2 0 2 0, t a bl e 2, T T- m o d e ) p r o vi d e t0 , h et = 1 3 .1 7 ·

( 1 ± 0 .1 9) · 1 0 9 y e ars . T hi s i s i n p r e ci s e a c c o r d a n c e wit h v a ri o u s

o b s e r v ati o n s, V al ci n et al. ( 2 0 2 1 ), R o b e rt s o n et al. ( 2 0 2 3 ). F o r

c o m p a ri s o n, t0 , h o m = 1 3 .6 8 · ( 1 ± 0 .1 9) · 1 0 9 y e ars .

( 4 b ) T h e p a r a m et e r s Ω Λ = 0 .6 8 4 7 ± 0 .0 0 7 3 , Ω m, 0 = 1 − Ω Λ ,

σ 8 ,0 = 0 .8 1 1 1 ± 0 .0 0 6 0 , H 0 ,wit h o ut h et = 6 7 .3 6 ( ± 0 .5 4) k m
s ·M p c , s e e

( Pl a n c k- C oll a b o r ati o n, 2 0 2 0, t a bl e 2, c ol. 6 ), p r o vi d e t0 , h et =

1 3 .3 1 · ( 1 ± 0 .2 1) · 1 0 9 y e ars . T hi s i s i n p r e ci s e a c c o r d a n c e wit h

o b s e r v ati o n s, V al ci n et al. ( 2 0 2 1 ), R o b e rt s o n et al. ( 2 0 2 3 ). F o r

c o m p a ri s o n, t0 , h o m = 1 3 .8 · ( 1 ± 0 .2) · 1 0 9 y e ars .



C h a p t e r 2 2

D a r k E n e r g y a t ’ C o s mi c
I n fl a ti o n’

2 2. 1 I n c o m pl e t e n e s s of G R

Q u e s ti o n : T h e s c al e f a ct or c a n b e a n al y z e d as a f u n cti o n of

ti m e, s e e Fi g. ( 2 2. 1). T h e gr a p h s h o ws: At e arl y ti m es, t h e

s c al e f a ct or w as s m all.

At s m all s c al e f a ct ors, t h e d e nsit y is l ar g e. H o w e v er, t h e d e n-

sit y c a n n ot b e l ar g er t h a n t h e Pl a n c k d e nsit y ρ P , s e e gl oss ar y

or C ar m esi n ( 2 0 1 9 b). At w h at s c al e f a ct or x 1 d o es t h e d e nsit y

of t h e u ni v ers e ρ (t1 ) r e a c h t h e v al u e ρ P ? Is t h at s c al e f a ct or x 1

l ar g er t h a n t h e Pl a n c k l e n gt h L P ?

T h e pr es e nt- d a y li g ht h ori z o n R l h h as b e e n a n al y z e d as a

f u n cti o n of ti m e, s e e Fi g. ( 2 2. 2). F or it, t h e v al u es of R l h(t)

at e arli er ti m es h a v e b e e n d eri v e d i n t h e fr a m e w or k of G R, s e e

e. g. C ar m esi n ( 2 0 1 9 b, 2 0 2 0 b, a, 2 0 2 1 d, a); H e er e n et al. ( 2 0 2 0).

A c c or di n g t o t h e l a ws of p h ysi cs, t h e d e nsit y c a n n ot b e l ar g er

t h a n t h e Pl a n c k d e nsit y ρ P = 5 .1 5 5 · 1 0 9 6 k g
m 3 , a n d l e n gt hs as

s m all as t h e Pl a n c k l e n gt h L P = 1 .6 1 6 ·1 0 − 3 5 m c a n b e o bs er v e d,

s e e e. g. C ar m esi n ( 2 0 1 7), C ar m esi n ( 2 0 1 9 b), C ar m esi n ( 2 0 2 1 a).

M or e o v er, c orr es p o n di n g t o t h e l a ws of p h ysi cs, t h e l e n gt h c a n

b e as s m all as t h e Pl a n c k l e n gt h, s e e e. g. C ar m esi n ( 2 0 1 7),
C ar m esi n ( 2 0 1 9 b), C ar m esi n ( 2 0 2 1 a).

N e xt, w e c o m p ar e t h e ti m e e v ol uti o n of t h e d e nsit y ρ (t) a n d

2 6 9
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Fi g ur e 2 2. 1: Ti m e e v ol uti o n of t h e s c al e f a ct or. T h e ti m e is pr e-
s e nt e d i n u nits of t h e H u b bl e ti m e tH 0

, w hil e t h e s c al e f a ct or is
s h o w n i n u nits of t h e H u b bl e l e n gt h R H 0

.

of t h e v al u e of R l h(t) of t h e li g ht h ori z o n i n t h e u ni v ers e. I n

t h e fr a m e w or k of G R, t h e Pl a n c k d e nsit y ρ P = 5 .1 5 5 · 1 0 9 6 k g
m 3 is

alr e a d y a c hi e v e d, w h e n R l h(t) is a p pr o xi m at el y e q u al t o 0. 0 0 3

m m, s e e Fi g. ( 2 2. 2). As a c o ns e q u e n c e, G R is n ot c o m pl et e, as

G R d o es n ot d es cri b e t h e f ull p h ysi c all y p ossi bl e ti m e e v ol uti o n

of R l h(t), r a n gi n g fr o m t h e Pl a n c k l e n gt h L P = 1 .6 1 6 · 1 0 − 3 5 m

t o t h e pr es e nt- d a y li g ht h ori z o n R l h ≈ 4 .1 · 1 0 2 6 m.

P r o p o si ti o n 1 1 I n c o m pl e t e n e s s of G R

( 1 ) T h e t h e o r y of g e n e r al r el ati vit y, G R, d e s c ri b e s t h e ti m e e v o-

l uti o n of t h e li g ht h o ri z o n R l h(t) r a n gi n g f r o m R l h ≈ 0 .0 0 3 m m

t o w a r d s t h e p r e s e nt- d a y li g ht h o ri z o n R l h ≈ 4 .1 · 1 0 2 6 m .

( 2 ) H o w e v e r, t h e p h y si c all y o b s e r v a bl e l e n gt h s r a n g e f r o m t h e

Pl a n c k l e n gt h L P = 1 .6 1 6 ·1 0 − 3 5 m t o w a r d s t h e p r e s e nt- d a y li g ht

h o ri z o n R l h ≈ 4 .1 · 1 0 2 6 m .

( 3 ) S o G R i s i n c o m pl et e.
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Fi g ur e 2 2. 2: D e nsit y li mit of e x p a nsi o n of s p a c e: T h e ti m e e v o-
l uti o n of R l h a c c or di n g t o g e n er al r el ati vit y, G R, ( ◦ ) r a n g es
fr o m t h e pr es e nt- d a y v al u e 4.1 4 · 1 0 2 6 m b a c k w ar ds t o 0. 0 0 3
m m, as at t his p oi nt t h e d e nsit y ( ⋄ ) a c hi e v es t h e Pl a n c k d e n-
sit y ρ P = 5 .1 5 5 · 1 0 9 6 k g

m 3 (d as h d ott e d), a n d n o hi g h er d e nsit y is
p h ysi c all y p ossi bl e.
H o w e v er, t h e p h ysi c all y p ossi bl e l e n gt hs c a n b e as s h ort as t h e
Pl a n c k l e n gt h L P (l o os el y d ott e d). H e n c e t h e ti m e e v ol uti o n of
t h e G R is i n c o m pl e t e.
I n c o ntr ast, w e d eri v e t h e c o m pl e t e ti m e e v ol u ti o n of R l h(t),
r a n gi n g fr o m t h e c urr e nt v al u e 4 .1 4 · 1 0 2 6 m b a c k w ar ds t o L P .
F or it, w e a p pl y di m e nsi o n al p h as e tr a nsiti o ns ( △ ) d eri v e d b y
q u a nt u m gr a vit y. T h er e b y, t h e p h as e tr a nsiti o ns c a us e t h e ’ c os-
mi c i n fl ati o n’. We e x pl ai n it b y t h e e x t r e m el y r a pi d di s t a n c e
e nl a r g e m e n t i n t h e e a rl y u ni v e r s e .
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2 2. 2 G r a vi t y a t hi g h e r di m e n si o n

I d e a : T h e l a w of G a ussi a n gr a vit y ( c h a pt er 2) is b as e d o n t h e

is otr o pi c e missi o n of gr a vit y b y a m ass or d y n a mi c al m ass. T h at

l a w c a n b e a p pli e d t o di m e nsi o ns D ≥ 3. I n t his s e cti o n, w e

d eri v e t h e l a w of gr a vit y at di m e nsi o ns D ≥ 3. F or it, w e

e m p h asi z e t h at p h ysi cs i n di m e nsi o ns D > 3 h as b e e n o bs er v e d

i n e x p eri m e nts wit h p h ot o ns as w ell as i n e x p eri m e nts wit h

el e ctr o ns, s e e L o hs e et al. ( 2 0 1 8), Zil b er b er g et al. ( 2 0 1 8).

2 2. 2. 1 Ki n e ti c e n e r g y i n D di m e n si o n s

I n t his s e cti o n, w e m a k e tr a ns p ar e nt h o w t h e ki n eti c e n er g y of

a m ass m is n at ur all y d e fi n e d i n D di m e nsi o ns:

E ki n =
1

2 m
Σ j = D

j = 1 p 2
j ( 2 2. 1)

2 2. 2. 2 G r a vi t y i n D ≥ 3 di m e n si o n s

I n t his s e cti o n, w e s h o w t h at t h e gr a vit ati o n al e n er g y is n at u-

r all y d e fi n e d i n D ≥ 3 di m e nsi o ns. F or it, w e r e mi n d t h at G R T

c a n b e d eri v e d fr o m G a ussi a n gr a vit y, s e e ( C ar m esi n, 2 0 2 1 d,

t h e or e m 1). A n d G a ussi a n gr a vit y c a n n at ur all y b e d e fi n e d i n

D ≥ 3 di m e nsi o ns, s e e e. g. Fi g. ( 2 2. 3).

2 2. 2. 2. 1 G r a vi t y t e r m f o r D ≥ 3

A c c or di n g t o G a ussi a n gr a vit ati o n, t h e gr a vit ati o n al fi el d G ∗ (R )

at a dist a n c e R fr o m a m ass is pr o p orti o n al t o 1/ R D − 1 ( Fi g.

2 2. 3, a n d G a uss ( 1 8 4 0)):

G ∗ ∝
1

R D − 1
(2 2. 2)

T h e s a m e pr o p orti o n alit y a p pli es t o t h e gr a vit ati o n al f or c e F

w hi c h a m ass M e x erts o n a m ass m at t h e dist a n c e R . M or e-
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m m
R

G ∗ A G ∗ ′ = G ∗

2

A ′ = 2 · A

R ′ =
√

2 · R

G ∗ · A = G ∗ ′ · A ′

Fi g ur e 2 2. 3: G a ussi a n gr a vit y of a m ass or d y n a mi c m ass m : All
b alls ar o u n d m h a v e t h e s a m e fl u x G ∗ (R ) ·A (R ). T his m e a ns t h e
s a m e pr o d u ct of t h e gr a vit ati o n al fi el d G ∗ (R ) a n d ar e a A (R ).
C o ns e q u e ntl y, w e d eri v e i n D di m e nsi o ns: G ∗ (R ) ∝ 1

A (R ) ∝
1

R D − 1 .

o v er, t h e f or c e is pr o p orti o n al t o e a c h of t h e m ass es:

F ∝
M · m

R D − 1
(2 2. 3)

T h e pr o p orti o n alit y f a ct or is a gr a vit ati o n al c o nst a nt f or di m e n-

si o n D , G D :

F = − G D ·
M · m

R D − 1
(2 2. 4)

T h e p ot e nti al e n er g y or gr a vit ati o n al e n er g y is t h e i nt e gr al of

t h e f or c e. B y D E F., t h e e n er g y is z er o i n t h e li mit R t o i n fi nit y:

E G = − G D ·
M · m

(D − 2 ) · R D − 2
( 2 2. 5)

T h e gr a vit ati o n al c o nst a nt c a n b e d eri v e d (s e e e. g. C ar m esi n

( 2 0 1 7), C ar m esi n ( 2 0 1 9 b)). T h e f oll o wi n g h ol ds:

G D = G · (D − 2) · L D − 3
P We s u m m ari z e : ( 2 2. 6)
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P r o p o si ti o n 1 2 G r a vi t a ti o n i n D di m e n si o n s

( 1 ) T w o o bj e ct s at a di st a n c e R , wit h m a s s e s o r d y n a mi c m a s s e s

M a n d m , e x e rt t h e g r a vit ati o n al f o r c e F = − G D · M ·m
R D − 1 o n e a c h

ot h e r i n D ≥ 3 di m e n si o n s wit h G D = G · (D − 2) · L D − 3
P .

( 2 ) T h e c o r r e s p o n di n g e n e r g y i s: E G = − G D · M ·m
(D − 2) ·R D − 2

( 3 ) A s ki n eti c a n d g r a vit ati o n al e n e r g y a r e n at u r all y d e fi n e d i n

D ≥ 3 di m e n si o n s, t h e c o n diti o n s m u st b e a n al y z e d, at w hi c h

s p a c e at di m e n si o n s D > 3 i s m o r e st a bl e t h a n t h e p r e s e nt- d a y

s p a c e at D = 3 , s e e e. g. C a r m e si n ( 2 0 1 7 ), C a r m e si n ( 2 0 1 8 a ),

C a r m e si n ( 2 0 2 1 d ).

( 4 ) W h e n t h e s p a c e c h a n g e s f r o m a di m e n si o n D + s t o a di-

m e n si o n D , t h e n s di r e cti o n s of t r a n sl ati o n s y m m et r y a r e l o st.

T h u s, s u c h a t r a n siti o n i s a s y m m et r y b r e a ki n g p h a s e t r a n si-

ti o n, s e e L a n d a u a n d Lif s c hit z ( 1 9 7 9 ), w e c all it di m e n si o n al

p h a s e t r a n si ti o n .

2 2. 2. 2. 2 S p e ci al r a dii a t s c al e d d e n si ti e s ρ̃ D

Q u e s ti o n : At hi g h d e nsit y, r a di ati o n is a n ess e nti al c o nt e nt i n

t h e v ol u m e, s e e e. g. H o bs o n et al. ( 2 0 0 6), C ar m esi n ( 2 0 1 9 b).

M or e o v er, at s u ffi ci e ntl y hi g h d e nsit y, s m all bl a c k h ol es f or m

s p o nt a n e o usl y, s e e ( C ar m esi n, 2 0 2 0 b, s e cti o n 4. 4. 7). W h at ar e

t h e r a di us b of a bl a c k h ol e a n d t h e r a di us a M t h at r a di ati o n

wit h d y n a mi c m ass M r e q uir es, as a f u n cti o n of t h e d e nsit y ρ̃ D .

R a di u s a M d e p e n di n g o n t h e s c al e d d e n si t y: We d eri v e h o w t h e

r a di us a M d e p e n ds o n t h e s c al e d d e nsit y ρ D . We us e n at ur al

u nits (s e e t a bl e 2 5. 3).

A c c or di n g t o t h e r e ds hift, t h e d y n a mi c m ass is pr o p orti o n al

t o t h e i n v ers e w a v el e n gt h M d y n ∝ 1
a M

. F or e x a m pl e, f or a M =

L P , t h er e is M d y n = M P

2 . B ot h r el ati o ns r es ult i n:

1

2 ã M
= ˜M d y n ( 2 2. 7)
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H er e w e us e t h e t er m f or t h e d e nsit y, w h er e V D d e n ot es t h e

v ol u m e of a h y p er b all wit h r a di us 1:

ρ D =
M d y n

V D · a D
(2 2. 8)

H er e b y t h e v ol u m e of a u nit b all is as f oll o ws:

V D =
π D / 2

Γ( 1 + D / 2)
; Γ(x + 1) = Γ( x ) · x ; Γ( 1) = 1; Γ

1

2
=

√
π

(2 2. 9)

We us e t h e Pl a n c k d e nsit y r el at e d t o a b all ¯ ρ D, P = M P

V D ·L D
P

(t a bl e

2 5. 3). S o w e g et:

ρ̃ D =
ρ D

ρ̄ D , P
=

˜M d y n

ã D
M

(2 2. 1 0)

I n t ot al w e g et:

1

2 ã M
= ˜M d y n = ρ̃ D · ã D

M ( 2 2. 1 1)

R es ol v e d w e g et:

ã M = ( 2 ρ̃ D ) − 1 / (D + 1) ( 2 2. 1 2)

S c h w a r z s c hil d r a di u s: We d et er mi n e t h e S c h w ar zs c hil d r a di us

b d e p e n di n g o n t h e d e nsit y. We pr o c e e d li k e Mi c h ell ( Mi c h ell

( 1 7 8 4)). We e q u at e t h e ki n eti c e n er g y 1
2 M ·v 2 w it h t h e p ot e nti al

e n er g y a n d c h o os e t h e v el o cit y of li g ht c . S o w e g et:

1

2
· c 2 =

G D · m

(D − 2 ) · b D − 2
( 2 2. 1 3)

We us e G D = G · (D − 2) · L D − 3
P a n d w e us e n at ur al u nits. S o

w e g et (t a bl e 2 5. 3):

b̃ = ( 2 ρ̃ D ) − 1 / 2 ( 2 2. 1 4)
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A

B

Fi g ur e 2 2. 4: At hi g h d e nsit y n e ar t h e Pl a n c k s c al e, ρ ≈ ρ P , t h e
s p a c e e x hi bits a gr ai n y str u ct ur e ( d ots) at t h e s c al e of t h e
Pl a n c k l e n gt h, L ≈ L P . At s u c h a d e nsit y, a l a y er of s h o r t c u t s
( d ott e d) c a n f or m s p o nt a n e o usl y. T h e c orr es p o n di n g criti c al
d e nsit y is d eri v e d i n S. ( 2 2. 3. 1).

2 2. 3 P h a s e t r a n si ti o n s i n t h e e a rl y u ni v e r s e

Q u e s ti o n : If t h e d e nsit y is i n cr e as e d i n a s yst e m of m ass es,

t h e n t h e dist a n c es b et w e e n m ass es d e cr e as e, s o t h at t h e at-

tr a cti v e f or c es b et w e e n t h e m ass es i n cr e as e. Ar e t h es e f or c es

s u ffi ci e ntl y l ar g e t o f ol d t h e s p a c e t o a hi g h er di m e nsi o n, s e e

Fi g. ( 2 2. 4) ?

2 2. 3. 1 C ri ti c al d e n si t y ρ c r. s c. f o r s h o r t c u t s

I n t his s e cti o n, w e d eri v e a n e x a m pl e of a di m e nsi o n al p h as e

tr a nsiti o n: At a criti c al d e nsit y ρ c r. c o n n. , c o n n e cti o ns of a l e n gt h

d L ≈ L P a n d wit h t h e v ol u m e d V ≈ L 3
P f or m s p o nt a n e o usl y,

f or a n ill ustr ati o n of s e v er al f or m e d c o n n e cti o ns s e e Fi g. ( 2 2. 4).

T h er e b y t h e di m e nsi o n is i n cr e as e d a n d a di m e nsi o n al p h as e

tr a nsiti o n t a k es pl a c e.

C o n di ti o n f o r t h e t r a n si ti o n: If t h e r at e of c h a n g e of t h e v ol u m e

i nsi d e t h e c o n n e cti o n ε̇ i n si d e = δ V
δ t·d V |i n si d e is n e g ati v e, t h e n t h e

s h ort c ut p er m a n e ntl y l o os es v ol u m e, s o it v a nis h es. If t h e r at e
of c h a n g e of t h e v ol u m e i nsi d e t h e c o n n e cti o n ε̇ i n si d e w o ul d b e

l ar g er t h a n z er o, t h e n t h e s h ort c ut w o ul d p er m a n e ntl y g et n e w

v ol u m e, s o t h at c a n h a p p e n f or a s h ort ti m e o nl y. If t h e r at e

of c h a n g e of t h e v ol u m e i nsi d e t h e c o n n e cti o n ε̇ i n si d e is e q u al t o
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z er o, t h e n t h e s h ort c ut c o nt ai ns a c o nst a nt a m o u nt of v ol u m e,

c orr es p o n di n gl y, t h e s h ort c ut is st a bl e. T his s h o ws t h at t h e

s h ort c ut b e c o m es st a bl e at t h e c o n diti o n ε̇ i n si d e = 0. H e n c e, at

t h e criti c al d e nsit y ρ c r. c o n n. , t h e r at e of c h a n g e of t h e v ol u m e

i nsi d e t h e c o n n e cti o n δ V
δ t·d V |i n si d e is z er o.

C o n t ri b u ti o n s t o t h e r a t e ε̇ i n si d e: S o m e v ol u m e fl o ws fr o m t h e

c o n n e cti o n t o n ei g h b ori n g r e gi o ns A a n d B, s e e Fi g. ( 2 2. 5),

at a r at e ε̇ o ut . Si mil arl y, s o m e v ol u m e fl o ws fr o m n ei g h b ori n g

r e gi o ns A a n d B t o t h e c o n n e cti o n at a n ot h er r at e ε̇ i n. T hir dl y,

s o m e v ol u m e f or ms i n t h e c o n n e cti o n at a r at e ε̇ f o r m ati o n . N e xt,

w e a n al y z e t h es e r at es i n d et ail.

R a t e of o u t w a r d fl o w: T h e r el ati v e v ol u m e pr o p a g at es wit hi n

t h e a v ail a bl e s p a c e, s e e T H M ( 1 8). S o t h e v ol u m e d V of t h e
c o n n e cti o n i n Fi g. ( 2 2. 5) c a n es c a p e t o w ar ds t h e v ol u m es A a n d

B i n t h at fi g ur e. T h e v ol u m e d V of t h e c o n n e cti o n c a n es c a p e

at t h e v el o cit y of li g ht i n t h es e t w o dir e cti o ns, s e e Fi g. ( 2 2. 5).

At t h e Pl a n c k s c al e, t h at v ol u m e c orr es p o n ds t o o n e q u a nt u m.

A n es c a p e t o w ar ds t h e v ol u m e A i n Fi g. ( 2 2. 5) t a k es t h e ti m e

dt = L P / c = tP a n d h as t h e pr o b a bilit y 5 0 %, w h er e b y tP is t h e

Pl a n c k ti m e. T h e s a m e h ol ds f or a n es c a p e t o w ar ds t h e v ol u m e

B i n Fi g. ( 2 2. 5). T h us, d uri n g t h e ti m e tP , t h e v ol u m e d V of

t h e c o n n e cti o n l e a v es t h at v ol u m e. S o t h e r at e of o ut w ar d fl o w

is as f oll o ws:
δ V

δ t
|o ut = −

d V

tP
(2 2. 1 5)

We s ol v e f or t h e r at e p er v ol u m e:

ε̇ o ut =
δ V

δ t · d V
|o ut = −

1

tP
(2 2. 1 6)

R a t e of i n w a r d fl o w: As t h e c u b e of l e n gt h L P at a r e gi o n A h as

si x e q u al s urf a c es, o n e of w hi c h is dir e ct e d t o t h e c o n n e cti o n, t h e
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δ V

δ V

d V

A ......

B ......

Fi g ur e 2 2. 5: Fl o w of v ol u m e δ V fr o m d V : We ass u m e t h at t h e
v ol u m e ess e nti all y fl o ws t o e xisti n g v ol u m e. I n or d er t o g et a n
esti m ati o n w e a n al y z e c u b es wit h l e n gt h L ≈ L P .

si xt h p art of its r at e δ V
δ t·d V |f r o m A pr o p a g at es t o t h e c o n n e cti o n:

ε̇ |f r o m A = −
1

6 · tP
(2 2. 1 7)

S o t h e r at e pr o p a g ati n g fr o m A t o t h e c o n n e cti o n is p ositi v e

a n d h as t h e a bs ol ut e v al u e of t h e a b o v e t er m:

ε̇ i n, f r o m A = +
1

6 · tP
(2 2. 1 8)

T h e s a m e r at e pr o p a g at es t o t h e c o n n e cti o n c o mi n g fr o m B. S o

w e d eri v e:

ε̇ i n =
2

6 · tP
(2 2. 1 9)

R a t e of f o r m a ti o n of v ol u m e: A d diti o n all y, t h e d e nsit y ρ of t h e

c o n n e cti o n f or ms v ol u m e. T h e e x a ct r at e d e p e n ds o n t h e s y m-

m etr y. We m o d el a n d a n al y z e t h e r at e f or t h e u ni dir e cti o n al

f or m ati o n of v ol u m e, as it m a y pr o p a g at e ort h o g o n al t o t h e

s urf a c e of t h e c u b e. S o w e g et, s e e T H Ms ( 1 7 a n d 8):

ε̇ f o r m ati o n = 8 π · G · ρ (2 2. 2 0)
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S u m of r a t e s: We a d d t h e a b o v e t hr e e r at es. S o t h e t ot al r at e

is as f oll o ws:

ε̇ i n si d e = ˙ε o ut + ˙ε i n + ˙ε f o r m ati o n ( 2 2. 2 1)

We i ns ert t h e c orr es p o n di n g t er ms a n d s et t h e r at e t o z er o:

ε̇ i n si d e =
− 1

tP
+

2

6 · tP
+ 8 π · G · ρ = 0 ( 2 2. 2 2)

We s ol v e f or t h e r o ot i n t h e a b o v e E q.:

8 π · G · ρ =
2

3 · tP
(2 2. 2 3)

We s ol v e f or t h e d e nsit y:

ρ =
1

1 8 π
·

1

t2
P · G

(2 2. 2 4)

T h e s e c o n d fr a cti o n i n t h e a b o v e E q. ( 2 2. 2 4) is e q u al t o t h e

Pl a n c k d e nsit y. S o w e d eri v e t h e f oll o wi n g f or t h e c ri ti c al d e n-

si t y of s p o n t a n e o u s c o n n e c ti o n f o r m a ti o n , ρ c r. c o n n. :

ρ c r. c o n n. =
1

1 8 π
· ρ P = 0 .0 1 8 · ρ P ( 2 2. 2 5)

In t er ms of t h e Pl a n c k d e nsit y f or a b all ρ̄ P = ρ P · 3 / ( 4π ) (s e e

a p p e n di x), w e g et:

ρ c r. c o n n. =
2

2 7
· ρ̄ P = 0 .0 7 4 · ρ̄ P ( 2 2. 2 6)

T h e o r e m 4 0 N e w v ol u m e c a n f o r m n e w c o n n e c ti o n s.

I n a D - di m e n si o n al s p a c e, n e w c o n n e cti o n s c a n f o r m a s f oll o w s:

( 1 ) S p a c e h a s at l e a st t h r e e di m e n si o n s. T h e r e a s o n i s a s f ol-

l o w s: Q u a nt a of v ol u m e p r o p a g at e i n o n e di r e cti o n. A d diti o n-

all y, i n a n a p p r o p ri at e c o o r di n at e s y st e m, t h e s e q u a nt a e x hi bit
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0 .2 0 .3 0 .4 0 .5

3

9

3 0

9 0

3 0 0

ρ̃ D , c r, c o n n.

D

Fi g ur e 2 2. 6: Di m e nsi o n D as a f u n cti o n of t h e criti c al d e nsiti es.

di a g o n al el e m e nt s of t h e v ol u m e - t e n s o r i n t h e D − 1 t r a n s-

v e r s e di r e cti o n s, a s t h e v ol u m e r e q ui r e s a n e xt e n si o n i n e a c h

di r e cti o n. T h e r e b y, t h e t r a c e of t h e D − 1 t r a n s v e r s e di r e cti o n s
i s z e r o, a s t h e r e f o r m s n o v ol u m e i n t h e s e di r e cti o n s. F o r it,

t h e r e a r e at l e a st t w o el e m e nt s of t h e v ol u m e - t e n s o r i n t h e

t r a n s v e r s e di r e cti o n s, s o t h e s e e x hi bit t r a c e z e r o. C o n s e q u e ntl y,

s p a c e h a s at l e a st t h r e e di m e n si o n s.

( 2 ) I n o r d e r t o a n al y z e t h e d y n a mi c s of n e w c o n n e cti o n s i n

Fi g. ( 2 2. 5 ), w e a n al y z e a c o n c ei v a bl e t w o- di m e n si o n al s p a c e. I n

it, n e w c o n n e cti o n s f o r mi n g t h r e e- di m e n si o n al s p a c e c a n f o r m

s p o nt a n e o u sl y at d e n siti e s a b o v e t h e c riti c al d e n sit y ρ̃ c r. c o n n. =
2
2 7 .

( 3 ) If t h e d e n sit y i n a s y st e m i s s u ffi ci e ntl y i n c r e a s e d, t h e n
t h e s y st e m e x p e ri e n c e s a s e q u e n c e of c riti c al d e n siti e s ρ̃ D, c r, c o n n. ,

at w hi c h a p h a s e t r a n siti o n f r o m D t o D + 1 t a k e s pl a c e, s e e

( C a r m e si n, 2 0 2 1 a, E q. 3. 9 3 ) a n d Fi g. 2 2. 6 ):

ρ̃ D, c r, c o n n. =
1

2
·

D

(D + 1) 3 / 2

4
D

( 2 2. 2 7)

T h u s, f o r t h e c a s e D = 2 i n p a rt ( 2 ), E q. ( 2 2. 2 7 ) p r o vi d e s
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Fi g ur e 2 2. 7: 2 1 6 m a g n eti c b alls m o d el l o c al o bj e cts or o bs er v a bl e
r e gi o ns at hi g h d e nsit y a n d ill ustr at e t h e r el ati o n b et w e e n t h e
dist a n c e a n d t h e di m e nsi o n D : If t h e di m e nsi o n i n cr e as es fr o m
t w o (ri g ht) t o t hr e e (l eft), t h e n t h e l ar g est dist a n c e d e cr e as es.
M or e g e n er all y a n d c o n v ers el y, a d e cr e as e of t h e di m e nsi o n D
i m pli es a n i n cr e as e of t h e l ar g est dist a n c e.

ρ̃ 2 , c r, c o n n. = 1
2 · 2

3 3 / 2

4
2 = 2

2 7 .

( 4 ) I n p a rti c ul a r, t h r e e- di m e n si o n al s p a c e e m e r g e s f r o m f o u r-

di m e n si o n al s p a c e at t h e f oll o wi n g c riti c al d e n sit y:

ρ̃ 3 , c r, c o n n. =
1

2
·

3

4 3 / 2

4
3

= 0 .1 3 5 2 ( 2 2. 2 8)

2 2. 3. 2 Di m e n si o n al h o ri z o n D h o ri z o n

I n t h e ti m e e v ol uti o n of t h e u ni v ers e, t h e d e nsit y w as hi g h i ni-

ti all y, a n d it d e cr e as e d as a f u n cti o n of t h e ti m e. S o t h e di m e n-

si o n D w as hi g h ori gi n all y n e ar or at t h e Pl a n c k s c al e. T h e n

t h e d e nsit y d e cr e as e d a c c or di n g t o t h e F L E 1 , a n d w h e n e v er a

criti c al d e nsit y w as r e a c h e d, a di m e nsi o n al p h as e tr a nsiti o n r e-

d u c e d t h e di m e n si o n of s p a c e . S o D d e cr e as e d u ntil D = 3

w as a c hi e v e d. T h at pr o c ess is c all e d di m e n si o n al u nf ol di n g

or c o s mi c u nf ol di n g , C ar m esi n ( 2 0 2 1 d), C ar m esi n ( 2 0 1 7).

D uri n g t h e pr o c ess of di m e nsi o n al u nf ol di n g, t h e di m e nsi o n

D d e cr e as e d, a n d t h er e b y t h e dist a n c es w er e e nl ar g e d, s e e Fi g.

( 2 2. 7). At a tr a nsiti o n fr o m a di m e nsi o n D + s t o a di m e nsi o n

1 F or it, a v er si o n of t h e F L E a p pli c a bl e i n di m e n si o n D h a s b e e n d eri v e d, C ar m e si n
( 2 0 2 1 a)).
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D , t h e dist a n c es e nl ar g e b y a s o- c all e d di m e n si o n al di s t a n c e

e nl a r g e m e n t f a c t o r Z D + s → D , ( C ar m esi n, 2 0 2 1 d, 8. 2. 9). T h e

s p a c e t h at is e n cl os e d i n t h e a ct u al li g ht h ori z o n a c hi e v e d a

l ar g est di m e nsi o n, t h e s o- c all e d di m e n si o n al h o ri z o n , D h o ri z o n

or s h ortl y D h o ri , ( C ar m esi n, 2 0 2 1 d, 8. 2. 1 0). T h er e b y t h e f oll o w-

i n g r el ati o n h ol ds:

Z D h o r i → D = 3 = 2 (D h o r i − 3) / 3 ( 2 2. 2 9)

I n or d er t o d et er mi n e t h e di m e nsi o n al h ori z o n, w e us e t h e

c o m pl et e s c al e f a ct or k D h o r i → t0
r a n gi n g fr o m t h e di m e nsi o n al

h ori z o n u ntil t o d a y. If t hr e e- di m e nsi o n al s p a c e e x p a n ds a c c or d-

i n g t o a s c al e f a ct or k ρ̃ r, 1 → ρ̃ r, 2
r a n gi n g fr o m a st at e at a d e nsit y of

r a di ati o n ρ̃ r, 1 t o w ar ds a st at e at a d e nsit y of r a di ati o n ρ̃ r, 2 , t h e n

t h e v ol u m e i n cr e as es b y t h e f a ct or k 3
ρ̃ r, 1 → ρ̃ r, 2

, a n d t h e e n er g y of

r a di ati o n d e cr e as es b y t h e f a ct or 1 / k ρ̃ r, 1 → ρ̃ r, 2
, a c c or di n g t o t h e

r e ds hift. T h us, t h e d e nsit y of r a di ati o n ρ̃ r, 1 d e cr e as es b y t h e

f a ct or 1/ k 4
ρ̃ r, 1 → ρ̃ r, 2

:

ρ̃ r, 2 = ρ̃ r, 1 / k 4
ρ̃ r, 1 → ρ̃ r, 2

or k ρ̃ r, 1 → ρ̃ r, 2
=

ρ̃ r, 1

ρ̃ r ,2

1 / 4

( 2 2. 3 0)

At t h e o ns et of di m e nsi o n al tr a nsiti o ns, t h e d e nsit y of r a di ati o n

is alr e a d y n e ar t h e Pl a n c k d e nsit y. T h e n c e, t h e d e nsit y of r a di-

ati o n d o es o nl y sli g htl y c h a n g e i n t h e er a of di m e nsi o n al p h as e

tr a nsiti o ns. T h us, at a g o o d a p pr o xi m ati o n, E q. ( 2 2. 3 0) c a n

b e a p pli e d t o t h e f ull e x p a nsi o n r a n gi n g fr o m t h e di m e nsi o n al

h ori z o n t o w ar ds t h e pr es e nt- d a y st at e, ( C ar m esi n, 2 0 2 1 d, E q.

8. 7 9):

k D h o r i → t0
≈

ρ̃ r, D h o r i

ρ̃ r ,t0

1 / 4

≈ 2 .9 6 · 1 0 3 1 ( 2 2. 3 1)

A c c or di n gl y, t h e s c al e f a ct or k ρ D = 3 , c→ t0
r a n gi n g fr o m t h e st at e

at t h e di m e nsi o n al p h as e tr a nsiti o n at t hr e e- di m e nsi o n al s p a c e

t o w ar ds t h e pr es e nt- d a y st at e is al m ost t h e s a m e as k D h o r i → t0
:

k D h o r i → t0
≈ k ρ D = 3 , c→ t0

( 2 2. 3 2)
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A d diti o n all y, w e a p pl y t h e c o m pl et e e nl ar g e m e nt f a ct or q D h o r i → t0

r a n gi n g fr o m t h e di m e nsi o n al h ori z o n u ntil t o d a y, a n d w e f or m

t h e fr a cti o n:

Z D h o r i → D = 3 =
q D h o r i → t0

k D h o r i → t0

( 2 2. 3 3)

H er e b y, t h e c o m pl et e e nl ar g e m e nt r a n g es fr o m t h e Pl a n c k

l e n gt h L P t o w ar ds t h e li g ht h ori z o n R L H . T h e c orr es p o n di n g

c o m pl et e e nl ar g e m e nt f a ct or is as f oll o ws, ( C ar m esi n, 2 0 2 1 d,

E q. 8. 8 0):

q D h o r i → t0
=

R L H (t0 )

L P
≈ 2 .5 6 · 1 0 6 1 ( 2 2. 3 4)

T h e e x a ct v al u e of t h e di m e nsi o n al h ori z o n d e p e n ds o n t h e d e-

t ails of t h e di m e nsi o n al p h as e tr a nsiti o ns, a n d t h es e d e p e n d o n

t h e d et ails of t h e fl ui d i n t h e e arl y u ni v ers e. H o w e v er, all r e alis-

ti c c as es s h o w t h at t h e a ct u al v al u e of t h e di m e nsi o n al h ori z o n

is as f oll o ws, ( C ar m esi n, 2 0 2 1 d, 8. 2. 1 0):

D h o ri ∈ [ 3 0 1, 3 0 2] ( 2 2. 3 5)

T h e di m e nsi o n al dist a n c e e nl ar g e m e nt f a ct or is s h o w n as a f u n c-

ti o n of t h e di m e nsi o n i n Fi g. ( 2 2. 8).

F or t h e c as e of t h e B os e g as, t h e criti c al d e nsit y at t h e di-

m e nsi o n al h ori z o n is pr a cti c all y e q u al t o t h e m a xi m al p ossi bl e

v al u e 0. 5:

ρ̃ D h o r i , c ≈ 0 .5 ( 2 2. 3 6)

F or t h e m or e r e alisti c c as e of t h e bi n ar y fl ui d i n t h e e arl y

u ni v ers e, t h e di m e nsi o n al h ori z o n is as f oll o ws, s e e ( C ar m esi n,

2 0 2 1 d, E q. 8. 8 2):

D h o ri ≈ 3 0 1 .3 ( 2 2. 3 7)

2 2. 4 Q u a n t a of d a r k e n e r g y

Q u e s ti o n s : T h e v ol u m e di d alr e a d y e xist at t h e di m e nsi o n al

h ori z o n. W h at is t h e e n er g y of q u a nt a of v ol u m e at t h e Pl a n c k
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0 5 0 1 0 0 1 5 0 2 0 0 2 5 0 3 0 0
1 0 − 2

1 0 6

1 0 1 4

1 0 2 2

1 0 3 0

D h o ri

Z
D

ho
ri

→
D

=3

Fi g ur e 2 2. 8: Di m e nsi o n al dist a n c e e nl ar g e m e nt f a ct or Z D h o r i → D = 3
as a f u n cti o n of t h e di m e nsi o n al h ori z o n D h o ri .

s c al e ? H o w di d t h at e n er g y of q u a nt a of v ol u m e e v ol v e d uri n g

c os mi c u nf ol di n g ? W h at ar e t h e dir e cti o ns of p ol ari z ati o n of

t h es e q u a nt a ? W h at is t h e d e nsit y of v ol u m e of t h es e q u a nt a

of v ol u m e ?

2 2. 4. 1 C a u s al li mi t a ti o n p r o vi d e s Z P E

As t h e v ol u m e pr o p a g at es at v = c , it is q u a nti z e d, a n d t h e

e n er g y is r el at e d t o t h e w a v el e n gt h as f oll o ws ( c h a pt er 4):

E v ol, D h o r i
=

· c

λ v ol, D h o r i

( 2 2. 3 8)

T h e a v ail a bl e s p a c e is li mit e d b y t h e c a us al h ori z o n L P . S o, t h e

l o w est e n er g y is at λ v ol, D h o r i
= 2 L P :

E v ol, D h o r i
=

· c

2 L P
=

E P

2
(2 2. 3 9)

2 2. 4. 2 I n c r e a s e b y di m e n si o n al u nf ol di n g

D uri n g t h e di m e nsi o n al p h as e tr a nsiti o ns r a n gi n g fr o m t h e di-

m e nsi o n al h ori z o n D h o ri t o w ar ds t hr e e- di m e nsi o n al s p a c e D =

3, t h e s p a c e is e nl ar g e d b y t h e di m e nsi o n al dist a n c e e nl ar g e m e nt
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f a ct or Z D h o r i → 3 . As s p a c e is f or m e d b y t h e q u a nt a of v ol u m e,

t h eir w a v el e n gt h is e nl ar g e d b y t h at f a ct or. C o ns e q u e ntl y, t h eir

e n er g y is di vi d e d b y t h at f a ct or.

At e a c h di m e nsi o n, t h er e ar e D − 1 tr a ns v ers e dir e cti o ns,

e a c h r e pr es e nti n g a dir e cti o n of p ol ari z ati o n, s e e T H M ( 4 0, p art

( 1)). T h us, 3 0 0 tr a ns v ers e dir e cti o ns of p ol ari z ati o n at t h e di-

m e nsi o n al h ori z o n D h o ri = 3 0 1 r e d u c e t o t w o dir e cti o ns of p o-

l ari z ati o n at t h e pr es e nt- d a y t hr e e- di m e nsi o n al s p a c e, D = 3.

T h e n c e, t h e e n er g y is r e d u c e d b y t h e p ol ari z ati o n f a ct or:

D h o ri − 1

2
= 1 5 0 ( 2 2. 4 0)

Alt o g et h er, at t h e e m er g e n c e of t hr e e- di m e nsi o n al s p a c e at t h e

criti c al d e nsit y ρ D = 3 , c, t h e e n er g y of a q u a nt u m of v ol u m e is as

f oll o ws:

E v ol, ρ D = 3 , c
= E v ol, D h o r i

·
1

1 5 0 · Z D h o r i → 3
=

E P

3 0 0 · Z D h o r i → 3
( 2 2. 4 1)

2 2. 4. 3 Di m e n si o n al di s t a n c e e nl a r g e m e n t f a c t o r

T h e di m e nsi o n al dist a n c e e nl ar g e m e nt f a ct or is as f oll o ws, s e e

E qs. ( 2 2. 3 3, 2 2. 3 4):

Z D h o r i → 3 =
R L H

L P · k ρ D = 3 ,c → t0

( 2 2. 4 2)

T h er e b y, t h e li g ht h ori z o n is as f oll o ws:

R L H =
K L H · c

H 0
w it h K L H =

R L H

R H 0

= 2 .9 9 2 6 ( 2 2. 4 3)

H er e b y, t h e v al u e of H 0 of t h e h o m o g e n e o us u ni v ers e is a p-

pr o pri at e, as t h e e arl y u ni v ers e h as b e e n v er y h o m o g e n e o us,

s e e c h a pt er ( 2 1). A d diti o n all y, t h e e x p a nsi o n of s p a c e c a n b e

d es cri b e d wit h h el p of t h e d e nsit y of r a di ati o n. As r a di ati o n
e x hi bits r e ds hift, t h e e x p a nsi o n f a ct or is as f oll o ws, C ar m esi n
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( 2 0 1 9 b), H o bs o n et al. ( 2 0 0 6), E qs. ( 2 2. 3 0, 2 2. 3 1, 2 2. 3 2):

k ρ c → t0
=

ρ D = 3 , c

ρ r ,0

1 / 4

=
ρ̃ D = 3 , c

ρ̃ r ,0

1 / 4

( 2 2. 4 4)

H er e b y, t h e pr es e nt- d a y d e nsit y c a n b e d es cri b e d wit h h el p of

t h e d e nsit y p ar a m et er, C ar m esi n ( 2 0 1 9 b), H o bs o n et al. ( 2 0 0 6):

ρ r, 0 = Ω r, 0 · H 2
0 ·

3

8 π G
wit h Ω r, 0 = 9 .2 6 5 · 1 0 − 5 ; ˜ρ r, 0 =

ρ r, 0

ρ̄ P
(2 2. 4 5)

2 2. 4. 4 E nl a r g e m e n t of w a v el e n g t h of q u a n t a of v ol u m e

If t h e di m e nsi o n c h a n g es fr o m t h e di m e nsi o n al h ori z o n D h o ri

t o a di m e nsi o n D , t h e n t h e f oll o wi n g di m e nsi o n al dist a n c e e n-

l ar g e m e nt f a ct or o c c urs, s e e ( C ar m esi n, 2 0 2 1 d, T H M 2 6):

Z D h o r i → D = 2
D h o r i − D

D (2 2. 4 6)

C o ns e q u e ntl y, if t h e di m e nsi o n c h a n g es fr o m a di m e nsi o n D 1

t o a di m e nsi o n D 2 , t h e n t h e f oll o wi n g di m e nsi o n al dist a n c e e n-

l ar g e m e nt f a ct or o c c urs:

Z D 1 → D 2
= Z D h o r i → D 2

/ Z D h o r i → D 1
( 2 2. 4 7)

T h er e b y, t h e w a v el e n gt h of a q u a nt u m of v ol u m e c h a n g es as

f oll o ws:

λ v ol, D 2
= λ v ol, D 1

· Z D 1 → D 2
( 2 2. 4 8)

2 2. 4. 5 D e n si t y of v ol u m e

At t h e di m e nsi o n al h ori z o n, t h e a v ail a bl e s p a c e is a h y p er b all

wit h r a di us L P . D uri n g t h e di m e nsi o n al p h as e tr a nsiti o ns t o-

w ar ds t hr e e- di m e nsi o n al s p a c e, t h e r a di us is e nl ar g e d b y t h e

di m e nsi o n al dist a n c e e nl ar g e m e nt f a ct or Z D h o r i → 3 . T h us, t h e

e nl ar g e d r a di us is t h e f oll o wi n g pr o d u ct:

R e nl a r g e d = L P · Z D h o r i → 3 , ( 2 2. 4 9)
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T h e n c e, t h e e nl ar g e d v ol u m e is as f oll o ws:

V e nl a r g e d = R 3
e nl a r g e d ·

4 π

3
= L 3

P · Z 3
D h o r i → 3 ·

4 π

3
(2 2. 5 0)

T h e n c e, t h e d e nsit y at t hr e e- di m e nsi o n al v ol u m e at ρ c is t h e

d y n a mi c al m ass
E v ol, ρ D = 3 , c

c 2 d i vi d e d b y t h e e nl ar g e d v ol u m e:

ρ v ol, ρ D = 3 , c
=

E v ol, ρ D = 3 , c

c 2

1

L 3
P · Z 3

D h o r i → 3
4 π
3

(2 2. 5 1)

We us e t h e e n er g y i n E q. ( 2 2. 4 1):

ρ v ol, ρ D = 3 , c
=

E P / c 2

3 0 0 Z D h o r i → 3

1

L 3
P · Z 3

D h o r i → 3
4 π
3

(2 2. 5 2)

T h e Pl a n c k d e nsit y of a b all is as f oll o ws, s e e a p p e n di x:

ρ̄ P =
E P / c 2

4 π
3 L 3

P

(2 2. 5 3)

T h us, t h e d e nsit y of v ol u m e is as f oll o ws:

ρ v ol, ρ D = 3 , c
= ρ̄ P ·

1

3 0 0 · Z 4
D h o r i → 3

. We s u m m ari z e : ( 2 2. 5 4)

T h e o r e m 4 1 ρ v ol, ρ D = 3 , c
e m e r gi n g a t p h a s e t r a n si ti o n

( 1 a ) T h e q u a nt a of v ol u m e h a v e o n e di r e cti o n of p r o p a g ati o n

a n d D − 1 di r e cti o n s of t r a n s v e r s e p ol a ri z a ti o n .

( 1 b ) A s a c o n s e q u e n c e of p a rt ( 1 a ), s p a c e h a s at l e a st t h r e e

di m e n si o n s, D ≥ 3 .

( 2 a ) At t h e e n d of ’ c o s mi c i n fl ati o n’, t h e r e o c c u r s a di m e n si o n al

p h a s e t r a n siti o n t o w a r d s t h r e e- di m e n si o n al s p a c e , D = 3 .

T h at t r a n siti o n t a k e s pl a c e at a c riti c al d e n sit y ρ D = 3 , c.

( 2 b ) At t h e di m e n si o n al p h a s e t r a n siti o n at t h e d e n sit y ρ D = 3 , c,

t h e r e e m e r g e q u a nt a of v ol u m e wit h t h e f oll o wi n g e n e r g y:

E v ol, ρ D = 3 , c
=

E P

3 0 0 · Z D h o r i → 3
( 2 2. 5 5)
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( 3 a ) At t h e di m e n si o n al p h a s e t r a n siti o n at t h e d e n sit y ρ D = 3 , c,

t h e e m e r gi n g q u a nt a of v ol u m e h a v e t h e f oll o wi n g d e n si t y of

v ol u m e :

ρ v ol, ρ D = 3 , c
=

H 2
0

4 π G
· ρ̃ D = 3 , c · 2 .6 9 1 5 ( 2 2. 5 6)

T hi s r e s ult i s o bt ai n e d b y c o m bi ni n g t h e a b o v e r el ati o n s.

( 3 b ) T h e r e b y, t h e f r a cti o n i n t h e a b o v e e q u ati o n i s e q u al t o t h e

d e n sit y of v ol u m e ρ v ol,t h e o o c c u r ri n g i n t h e p r o c e s s of p e r m a n e nt

f o r m ati o n of v ol u m e i n t h r e e- di m e n si o n al s p a c e, s e e T H M ( 3 6 ):

ρ v ol, ρ D = 3 , c
= ρ v ol,t h e o · ρ̃ D = 3 , c · 2 .6 9 1 5 ( 2 2. 5 7)

( 3 c ) If t h e c riti c al d e n sit y i s

ρ̃ D = 3 , c =
1

2 .6 9 1 5
= 0 .3 7 1 5 , ( 2 2. 5 8)

T h e n t h e t w o d e n siti e s a r e e q u al:

t h e d e n sit y of v ol u m e ρ v ol, ρ D = 3 , c
e m e r gi n g i n t h e p r o c e s s of c o s mi c

u nf ol di n g ( E q. 2 2. 5 7 )

a n d t h e d e n sit y of v ol u m e ρ v ol,t h e o o c c u r ri n g i n t h e p r o c e s s of p e r-

m a n e nt f o r m ati o n of v ol u m e i n t h r e e- di m e n si o n al s p a c e ( T H M

3 6 ).

( 3 d ) A s t h e d e n sit y i s a cl a s si c al q u a ntit y, it d e p e n d s o n t h e

u ni v e r s al c o n st a nt s G a n d c o nl y, w h e r e a s t h e d e n sit y d o e s n ot

d e p e n d o n t h e Pl a n c k c o n st a nt, s e e E q. ( 2 2. 5 7 ).

( 4 ) T h e di m e n si o n al p h a s e t r a n si ti o n at ρ v ol, ρ D = 3 , c
h a s b e e n

m o d el e d b y f o u r i n d e p e n d e nt m o d el s:

( 4 a ) I n a B o s e g a s, t h e c riti c al d e n sit y h a s t h e f oll o wi n g v al u e

ρ v ol, ρ D = 3 , c
= 0 .4 3 5 , C a r m e si n ( 2 0 2 1 d ), S a wit z ki a n d C a r m e si n

( 2 0 2 1 ).

( 4 b ) I n a m o d el u si n g t w o r e p r e s e nt ati v e o bj e ct s, si mil a rl y a s i n

t h e v a n d e r W a al s m o d el, t h e c riti c al d e n sit y h a s t h e f oll o wi n g

v al u e ρ v ol, ρ D = 3 , c
= 0 .1 1 5 6 9 , ( C a r m e si n, 2 0 2 1 a, s e cti o n 3. 4. 5 ).
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( 4 c ) I n a m o d el d e s c ri bi n g v ol u m e c o n n e cti n g v ol u m e, t h e c rit-

i c al d e n sit y h a s t h e f oll o wi n g v al u e ρ v ol, ρ D = 3 , c
= 0 .1 3 5 2 , s e e f o r

i n st a n c e ( C a r m e si n, 2 0 2 1 a, T H M 1 ).

( 4 d ) I n a m o d el u si n g t w o d r o pl et s, t h e c riti c al d e n sit y h a s t h e

f oll o wi n g v al u e ρ v ol, ρ D = 3 , c
= 0 .3 7 , s e e ( C a r m e si n a n d S c h ö n e b e r g,

2 0 2 2, Fi g. 4 ).

Alt o g et h e r, t h e m o d el s of t h at p h a s e t r a n siti o n p r o vi d e t h e f ol-

l o wi n g i nt e r v al f o r t h e c riti c al d e n sit y:

ρ̃ D = 3 , c ∈ [ 0.1 1 5 6 9 , 0 .4 3 5] ( 2 2. 5 9)

T h e v al u e ρ v ol, ρ D = 3 , c
= 0 .3 7 1 5 of t h e c riti c al d e n sit y p r o vi d e s

e q u alit y of d a r k e n e r g y at D > 3 a n d at D = 3 .

T h at v al u e ρ v ol, ρ D = 3 , c
= 0 .3 7 1 5 i s i n t h e i nt e r v al of m o d el e d

v al u e s.

M o r e o v e r, t h at v al u e ρ v ol, ρ D = 3 , c
= 0 .3 7 1 5 i s p r a cti c all y e q u al

t o t h e v al u e o bt ai n e d i n t h e d r o pl et m o d el ρ v ol, ρ D = 3 , c, d r o pl et = 0 .3 7 .

( 5 ) T h e e n e r g y of v ol u m e i s q u a n ti z e d :

( 5 a ) T h e t ot al cl a s si c al v al u e of t h e e n e r g y of v ol u m e i s z e r o, a s

ki n eti c a n d p ot e nti al e n e r g y d e n siti e s c a n c el e a c h ot h e r.

( 5 b ) T h e q u a nt a of v ol u m e e x hi bit a z e r o- p oi nt e n e r g y, Z P E.

At t h e c riti c al d e n sit y ρ D = 3 , c, e a c h q u a nt u m of e n e r g y h a s t h e

f oll o wi n g v al u e:

E v ol, ρ D = 3 , c
=

E P

3 0 0 · Z D h o r i → 3
= 4 3 .9 µ e V ( 2 2. 6 0)

( 5 c ) I n g e n e r al, a q u a nt u m of v ol u m e wit h a w a v el e n gt h λ e x-

hi bit a z e r o- p oi nt e n e r g y f ul filli n g t h e f oll o wi n g r el ati o n:

E v ol =
h · c

λ
(2 2. 6 1)

( 5 d ) Q u a nt a of v ol u m e c a n t a k e p a rt i n p h a s e t r a n siti o n s. S u c h

p h a s e t r a n siti o n s c a n p r o vi d e hi g h e r di m e n si o n al s p a c e, m att e r,
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C a r m e si n ( 2 0 2 1 a ), C a r m e si n ( 2 0 2 2 c ), a n d f u n d a m e nt al i nt e r-

a cti o n s, C a r m e si n ( 2 0 2 1 e ), C a r m e si n ( 2 0 2 2 e ).

( 6 ) T h e v ol u m e e x t e n d s a s f oll o w s:

( 6 a ) I n D - di m e n si o n al s p a c e, e a c h q u a nt u m of v ol u m e h a s D − 1

t r a n s v e r s e di r e cti o n s of p ol a ri z ati o n a n d o n e di r e cti o n of p r o p a-

g ati o n. I n t hi s m a n n e r, e a c h q u a nt u m fill s D - di m e n si o n al v ol-

u m e.

( 6 b ) A q u a nt u m of e n e r g y δ E v ol h a s t h e f oll o wi n g 3 D - v ol u m e:

δ V =
δ E v ol

u v ol
= 2 π R 2

H 0

2 G · δ E v ol / c
2

c 2
= 2 · π R 2

H 0
· R S ( 2 2. 6 2)

R S =
2 G · δ E v ol / c

2

c 2
(2 2. 6 3)

( 6 c ) A q u a nt u m of e n e r g y E v ol, ρ D = 3 , c
h a s t h e f oll o wi n g w a v e-

l e n gt h:

λ = L P ·3 0 0 ·Z D h o r i → 3 = 6 .6 1 6 ·1 0 − 3 5 m ·3 0 0 ·9 .2 6 ·1 0 2 9 = 4 , 5 m m

( 2 2. 6 4)

( 6 d ) A q u a nt u m of e n e r g y E v ol, ρ D = 3 , c
h a s t h e f oll o wi n g v ol u m e:

δ V = 2 · π R 2
H 0

· R S = 1 .4 · 1 0 − 1 4 m 3 = 1 .4 · 1 0 − 5 m m 3 ( 2 2. 6 5)

( 7 ) A s q u a nt a of v ol u m e a r e z e r o- p oi nt o s cill ati o n s, Z P O s, wit h

Z P E, t h ei r e n e r g y i s n ot a v ail a bl e f o r t r a n sf o r m ati o n t o ot h e r

o bj e ct s. T h u s, t h e u ni v e r s alit y of t h e p o siti o n f a ct o r d o e s n ot

a p pl y, s e e T H M ( 4 ). H e n c e, t h e q u a nt a of v ol u m e d o N O T

e x hi bit a r e d s hift i n t h e vi ci nit y of a m a s s o r d y n a mi c al m a s s.

I n c o nt r a st, t h e q u a nt a of v ol u m e e x hi bit a c h a n g e of t h e

w a v el e n gt h at e a c h di m e n si o n al p h a s e t r a n siti o n. A n i n c r e a s e of

t h e w a v el e n gt h of a q u a nt u m of v ol u m e at a di m e n si o n al p h a s e

t r a n siti o n i s c all e d r e d c h a n g e , gl o s s a r y. Si mil a rl y, r a di ati o n

d o e s n ot e x hi bit a r e d s hift o r a r e d c h a n g e at a di m e n si o n al p h a s e
t r a n siti o n.
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( 8 ) If q u a nt a of v ol u m e f o r m a m a s s b y a p h a s e t r a n siti o n,

t h e n t h e t r a n sf o r m e d q u a nt a a r e n o l o n g e r Z P O s, t h e y a r e at

t r a n sf o r m e d o r e x cit e d st at e s. T h u s, t h e t r a n sf o r m e d q u a nt a

h a v e e n e r g y t h at i s a v ail a bl e f o r t r a n sf o r m ati o n t o ot h e r o bj e ct s.

T h e n c e, t h e u ni v e r s alit y of t h e p o siti o n f a ct o r d o e s a p pl y, s e e

T H M ( 4 ).

( 9 ) Alt o g et h e r, t h e d a r k e n e r g y i n t h r e e- di m e n si o n al s p a c e a n d

t h e d a r k e n e r g y at ’ c o s mi c i n fl ati o n’ a r e d e ri v e d i n a u ni fi e d

m a n n e r . H e r e b y, t h e d e ri v e d r e s ult s a r e i n p r e ci s e a c c o r d a n c e

wit h o b s e r v ati o n. T h e r e b y, n o h y p ot h e si s h a s b e e n i nt r o d u c e d

at all. M o r e o v e r, n o fit i s e x e c ut e d. F o r it, t h e p a r a m et e r s of

t h e v ol C D M - m o d el h a v e b e e n d e ri v e d f r o m fi r st p ri n ci pl e s i n

C a r m e si n ( 2 0 2 1 a ).

P r o of : T h e pr o of is pr o vi d e d wit hi n t h e t h e or e m.

I n or d er t o pr o vi d e a d diti o n al s u p p ort, t h e d eri v ati o n of E q.

( 2 2. 5 7) is el a b or at e d h er e i n d et ail: A c c or di n g t o E q. ( 2 2. 5 4),

t h e d e nsit y of v ol u m e is as f oll o ws:

ρ v ol, ρ D = 3 , c
= ρ̄ P · Z − 4

D h o r i → 3 ·
1

3 0 0
(2 2. 6 6)

I n t h e a b o v e d e nsit y ( E q. 2 2. 6 6), w e e x pr ess t h e di m e nsi o n al

dist a n c e e nl ar g e m e nt f a ct or Z D h o r i → 3 wit h E q. ( 2 2. 4 2):

ρ v ol, ρ D = 3 , c
= ρ̄ P ·

L 4
P · k 4

ρ D = 3 , c→ t0

R 4
L H

·
1

3 0 0
(2 2. 6 7)

I n t h e a b o v e d e nsit y ( E q. 2 2. 6 7), w e i n cl u d e t h e t er ms f or t h e

li g ht h ori z o n ( E q. 2 2. 4 3) a n d f or t h e s c al e f a ct or ( E q. 2 2. 4 4):

ρ v ol, ρ D = 3 , c
= ρ̄ P ·

L 4
P H 4

0

c 4 K 4
L H

·
ρ̃ D = 3 , c

ρ̃ r ,0
·

1

3 0 0
(2 2. 6 8)

I n t h e a b o v e d e nsit y ( E q. 2 2. 6 8), w e i n cl u d e t h e t er ms f or t h e
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d e nsit y of r a di ati o n ( E q. 2 2. 4 5) 2 :

ρ v ol, ρ D = 3 , c
= ρ̄ 2

P ·
L 4

P H 4
0

c 4 K 4
L H

·
G

H 2
0

ρ̃ D = 3 , c

Ω r ,0

8 π

3
·

1

3 0 0
(2 2. 6 9)

We si m plif y t h e a b o v e t er m:

ρ v ol, ρ D = 3 , c
= ( ρ̄ 2

P L 4
P ) ·

H 2
0

c 4
· G

ρ̃ D = 3 , c

3 0 0 Ω r ,0 K 4
L H

8 π

3
(2 2. 7 0)

A c c or di n g t o t h e Pl a n c k u nits, s e e a p p e n di x, t h e a b o v e br a c k et

is e q u al t o 3
4 π

2 c 4

G 2 . T h us, t h e d e nsit y ( E q. 2 2. 7 0) is as f oll o ws:

ρ v ol, ρ D = 3 , c
=

H 2
0

4 π G
·

ρ̃ D = 3 , c

3 0 0 Ω r ,0 K 4
L H

8 π

3

9

4 π
o r ( 2 2. 7 1)

ρ v ol, ρ D = 3 , c
=

H 2
0

4 π G
·

ρ̃ D = 3 , c

5 0 Ω r ,0 K 4
L H

=
H 2

0

4 π G
· ρ̃ D = 3 , c · 2 .6 9 1 5 , q .e .d .

( 2 2. 7 2)

2 W e r e mi n d t h at Ω r, 0 h a s b e e n u s e d t o q u a ntif y t h e r e d s hift e x p eri e n c e d b y r a di a-
ti o n. M or e g e n er all y, a n a n al y si s of all e n er g y t r a n sf or m ati o n s, i n cl u di n g r e d s hift s a n d
r e d c h a n g e s, r a n gi n g fr o m t h e e arl y u ni v er s e at t h e Pl a n c k s c al e t o w ar d s t h e p r e s e nt- d a y
u ni v er s e, s e e C ar m e si n ( 2 0 2 0 b) or C ar m e si n ( 2 0 2 1f).
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D e ri v a ti o n of G R

I n t his c h a pt er, w e s h o w t h at t h e Ei nst ei n fi el d e q u ati o n, E F E,

is a c o ns e q u e n c e of t h e s p a c eti m e q u a dr u pl e, S Q, i n a s e mi-

cl assi c al li mit. T h e E F E d es cri b es t h e c ur v at ur e of s p a c eti m e.

O bj e cts e x hi bit g e o d esi c m oti o n. T h at m oti o n is o bt ai n e d fr o m

t h e pri n ci pl e of e xtr e m al a cti o n d eri v e d fr o m t h e S Q i n a s e mi-

cl assi c al li mit.

2 3. 1 C u r v a t u r e of s p a c e ti m e i s i n cl u d e d i n

t h e S Q

T h e s p a c eti m e q u a dr u pl e, S Q, i n cl u d es b ot h ess e nti al dist a n c es,

t h e gr a vit ati o n al p ar all a x dist a n c e, d G P a n d t h e li g ht-tr a v el dis-
t a n c e d L T .

T h e li g ht-tr a v el dist a n c e d L T i n cl u d es t h e c ur v at ur e of s p a c e-

ti m e. S o, t h e S Q i n cl u d es t h e ori es t h at d es cri b e t h e c ur v at ur e

of s p a c eti m e. T h er e ar e s e v er al s u c h t h e ori es. E arl y t h e ori es

a b o ut t h e c ur v at ur e of s p a c eti m e h a v e b e e n pr o p os e d b y Ei n-

st ei n ( 1 9 1 1 a) or N or dstr o m ( 1 9 1 3). T h e pr es e ntl y us e d a n d v er y

s u c c essf ul t h e or y of g e n er al r el ati vit y, G R, h as b e e n pr o p os e d

b y Ei nst ei n ( 1 9 1 5) a n d Hil b ert ( 1 9 1 5). T h at t h e or y c a n b e r e p-

r es e nt e d b y t h e Ei nst ei n fi el d e q u ati o ns, s e e Ei nst ei n ( 1 9 1 5) or

e. g. ( H o bs o n et al., 2 0 0 6, s e cti o n 1 9. 1 2).

S o, t h e q u esti o n aris es, w h et h er G R a n d t h e E F E c a n b e

2 9 3
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d eri v e d fr o m t h e S Q. B y c o nstr u cti o n, G R is a n o n- q u a nti z e d

( cl assi c al or s e mi cl assi c al) t h e or y, L e e ( 1 9 9 7), Ei nst ei n ( 1 9 1 5),

Hil b ert ( 1 9 1 5). I n c o ntr ast, t h e S Q i n cl u d es t h e q u a nti z ati o n

i n c h a pt ers ( 4, 1 4). S o, G R a n d t h e E F E c a n o nl y b e d eri v e d

i n a s e mi cl assi c al li mit wit hi n t h e S Q.

2 3. 2 S e mi cl a s si c al li mi t vi a p a t h i n t e g r al s

S u c h a s e mi cl assi c al li mit c a n b e o bt ai n e d b y t h e p at h i nt e-

gr al m et h o d Fe y n m a n ( 1 9 4 8), ( B all e nti n e, 1 9 9 8, s e cti o n 4. 8).

H er e b y, t h e c o n c e pt of a p at h is a s e mi cl assi c al c o n c e pt, as

cl assi c al p at hs d o n ot e xist a c c or di n g t o t h e H eis e n b er g u n c er-

t ai nt y pri n ci pl e, w hi c h is a c o ns e q u e n c e of t h e p ost ul at es of Q P,

( B all e nti n e, 1 9 9 8, s e cti o n 8. 4), ( K u m ar, 2 0 1 8, s e cti o n 3. 1 0).

I n t h e p at h i nt e gr al m et h o d, all p at hs x (τ ) c o n n e cti n g a n i ni-

ti al p oi nt (t0 , x0 ) a n d a fi n al p oi nt ( t, x) ar e c o nsi d er e d. F or e a c h

p at h, a n a cti o n S [x (τ )] is d e v el o p e d. If t h e q u a nt u m s yst e m is

i niti all y at (t0 , x0 ), t h e n t h e S E Q i m pli es t h at t h e pr o b a bilit y

t o fi n d t h e s yst e m at t h e fi n al p oi nt ( t, x) is pr o p orti o n al t o

|f (t0 , x0 , t, x)|2 wit h ( B all e nti n e, 1 9 9 8, E q. 4. 5 5):

f (t0 , x0 , t, x) = e x p( i · S [x (τ )]/ )d x (τ ) ( 2 3. 1)

H er e b y, t h e i nt e gr al is t h e f u n cti o n al i nt e gr al o v er all p at hs x (τ ).

2 3. 3 S e mi cl a s si c al li mi t a t s t a ti o n a r y a c ti o n

I n t h e p at h i nt e gr al m et h o d, t h e s e mi cl assi c al li mit is o bt ai n e d

as f oll o ws ( B all e nti n e, 1 9 9 8, p. 1 2 0): T h e s e mi cl assi c al li mit

h ol ds, r o u g hl y s p e a ki n g, w h e n t h e cl assi c al a cti o n S [x (τ )] is

m u c h l ar g er t h a n t h e q u a nt u m a cti o n . I n t h at c as e, s m all

c h a n g es of a p at h m a y r es ult i n a c h a n g e of t h e p h as e i n E q.

( 2 3. 1) b y π , s o t h at t h e si g n of t h e i nt e gr a n d c h a n g es a n d a

c a n c ell ati o n o c c urs. S o, m ost p at hs c a n c el o ut, a n d o nl y a
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p at h x (τ ) wit h a n e xtr e m al a cti o n S [x (τ )] r e m ai ns. T h e e x-

tr e m al a cti o n is als o c all e d st ati o n ar y a cti o n, i n cl u di n g l e ast

a cti o n. If t h er e ar e s e v er al p at hs wit h t h e s a m e e xtr e m al p h as e

or a cti o n, t h e n t h es e p at hs r e m ai n. S u c h a p at h c a n b e d e-

t er mi n e d s e ar c hi n g t h e e xtr e m al a cti o n. T h at m et h o d is als o

c all e d t h e pri n ci pl e of st ati o n ar y ( or l e ast) a cti o n, P L A, e. g.

Fer m at ( 1 6 5 7), L a n d a u a n d Lifs c hit z ( 1 9 7 1), Fe y n m a n ( 1 9 8 5),

Wei n b er g ( 1 9 9 6), Gr e b e- Ellis ( 2 0 1 1), C ar m esi n ( 2 0 2 2 e). I n t his

m a n n er, t h e P L A is a c o ns e q u e n c e of q u a nt u m p h ysi cs. A c-

c or di n gl y, t h e P L A is a c o ns e q u e n c e of t h e S Q. M or e o v er, t h e

P L A pr o vi d es a s e mi cl assi c al li mit of t h e S Q.

2 3. 4 M o s t si m pl e a c ti o n

C ur v e d s p a c eti m e c a n b e d es cri b e d b y a m ost si m pl e a cti o n.

T h at m ost si m pl e p ossi bl e a cti o n is t h e Ei nst ei n- Hil b ert a cti o n,

s e e e. g. Hil b ert ( 1 9 1 5), L a n d a u a n d Lifs c hit z ( 1 9 7 1), ( H o bs o n

et al., 2 0 0 6, s e cti o ns 1 9. 8- 1 9. 1 1).

I n p h ysi cs, it is a us u al c o n c e pt t o d es cri b e a s yst e m b y

a n a cti o n t h at is c o m pli c at e d e n o u g h t o d es cri b e t h e s yst e m

u n d er i n v esti g ati o n, a n d t h at is t h e m ost si m pl e a cti o n t h at

c a n d es cri b e t h e s yst e m u n d er i n v esti g ati o n. T h at pri n ci pl e of

a m ost si m pl e a cti o n is n ot e x cl u d e d b y t h e S Q, s o it is i n cl u d e d

i n t h e S Q.

T h e a n al ysis s h o ws t h at t h e Ei nst ei n- Hil b ert a cti o n pr o vi d es

t h e E F E, s e e e. g. Hil b ert ( 1 9 1 5), L a n d a u a n d Lifs c hit z ( 1 9 7 1),

( H o bs o n et al., 2 0 0 6, s e cti o ns 1 9. 8- 1 9. 1 1). I n t his s e ns e, t h e

E F E is a c o ns e q u e n c e of t h e S Q. We s u m m ari z e o ur r es ult:

T h e o r e m 4 2 T h e S Q i m pli e s t h e E F E

( 1 ) T h e S Q i n cl u d e s t h e li g ht-t r a v el di st a n c e d L T . S o, t h e S Q

i n cl u d e s c u r v e d s p a c eti m e a n d t h e o ri e s of G R.

( 2 ) T h e S Q i m pli e s t h e p o st ul at e s of Q P. S o, t h e S Q i m pli e s

t h e P L A i n t h e s e mi cl a s si c al li mit.



2 9 6 C H A P T E R 2 3. D E RI V A TI O N O F G R

( 3 ) T h e S Q i n cl u d e s t h e p ri n ci pl e t o d e s c ri b e a s y st e m wit h

t h e si m pl e st p o s si bl e a cti o n t h at c o v e r s t h e p h e n o m e n a of t h e

s y st e m. S o, t h e S Q i n cl u d e s t h e Ei n st ei n- Hil b e rt a cti o n a s a

p o s si bl e d e s c ri pti o n of c u r v e d s p a c eti m e a c c o r di n g t o t h e u s u al

G R.

( 4 a ) A s a c o n s e q u e n c e, t h e S Q i n cl u d e s t h e Ei n st ei n- Hil b e rt a c-

ti o n f o r t h e d e s c ri pti o n of t h e u s u al G R.

( 4 b ) T h e S Q i m pli e s t h e q u a nti z ati o n of v ol u m e a n d Q P. T h u s,

t h e S Q i m pli e s t h e P L A a s a s e mi cl a s si c al c o n s e q u e n c e.

( 4 c ) T h e S Q i n cl u d e s t h e Ei n st ei n- Hil b e rt a cti o n i n ( 4 a ), a n d

t h e P L A i n ( 4 b ), t h e a p pli c ati o n of w hi c h p r o vi d e s t h e E F E. I n

t hi s m a n n e r, t h e S Q i m pli e s t h e E F E i n t h e s e mi cl a s si c al li mit.

( 5 ) A n d i n t hi s m a n n e r, t h e S Q p r o vi d e s t h e f o u n d ati o n of t h e

a p pli c a bilit y of t h e P L A t o t h e Ei n st ei n- Hil b e rt a cti o n, w h e r e a s

i n u s u al G R, t h at a p pli c a bilit y i s a s s u m e d wit h o ut f o u n d ati o n,

s e e e. g. H o b s o n et al. ( 2 0 0 6 ).

( 6 ) M o r e o v e r, t h e S Q i n cl u d e s e s s e nti al p h e n o m e n a b e y o n d t h e

u s u al G R, s e e f o r i n st a n c e c h a pt e r s ( 2 1, 4, 1 4 ).
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D i s c u s si o n

2 4. 1 A c hi e v e d k e y r e s ul t s

B as e d o n f u n d a m e nt al pri n ci pl es of p h ysi cs, w e d eri v e t h e t h e-

o r y of t h e d y n a mi c s of v ol u m e i n n a t u r e , i n cl u di n g t h e

f or m ati o n of v ol u m e, s e e p art (II). F or it, w e us e r el ati vit y a n d

gr a vit y, s e e C. ( 2), i n or d er t o d eri v e t h e d y n a mi cs of t h e v ol-

u m e. We will s e e t h at v ol u m e is a n ess e nti al q u a ntit y of its o w n,

pr o vi di n g c ur v at ur e, gr a vit y, tr a nsf or m ati o ns, p h as e tr a nsiti o ns

a n d q u a nt a. Usi n g t h at t h e or y, w e d eri v e t h e f oll o wi n g r es ults

a n d a ns w ers i n a u nif yi n g m a n n er:

( 1) We d eri v e t h e c u r v a t u r e a n d e x p a n si o n of s p a c eti m e

pr o p os e d i n a s e mi cl assi c al m a n n er i n g e n er al r el ati vit y, G R,

s e e p art (II) a n d C. ( 3, 5, 6, 2 3). I n t his m a n n er, w e o v er-

c o m e t h e s e mi cl assi c al c h ar a ct er of pr es e nt- d a y G R. M or e o v er,

i n pr es e nt- d a y G R, t h e d e nsit y of Λ ρ Λ h as o n e o bs er v ati o n al

v al u e ρ Λ , o b s. Pl a n c k- C oll a b or ati o n ( 2 0 2 0) o bs er v e d ρ Λ , o b s =

0 .6 7 9 ·( 1 ± 0 .0 1 3) · 3 H 2
0

8 π G , s e e T H M ( 3 6). H o w e v er, pr es e nt- d a y G R

c a n n ot t est t h at o bs er v e d v al u e b y t h e or y. T h us, t h e c o n c e pt

of t h e d e nsit y ρ Λ i n pr es e nt- d a y G R c a n n ot b e f alsi fi e d, P o p-

p er ( 1 9 7 4). T h us, t h e c o n c e pt of t h e d e nsit y ρ Λ i n pr es e nt- d a y

G R h as a h y p ot h eti c al c h ar a ct er. T his h y p ot h eti c al c h ar a ct er

of d ar k e n er g y i n pr es e nt- d a y G R is o v er c o m e b y o ur t h e or y, as

w e d eri v e t h e v al u e ρ v ol,t h e o = 2 / 3 i n T H M ( 3 6).

2 9 7
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( 2) Si mil arl y, pr o p os e d alt er n ati v e t h e ori es of t h e d e nsit y ρ Λ

us e fit p ar a m et ers, or t h e y us e a h y p ot h esis, s e e ( K a mi o n k o ws ki

a n d Ri ess, 2 0 2 3, s e cti o n 4), or t h e y us e a ’s c al e p ar a m et er t h at

m ust ulti m at el y b e d et er mi n e d wit h i n p ut fr o m m e as ur e m e nts’,

( S c h ul z, 2 0 2 0, p. 2 2 a n d p. 6 7). T h es e r es ults c a n n ot b e f alsi-

fi e d, as t h e y e x pl ai n o n e o bs er v a bl e q u a ntit y o nl y, ρ Λ , w h er e b y

t h e y us e fit p ar a m et ers or h y p ot h es es or fitt e d s c al e p ar a m e-

t ers. A c c or di n gl y, t h es e alt er n ati v e t h e ori es r e m ai n h y p ot h eti-

c al. I n c o ntr ast, o ur d y n a mi cs of t h e v ol u m e pr o vi d es ρ Λ , ρ v ol

a n d ρ h et, r q ui wit h o ut a n y fit, wit h o ut a n y h y p ot h esis, wit h o ut

a n y s c al e p ar a m et er, wit h a f ull d eri v ati o n fr o m f u n d a m e nt al

pri n ci pl es of p h ysi cs a n d b as e d o n v ol u m e, w hi c h c a n b e m e a-

s ur e d a n d w hi c h is a n el e m e nt of p h ysi c al r e alit y, s e e D E F ( 1 5).

( 3) Usi n g t h e d y n a mi cs of v ol u m e, w e d eri v e t h e p o s t ul a t e s of

q u a n t u m p h y si c s , s e e c h a pt ers ( 4, 1 4). T h er e b y, w e o v er c o m e

t h e h y p ot h eti c al c h ar a ct er of q u a nt u m p h ysi cs.

( 4) Usi n g t h e d y n a mi cs of v ol u m e, w e s h o w t h at t h e r el ati v e a d-

diti o n al v ol u m e, t o g et h er wit h v ol u m e, is t h e e n ti t y i n w hi c h

el e c t r o m a g n e ti c w a v e s p r o p a g a t e , s e e C. ( 7, 8, 1 1).

( 5) Usi n g t h e d y n a mi cs of v ol u m e, w e d eri v e t h e S c hr ö di n g er

e q u ati o n, C. ( 1 4). F urt h er m or e, w e d eri v e g e n er ali z ati o ns of t h e

S E Q, s e e p art (II) a n d C. ( 2 2).

( 6) Usi n g t h e d y n a mi cs of v ol u m e, w e s h o w t h at t h e r at e of r el-

ati v e a d diti o n al v ol u m e h as t h e pr o p erti es of t h e w a v e f u n cti o n

of v ol u m e a n d of m att er, C. ( 1 4). A c c or di n gl y, t h e w a v e f u n c-

ti o n i n q u a n t u m p h y si c s i n p o s t ul a t e ( 1 ) is a n or m ali z e d

r at e of r el ati v e a d diti o n al v ol u m e. I n t his m a n n er, w e o v er c o m e

t h e h y p ot h eti c al c h ar a ct er of t h e w a v e f u n cti o n i n Q P.

( 7) Usi n g t h e D V, w e s h o w t h at t h e r el ati v e a d diti o n al v ol u m e

e x hi bits a tr a nsi e nt p h e n o m e n o n t h at e x pl ai ns t h e n o nl o c al

c h a r a c t e r of w a v e f u n c ti o n s i n Q P, C. ( 1 6):

A h ar m o ni c R G W f ul fills 0 =
ε̇ 2

L c 2

8 π G − (G ∗ ) 2

8 π G = u ki n − u gr a v . = u = 0,

or E = 0, T H Ms ( 1 3, 1 4, 1 9). T h us, a h ar m o ni c R G W h as n o i n-



2 4. 1. A C HI E V E D K E Y R E S U L T S 2 9 9

erti a a n d c a n a c hi e v e a n u nli mit e d p h as e v el o cit y v p , T H M ( 1 2).

T h es e R G Ws pr o vi d e a n i n fi nit el y r a pi d tr a nsi e nt p h e n o m e n o n,

w hi c h c h a n g es fr o m o n e s ol uti o n of t h e S E Q t o a n ot h er s ol u-

ti o n of t h e S E Q, T H M ( 3 4). H e n c e, t r a n si e n t p h e n o m e n a

a r e n o nl o c al as v p is n ot li mit e d, n eit h er b y i n erti a n or b y

t h e D E Q ( 1 2). I n c o ntr ast, a w a v e p a c k et of v ol u m e e x hi bits a

n o n z er o Z P E, E > 0, T H Ms ( 2 2, 2 9). T h us, s u c h a w a v e p a c k et

h as i n erti a a n d z er o r est m ass. S o, t h e w a v e p a c k et pr o p a g at es

at t h e gr o u p v el o cit y v g = c , a c c or di n g t o S R. H e n c e, w a v e

p a c k e t s p r o p a g a t e a t v g ≤ c .

( 8) Ei nst ei n pr o p os e d a pri n ci pl e of l o c alit y f or u n m e di at e d pr o-

c ess es. S o, t h e pri n ci pl e d o es n ot a p pl y t o t h e o bs er v e d n o nl o-

c alit y of q u a nt a, as t h at n o nl o c alit y is m e di at e d b y v ol u m e, as

v ol u m e r e pr es e nts t h e w a v e f u n cti o n, C. ( 1 6). T h us, Ei n s t ei n’ s

p ri n ci pl e of l o c ali t y i s n o t vi ol a t e d b y t h e n o nl o c alit y of

q u a nt a. Pr es u m a bl y, Ei nst ei n w as a w ar e of t h e f a ct t h at his

l o c alit y i n r el ati vit y r eli es o n u n m e di at e d pr o c ess es. B ut h e di d

n ot k n o w t h at pr o c ess es i n n at ur e ar e m e di at e d b y v ol u m e.

( 9) Usi n g t h e d y n a mi cs of v ol u m e i n a h o m o g e n e o us a n d i n a

h et er o g e n e o us u ni v ers e, w e d eri v e a n d e x pl ai n t h e v ari o us o b-

s er v e d v al u es of t h e H u b bl e c o nst a nt, C. ( 1 9, 2 0, 2 1, 2 2). I n

t his m a n n er, w e o v er c o m e t h e pr es e nt- d a y i ns u ffi ci e nt u n d er-

st a n di n g of t h e H u b bl e t e n si o n a n d of t h e r el at e d r at e of

e x p a nsi o n of s p a c e. M or e o v er, t h er e b y, w e pr e di ct t h e H u b bl e

c o nst a nt H 0 , o b s(z ) as a f u n cti o n of t h e r e ds hift z , C. ( 2 1). Wit h

it, w e d eri v e t h e d y n a mi c s of o u r h e t e r o g e n e o u s u ni v e r s e :

( 9 a) Us u al c os m ol o gi c al m o d els us e t h e c os m ol o gi c al pri n ci pl e:

a h o m o g e n e o us a n d is otr o pi c u ni v ers e, H o bs o n et al. ( 2 0 0 6). I n

s u c h a m o d el, t h e r at e of e x p a nsi o n is d es cri b e d b y t h e f oll o wi n g

H u b bl e p ar a m et er as a f u n cti o n of t h e r e ds hift z , s e e E q. ( 5. 2 7):

H (z ) = H 0 Ω Λ + Ω m, 0 ( 1 + z ) 3 + Ω r, 0 ( 1 + z ) 4 ( 2 4. 1)

H er e b y, w e a p pl y Ω k, 0 = 0. I n s u c h m o d els, t h e H u b bl e p ar a m-

et er H 0 is a c o nst a nt.



3 0 0 C H A P T E R 2 4. DI S C U S SI O N

( 9 b) H o w e v er, o ur u ni v ers e is h et er o g e n e o us. T h us, i n g e n er al,

t h e f a ct or H 0 i n E q. ( 2 4. 1) is t h e f oll o wi n g f u n cti o n of z :

H 0 (z ) =
H (z )

Ω Λ + Ω m, 0 ( 1 + z ) 3 + Ω r, 0 ( 1 + z ) 4
( 2 4. 2)

If a n o bs er v er att e m pts t o m e as ur e t h e f a ct or H 0 i n E q. ( 2 4. 1)

i n o ur h et er o g e n e o us u ni v ers e, t h e n t h e o bs er v er will m e as ur e

t h e v al u e of H 0 (z ) i n E q. ( 2 4. 2). F or it, t h e o bs er v er us es

r a di ati o n t h at h as b e e n e mitt e d at a c al e n d ar d at e z = z e m .

T h at r a di ati o n s h o ws t h e st at e of t h e u ni v ers e at z = z e m . T h us,

t h at r a di ati o n s h o ws H 0 (z ) at z = z e m : H 0 (z e m ). We d eri v e d

t h at v al u e i n C. ( 2 1). H e n c e, t h e m e as ur e d v al u e H 0 (z e m ) a n d

E q. ( 2 4. 1) pr o vi d e t h e r at e of e x p a nsi o n, s e e T H M ( 3 9):

H (z ) = H 0 (z ) Ω Λ + Ω m, 0 ( 1 + z ) 3 + Ω r, 0 ( 1 + z ) 4 , wit h ( 2 4. 3)

H 0 (z ) = H 0 ,wit h o ut h et · Ω m, 0 + Ω Λ · [ 1 + κ (z )] ξ , wit h ( 2 4. 4)

t h e r ati o of r at es, T H M ( 3 9)

κ (z ) =
σ 8 ,0 · Ω m, 0

2 Ω Λ ,0 · (1 + z ) 2
=

ε̇ h et ,0 (z )

ε̇ h o m

, w it h ( 2 4. 5)

t h e st a n d ar d d e vi ati o n of m att er fl u ct u ati o ns, s e cti o n ( 2 1. 4. 3):

wit h σ (t) = σ 8 ,0 ·
t

tH 0

=
σ 8 ,0

1 + z
(2 4. 6)

H er e b y, as h et er o g e n eit y is ess e nti al i n t h e m att er er a or l at er,

w e us e Ω r, 0 = 0 i n a g o o d a p pr o xi m ati o n. A d diti o n all y, ξ ≈ 1 .5

i n E q. ( 2 4. 4), s e e T H M ( 3 9).

( 9 c) Alt o g et h er, h et er o g e n eit y at a c al e n d ar d at e d es cri b e d b y

a r e ds hift z c h a n g es t h e r at e H (z ) of e x p a nsi o n a c c or di n g t o

E q. ( 2 4. 3). C orr es p o n di n gl y, t h e f a ct or H 0 (z ) i n t h e r at e i n

E q. ( 2 4. 3) c a n b e o bs er v e d wit h r a di ati o n e mitt e d at z = z e m .
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T h e t hr e e o bj e cts r e ds hift z , r at e H (z ) a n d t h e f a ct or H 0 (z ) c a n

b e o bs er v e d a n d ar e el e m e nts of p h y si c al r e ali t y , D E F ( 1 5).

O bs er v e d a n d t h e or eti c al v al u es H 0 (z ) or H 0 (z e m ) ar e i n pr e cis e

a c c or d a n c e, s e e Fi g. ( 2 1. 3), fr o nt c o v er a n d T H M ( 3 9).

( 1 0) Usi n g t h e d y n a mi cs of v ol u m e i n t h e l at e a n d i n t h e e arl y

u ni v ers e, w e d eri v e a n d e x pl ai n t h e er a of ’ c o s mi c i n fl a ti o n’,

s e e c h a pt er ( 2 2). I n t his m a n n er, w e o v er c o m e t h e h y p ot h eti c al

c h ar a ct er a n d i ns u ffi ci e nt u n d erst a n di n g of ’ c os mi c i n fl ati o n’.

M or e o v er, w e c o n fir m t h at t h er e w as a r a pi d i n cr e as e of dis-

t a n c es i n t h e e arl y u ni v ers e, C ar m esi n ( 2 0 1 7, 2 0 1 9 b, 2 0 2 1 b).

( 1 1) Usi n g D V, w e o v er c o m e t h e n o n - r e alisti c ( D E F 1 5, H o b-

s o n ( 2 0 1 7), Is h a m ( 1 9 9 5)) C o p e n h a g e n i nt er pr et ati o n of Q P b y

d eri vi n g d y n a mi c al a n d n o nl o c al e x pl a n ati o ns of t h e ess e nti al

p ar a d o x es i n Q P, C. ( 1 6) a n d s e cti o n ( 1 8. 3). I n t h e C o p e n h a g e n

i nt er pr et ati o n, t h e w a v e f u n cti o n Ψ is i nt er pr et e d i n a n a bstr a ct

m a n n er. T h e D V o v er c o m es t h at a bstr a ct i nt er pr et ati o n, as t h e

w a v e f u n cti o n Ψ is pr o p orti o n al t o t h e r at e ˙ε L , w hi c h d es cri b es

t h e l o c al a n d gl o b al f or m ati o n of v ol u m e si n c e t h e Bi g B a n g.

Si mil arl y, all p ost ul at es of Q P a c hi e v e a n i nt er pr et ati o n i n t er ms

of t h e v ol u m e, w hi c h is a n el e m e nt of p h ysi c al r e alit y, D E F ( 1 5).

( 1 2) Usi n g D V, w e o v er c o m e t h e i nt er pr et ati o n of t h e m e a-

s ur e m e nt pr o c ess b y a s o- c all e d ’ c oll a ps e’ of t h e w a v e f u n cti o n,

(Is h a m, 1 9 9 5, p. 2 4 0): B ef or e t h e m e as ur e m e nt, t h er e is a w a v e

f u n cti o n Ψb e f o r e . It is a s ol uti o n of t h e S E Q. At a m e as ur e m e nt,

t h e o p er at or ˆA c orr es p o n di n g t o t h e m e as ur e d o bs er v a bl e tr a ns-

f or ms t h e s ol uti o n Ψb e f o r e t o t h e s ol uti o n Ψ a f t e r = ˆA Ψ b e f o r e of

t h e S E Q. T h e c h a n g e is a c hi e v e d b y t h e tr a nsi e nt p h e n o m e n o n

pr o vi d e d b y t h e d y n a mi cs of t h e h ar m o ni c w a v es i n h er e nt t o t h e

w a v e f u n cti o n Ψ b e f o r e . A c c or di n g t o t h e D V, t h at tr a nsi e nt p h e-

n o m e n o n h as a n u nli mit e d p h as e v el o cit y v p , s e e C. 1 6. T h us,

t h e tr a nsi e nt p h e n o m e n o n t a k es pl a c e at a n u nli mit e d v el o cit y.

Alt o g et h er, b as e d o n t h e D V, t h e s o- c all e d ’ c oll a ps e’ of t h e w a v e

f u n cti o n is o v er c o m e a n d r e pl a c e d b y a tr a nsf or m ati o n of Ψ1 .
1 F or i n st a n c e, if a q u a nt u m o bj e ct i s e mitt e d at t h e ori gi n of a c o or di n at e s y st e m, t h e n
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( 1 3) Usi n g t h e d eri v e d e n er g y c o ns er v ati o n a n d t h e d eri v ati o n

of t h e gl o b al d y n a mi cs o n t h e b asis of t h e l o c al d y n a mi cs, w e

s ol v e t h e fl a t n e s s p r o bl e m , C. ( 5). H er e b y, w e als o a n al y z e

c o ns e q u e n c es of t h e e n er g y d e nsit y ρ Λ . T h er e b y, w e us e t h e

c os m ol o gi c al pri n ci pl e of h o m o g e n eit y. N ot e t h at wit hi n t h e

s e mi cl assi c al t h e or y of G R, h o m o g e n eit y is f o u n d e d b y t h e f a ct

’t h at Ri c ci fl o w c a n n ot q ui c kl y t ur n a n al m ost e u cli d e a n r e-

gi o n i nt o a v er y c ur v e d o n e, n o m att er w h at h a p p e ns f ar a w a y,’

( P er el m a n, 2 0 0 2, p. 4). Alt o g et h er, w e o v er c o m e t h e i ns uf-

fi ci e nt u n d erst a n di n g of gl o b al a n d l o c al d y n a mi cs, of e n er g y

c o ns er v ati o n a n d of t h e c os m ol o gi c al pri n ci pl e i n t h e F L E.

( 1 4) Usi n g D V, w e pr o vi d e a m e c h a nis m t h at e x pl ai ns t h e gr a vi-

t ati o n al i nt er a cti o n, p art (II), i n a m a n n er c orr es p o n di n g t o t h e

gr a vit o n h y p ot h esis, Bl o k hi nts e v a n d G al p eri n ( 1 9 3 4).

( 1 5) Usi n g D V, w e pr e di ct di m e nsi o n al p h as e tr a nsiti o ns of v ol-

u m e at criti c al d e nsiti es ρ̃ D, c , C. ( 2 2). H er e b y, w e d eri v e t h e

v al u es of t h es e criti c al d e nsiti es ρ̃ D, c . T h es e p h as e tr a nsiti o ns

c a n i n pri n ci pl e b e o bs er v e d a n d f alsi fi e d, P o p p er ( 1 9 7 4).

M or e o v er, t h es e p h as e tr a nsiti o ns pr o vi d e t h e o bs er v e d d e n-

sit y of v ol u m e, C. ( 2 2). T his fi n di n g pr o vi d es a d diti o n al e vi-

d e n c e f or t h es e pr e di ct e d p h as e tr a nsiti o ns.

2 4. 2 F ul fill e d c ri t e ri a

O ur t h e or y f ul fills t h e f oll o wi n g crit eri a:

( 1 a) We d eri v e t h e t h e or y i n a n e x a c t m a n n e r f r o m f u n d a-

m e n t al p ri n ci pl e s of p h y si c s , C. ( 2). I n p arti c ul ar, w e d o n ot

i ntr o d u c e a n y h y p ot h esis or e x e c ut e a n y fit. O ur o nl y n u m eri c al

i n p ut is as f oll o ws: t h e gr a vit ati o n al c o nst a nt G , t h e v el o cit y

of li g ht c , t h e Pl a n c k c o nst a nt h a n d t h e pr es e nt- d a y ti m e aft er

t h e Bi g B a n g t0 ≈ 1 / H 0 (s e cti o ns 2 5. 3, 2 1. 4. 8, 2 1. 4. 9).

t h e w a v e f u n cti o n c a n b e d e s c ri b e d b y a s p h eri c al w a v e. W h e n t h e o bj e ct i s m e a s u r e d
at a l o c ati o n wit h a p o siti o n v e ct or R , t h e n t h e w a v e f u n cti o n t r a n sf or m s t o a d elt a
di st ri b uti o n p r o p orti o n al t o δ (R ).
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( 1 b) T h e pr es e nt- d a y ti m e t0 is a c al e n d ar d at e. I n c os m ol o g y,

a c al e n d ar d at e c a n b e e x pr ess e d i n t er ms of t h e r e ds hift z . T h e

c al e n d ar d at e is n o fit p ar a m et er: T h e c al e n d ar d at e of a n e v e nt

c a n b e m e as ur e d wit h a p pr o pri at e cl o c ks.

F or i nst a n c e, t h e d e nsit y of t h e v ol u m e ρ v ol d o es n ot d e p e n d

o n t h e c al e n d ar d at e, s e e T H M ( 3 7). I n c o ntr ast, t h e o bs er v e d

H u b bl e c o nst a nt H 0 , o b s d e p e n ds o n t h e c al e n d ar d at e z e m of t h e

e missi o n of t h e r a di ati o n us e d f or t h e o bs er v ati o n, s e e T H M

( 3 9) or Fi g. ( 2 1. 3).

If w e us e c os m ol o gi c al p ar a m et ers, w e d eri v e t h es e fr o m f u n-

d a m e nt al pri n ci pl es, s e e C ar m esi n ( 2 0 2 2 e). Of c o urs e, w e c o n-

fir m o ur r es ults wit h m e as ur e d p ar a m et ers, Ri ess et al. ( 2 0 2 2),

Pl a n c k- C oll a b or ati o n ( 2 0 2 0). A c c or di n gl y, w e u s e n o h y-

p o t h e si s a n d w e e x e c u t e n o fi t .

( 2) O ur t h e or y c a n i n p ri n ci pl e b e f al si fi e d , P o p p er ( 1 9 7 4),

as w e d eri v e o bs er v a bl e v al u es. F or i nst a n c e, w e d eri v e a v al u e

of t h e d e nsit y of v ol u m e ρ v ol i n C. ( 1 9, 2 2). A n ot h er e x a m pl e is

t h e H u b bl e p ar a m et er H 0 (z e m ) as a f u n cti o n of t h e r e ds hift z e m

of o bs er v e d r a di ati o n i n C. ( 2 1). A n a d diti o n al e x a m pl e is pr o-

vi d e d b y t h e criti c al d e nsiti es i n C. ( 2 2). F urt h er e x a m pl es ar e

t h e c os m ol o gi c al p ar a m et ers, C ar m esi n ( 2 0 2 1 a). M or e e x a m pl es

ar e t h e c o u pli n g c o nst a nts a n d c h ar g es i n t h e el e ctr o m a g n eti c

a n d el e ctr o w e a k i nt er a cti o ns, C ar m esi n ( 2 0 2 1 e, 2 0 2 2 e).

( 3) We s h o w t h at t h e v ol u m e c a n b e m e as ur e d (s e cti o n 2. 6, C.

7). S o t h e v ol u m e i s a n el e m e n t of r e ali t y, D E F ( 1 5).

( 4) O ur d eri v ati o ns a c hi e v e p r e ci s e a c c o r d a n c e wi t h o b-

s e r v a ti o n , wit hi n t h e a c c ur a c y of m e as ur e m e nt.

( 5) We t r a c e b a c k q u a n t u m p h y si c s t o g e o m e t r y . F or it,
w e d eri v e t h e d y n a mi cs of v ol u m e, i n cl u di n g t h e t e ns or str u c-

t ur e a n d di m e nsi o n al p h as e tr a nsiti o ns. T h e n w e d eri v e q u a n-

t u m p h ysi cs fr o m t h e d y n a mi cs of v ol u m e. T his r es ult is si mil ar

t o t h e d eri v ati o n of gr a vit y fr o m g e o m etr y i n g e n er al r el ati vit y.

( 6) We d e ri v e t h e o b s e r v e d t y p e of n o nl o c ali t y.

( 7) We a c hi e v e c a u s ali t y c o m bi n e d wi t h t h e o b s e r v e d
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t y p e of n o nl o c ali t y , as o ur d eri v e d n o nl o c alit y is i n f ull a c c or-

d a n c e wit h S R, si n c e t h e n o nl o c al p h e n o m e n o n d o es n ot tr a ns-

p ort a n y e n er g y or w a v e p a c k et.

( 8) We a c hi e v e t h e o b s e r v e d t y p e of n o nl o c ali t y wi t h o u t

vi ol a ti n g t h e Ei n s t ei n l o c ali t y p ri n ci pl e .

2 4. 3 R el a ti o n s a m o n g t h e o ri e s

Q u e s ti o n : H o w is t h e t h e or y of t h e d y n a mi c al v ol u m e r el at e d

t o ot h er t h e ori es ? F or a n o v er vi e w, s e e Fi g. ( 1 2. 3).

G r a vi t y : K e pl er ( 1 6 1 9) dis c o v er e d his t hir d l a w of pl a n et ar y

m oti o n, b as e d o n o bs er v ati o ns b y Br a h e b ef or e 1 6 0 1, s e e Br a h e

a n d K e pl er ( 1 6 2 7). G alil e o ( 1 6 3 8) dis c o v er e d t h e e q ui v al e n c e

p ri n ci pl e, E P . H u y g e ns ( 1 6 7 3) dis c o v er e d t h e l a w of t h e r a-

di al f or c e of cir c ul ar m oti o n. N e wt o n ( 1 6 8 7) dis c o v er e d t h e

u ni v ers al l a w of gr a vit ati o n, w hi c h c a n b e d eri v e d wit hi n a si n-

gl e p a g e fr o m t h e t hr e e a b o v e dis c o v eri es pr o vi d e d b y K e pl er

( 1 6 1 9), G alil e o ( 1 6 3 8) a n d H u y g e ns ( 1 6 7 3), s e e e. g. C ar m esi n

et al. ( 2 0 2 3). C a v e n dis h ( 1 7 9 8) us e d a t orsi o n al b al a n c e pr o-

p os e d b y Mi c h ell m a n y y e ars b ef or e. Wit h it, C a v e n dis h m e a-

s ur e d t h e u ni v ers al c o nst a nt G of gr a vit y. I n his t h e or y, N e wt o n

( 1 6 8 7) pr o p os e d a fl at s p a c e a n d a c o nst a nt a n d h o m o g e n e o us

r at e of i n cr e as e of ti m e. B ot h pr o p os als d o n ot d es cri b e n at ur e

c orr e ctl y, as s h o w n b y t ests of s p e ci al r el ati vit y, S R, a n d b y

g e n er al r el ati vit y, G R, s e e Ei nst ei n ( 1 9 0 5, 1 9 1 5), Will ( 2 0 1 4).

G a uss ( 1 8 0 9) pr o vi d es a g e o m etri c al e x pl a n ati o n of t h e 1 / R 2

l a w: At a dist a n c e R fr o m a m ass M , li n es of t h e gr a vit ati o n al
i nt er a cti o n s pr e a d i n a u nif or m m a n n er i n s p a c e, t his i m pli es

t h e 1/ R 2 l a w. Alt o g et h er, N e wt o n ( 1 6 8 7) dis c o v er e d t h e u ni-

v ers al l a w of gr a vit ati o n. H o w e v er, h e pr o p os e d pr o p erti es of

s p a c e a n d ti m e t h at ar e t o o i s ol a t e d fr o m m oti o n a n d gr a vit y.

G a u s si a n g r a vi t y, G G , pr o vi d es a g e o m etri c al e x pl a n ati o n of

t h e 1/ R 2 l a w.

El e c t r o d y n a mi c s : C o ul o m b ( 1 7 8 5) us e d t h e t orsi o n al b al a n c e
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pr o p os e d b y Mi c h ell i n t h e fi el d of gr a vit y. Wit h it, C o ul o m b

dis c o v er e d t h e 1 / R 2 l a w of t h e el e ctri c f or c e. F ar a d a y ( 1 8 5 2)

pr o p os e d t h e c o n c e pt of m a g n eti c fi el ds. M a x w ell ( 1 8 6 5) us e d

t h es e r es ults, a n d h e pr o p os e d a h y p ot h eti c al a et h er. O n t h at

b asis, h e d e v el o p e d t h e M a x w ell e q u ati o ns of t h e d y n a mi cs of

el e ctr o m a g n eti c fi el ds. T h er e b y, t h e M a x w ell e q u ati o ns e x pl ai n

t h e u ni v ers al pr o p a g ati o n of el e ctr o m a g n eti c w a v es at t h e u ni-

v ers al v el o cit y c . F urt h er m or e, t h e d y n a mi cs of el e ctr o m a g-

n eti c fi el ds is u ni v ers al a c c or di n g t o t h e pri n ci pl e of g a u g e i n-

v ari a n c e, s e e e. g. N o et h er ( 1 9 1 8), P a uli ( 1 9 4 1), L a n d a u a n d

Lifs c hit z ( 1 9 7 1), C ar m esi n ( 2 0 2 1 e, 2 0 2 2 e). M or e o v er, Ei nst ei n

( 1 9 0 5) us e d t h e M a x w ell e q u ati o ns a n d t h eir pr o p erti es i n or d er

t o d e v el o p S R. H o w e v er, S R i m pli es t h at t h e pr o p os e d st ati c

a et h er d o es n ot e xist. Alt o g et h er, M a x w ell ( 1 8 6 5) dis c o v er e d

t h e u ni v ers al d y n a mi cs of el e ctr o m a g n eti c fi el ds, w hi c h pr o vi d e

a b ri d g e t o S R , b ut t h e pr o p os e d a et h er is t o o s t a ti c .

R el a ti vi t y : Ei nst ei n ( 1 9 0 5) m a d e us e of t h e u ni v ers al M a x w ell

e q u ati o ns a n d t h eir pr o p erti es i n or d er t o d e v el o p S R . T h er e b y,

Ei nst ei n r e ali z e d t h at t h e c o m bi n ati o n of s p a c e a n d ti m e t o a

c o m bi n e d s p a c e ti m e pr o vi d es a c o h er e nt a n d si m pl e e x pl a n a-
ti o n of t h e d y n a mi cs i n el e ctr o m a g n eti c fi el ds. F or it, t w o c o n-

diti o ns ar e ess e nti al: [ 1] N o o bj e ct wit h n o n z er o e n er g y s h o ul d

m o v e or pr o p a g at e f ast er t h a n li g ht. [ 2] N o a et h er s h o ul d e xist.

T h e E P a n d G G pr o vi d e t h e S c h w ar zs c hil d m etri c a n d t h e

c u r v a t u r e of s p a c e ti m e , C. ( 3). Si mil arl y, Ei nst ei n ( 1 9 1 1 a,

1 9 1 5), Hil b ert ( 1 9 1 5) pr o p os e d g e n er al r el ati vit y, G R. Ei nst ei n

et al. ( 1 9 3 5) r e ali z e d t h at q u a nt u m p h ysi cs, Q P, ( d e v el o p e d

si n c e Pl a n c k ( 1 8 9 9)), is n o nl o c al (it h as pr o c ess es f ast er t h a n

li g ht). I n t h at c o nt e xt, Ei nst ei n ( 1 9 4 8) pr o p os e d a pri n ci pl e

of l o c alit y, s e e [ 1], f or u n m e di at e d, s e e [ 2], p h ysi c al pr o c ess es.

H o w e v er, t h e D V s h o ws t h at t h e c o nsi d er e d u n m e di at e d p h ysi-

c al pr o c ess es ar e t o o i s ol a t e d fr o m e xisti n g D V.
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D y n a mi c v ol u m e, D V : T h e a b o v e t hr e e t h e ori es ar e s u c c ess-

f ul, as t h e y ar e i n a c c or d a n c e wit h f u n d a m e nt al pri n ci pl es of

p h ysi cs: E P, G G, S R. H o w e v er, e a c h of t h e a b o v e t h e ori es h as

a n as p e ct t h at is eit h er t o o is ol at e d or t o o st ati c. A c c or di n gl y,

t h e d y n a mi cs of v ol u m e s h o ul d f ul fill t h es e pri n ci pl es: E P, G G,

S R. T h us, t h e D V is d eri v e d fr o m E P, G G a n d S R. Alt o g et h er,

t h e D V i m pli es a n d e x pl ai ns Q P, i n cl u di n g n o nl o c alit y. S o, t h e

C o p e n h a g e n i nt er pr et ati o n of Q P is o v er c o m e (s e cti o n 1 8. 3).

F urt h er m or e, t h e D V o v er c o m es t h e s h ort c o mi n gs of t h e t hr e e

a b o v e t h e ori es: T h e d y n a mi cs of v ol u m e e x pl ai n c ur v e d s p a c e-

ti m e as w ell as Q P. El e ctr o m a g n eti c w a v es pr o p a g at e i n D V,

n ot i n a st ati c a et h er. T h e g e o m etri c al a n d e x a ctl y d eri v e d D V

pr o vi d es D E Qs t h at e x pl ai n c ur v at ur e of s p a c eti m e, gr a vit y,

n o nl o c alit y a n d a v ol u m e- b as e d m e di ati o n of pr o c ess es.

D y n a mi c v ol u m e p r o vi d e s a b a si s f o r p a t h m e t h o d s : I n

pr es e nt- d a y q u a nt u m fi el d t h e or y or t h e or eti c al p h ysi cs, p h ys-

i c al pr o c ess es ar e oft e n d es cri b e d b y p at hs, Hil b ert ( 1 9 1 5) or

S c h w art z ( 2 0 1 4), S c h ul z ( 2 0 2 0). H o w e v er, at a d o u bl e slit, a

q u a nt u m o bj e ct d o es n ot us e a p at h t hr o u g h o n e slit wit h a

pr o b a bilit y, s e e t h e d el a y e d c h oi c e e x p eri m e nt i n C. ( 1 8). T h us,

a p at h is n ot o bs er v a bl e, s o it is n ot a n el e m e nt of p h ysi c al r e-

alit y. H o w e v er, d y n a mi c v ol u m e c a n cl arif y t h e t y p e of r e alit y

t h at c a n b e assi g n e d t o a p at h: A q u a nt u m o bj e ct c a us es a r at e

tn · ε̇ L . It is pr o p orti o n al t o a w a v e f u n cti o n Ψ ∝ tn · ε̇ L ( C. 1 4).

E a c h p at h x (τ ) h as a cl assi c al a cti o n S [x (τ )]. I n a s e mi cl assi c al

li mit, t h e w a v e f u n cti o n h as t h e f or m Ψ ∝ e x p( i · S [x (τ )]/ ),

( L a n d a u a n d Lifs c hit z, 1 9 6 5, E q. 6. 1). T h us, t h e r at e h as t h e

s a m e f or m tn · ε̇ L ∝ e x p( i · S [x (τ )]/ ). I n g e n er al, a p at h is a

c ur v e d li n e i n s p a c eti m e, at w hi c h t h e r at e of pr o p a g ati n g a n d

f or mi n g v ol u m e is a n al y z e d.

I n a n i d e al c as e, t h er e is a p at h wit h t h e l e ast a cti o n, wit h

t h e l o w est os cill ati o n, wit h t h e l o w est c a n c ell ati o n a n d wit h t h e

hi g h est a m plit u d e. I n t h e pri n ci pl e of l e ast a cti o n, P L A, s u c h

p at hs ar e s el e ct e d. I n pri n ci pl e, t h e r at e-f u n cti o n tn · ε̇ L ∝
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e x p( i · S [x (τ )]/ ) of a p at h c a n b e m e as ur e d wit h a s u ffi ci e nt

n u m b er of i nt erf er e n c e e x p eri m e nts. I n t his m a n n er, t h e d y-

n a mi cs of v ol u m e assi g n a n el e m e nt of r e alit y t o a p at h a n d t o

its r at e-f u n cti o n i n s p a c eti m e. A d diti o n all y, s u c h p at hs m a y b e

tr a nsf or m e d t o p at hs i n Hil b ert s p a c e.

I n p arti c ul ar, t h e Ei nst ei n ( 1 9 1 5) fi el d e q u ati o n, E F E, i n

G R is us u all y d eri v e d fr o m t h e Ei nst ei n- Hil b ert a cti o n, Hil b ert
( 1 9 1 5), H o bs o n et al. ( 2 0 0 6). F or it, t h e P L A is a p pli e d: A p at h

is c h os e n at w hi c h t h at a cti o n t a k es a n e xtr e m al v al u e. T his

pr o c e d ur e s h o ws t h at t h e E F E a n d t h e pr es e nt- d a y G R ar e

s e mi cl assi c al t h e ori es. M or e o v er, t h e D V pr o vi d es a d eri v ati o n

of t h e s e mi cl assi c al G R, if t h e si m pl est r e as o n a bl e a cti o n is us e d,

t h e Ei nst ei n- Hil b ert a cti o n, a n d if t h e P L A is a p pli e d ( C. 2 3).

D y n a mi c v ol u m e o v e r c o m e s h y p o t h e ti c al c h a r a c t e r of

q u a n t u m p o s t ul a t e s : T h e D V i m pli es a n d e x pl ai ns t h e q u a n-

t u m p ost ul at es. A c c or di n gl y, it is n ot n e c ess ar y t o pr o p os e

h y p ot h eti c al q u a nt u m p ost ul at es, Hil b ert et al. ( 1 9 2 8), N e u-

m a n n ( 1 9 3 2), B all e nti n e ( 1 9 9 8), K u m ar ( 2 0 1 8). I nst e a d, r ul es

of q u a nt u m p h ysi cs ar e d eri v e d fr o m t h e D V.

F u r t h e r e s s e n ti al r el a ti o n s of D V : D V pr o vi d es t h e pr o c ess

u n d erl yi n g t h e el e m e nt ar y c h ar g e e a n d t h e el e ctr o m a g n eti c i n-

t er a cti o n as w ell as t h e c o u pli n gs a n d c h ar g es u n d erl yi n g t h e

el e ctr o w e a k i nt er a cti o n, s e e C ar m esi n ( 2 0 2 1 e, 2 0 2 2 e). T h us t h e

D V pr o vi d es t h e c h ar g e t h at r e m ai ns u n e x pl ai n e d b y t h e u ni-

v ers al t h e or y of el e ctr o d y n a mi cs.

M or e o v er, Ei nst ei n ( 1 9 1 9) a n d Ei nst ei n a n d R os e n ( 1 9 3 5)

att e m pt e d t o e x pl ai n el e m e nt ar y p arti cl es o n t h e b asis of g e-

o m etr y or gr a vit y of s p a c eti m e. H o w e v er, t h es e att e m pts h a v e

n ot b e e n s u c c essf ul. T h e D V is a g e o m etri c al t h e or y pr o vi di n g

a wi d e r a n g e of r es ults i n a u nif yi n g m a n n er: gr a vit y, c ur v a-

t ur e of s p a c eti m e, q u a nt u m p h ysi cs as w ell as t h e f or m ati o n

of el e m e nt ar y p arti cl es, s e e C ar m esi n ( 2 0 2 1 a, 2 0 2 2 c), a n d t h eir

f u n d a m e nt al i nt er a cti o ns, C ar m esi n ( 2 0 2 1 e, 2 0 2 2 e).
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T h us, t h e D V pr o vi d es a d diti o n al r es ults u n d erl yi n g t h e el e c-

tr o d y n a mi cs a n d t h e el e m e nt ar y p arti cl es.

O n n o n-li n e a ri t y of D V : T h e D E Q of G R, t h e E F E, is n o n-

li n e ar. I n c o ntr ast, t h e D E Q of D V is li n e ar, s e e C. ( 1 1). H o w-

e v er, t h e D E Q of D V i n cl u d es t h e l o c al f or m ati o n of v ol u m e,

w hi c h c h a n g es t h e s p a c e i n w hi c h t h e R G Ws pr o p a g at e. T h us,

t h e D E Q of D V d es cri b es a n o n-li n e ar pr o c ess.

O n e n t a n gl e m e n t of D V : I n g e n er al, t h e w a v e f u n cti o n c a n

d es cri b e c o ns er v e d q u a ntiti es s u c h as t h e e n er g y d e nsit y. If

t w o o bj e cts f ul fill a c o ns er v ati o n l a w i n a c o m bi n e d m a n n er,

t h e n t h e y ar e n ot i n d e p e n d e nt. T h us, t h e y ar e e nt a n gl e d. S o,

e nt a n gl e m e nt is a n u bi q uit o us p h e n o m e n o n.

O n t h e m e a s u r e m e n t p r o c e s s : I n n at ur e, as w ell as i n q u a n-

t u m p h ysi cs a n d i n t h e m or e g e n er al D V, d et er mi nisti c a n d

pr o b a bilisti c p h e n o m e n a ar e c o m bi n e d i n a pr e cis el y d et er mi n e d

m a n n er: T h e d et er mi nisti c ti m e e v ol uti o n is r e pr es e nt e d b y t h e

S c hr ö di n g er ( 1 9 2 6 a) e q u ati o n. Pr o b a bilisti c o ut c o m es c a n o c c ur

at t h e m e as ur e m e nt pr o c ess. H er e b y, i n g e n er al, r a pi d tr a nsi e nt

p h e n o m e n a t a k e pl a c e s o t h at c o ns er v ati o n l a ws ar e f ul fill e d a n d

c o ns e q u e n c es of e nt a n gl e m e nt ar e f ul fill e d, s e e C. ( 1 6).

Ri c ci fl o w : Ei nst ei n ( 1 9 1 5) pr o p os e d t h e Ei nst ei n fi el d e q u a-

ti o n, E F E, i n or d er t o d es cri b e t h e d y n a mi cs of s p a c eti m e.

I n t h e c as e wit h o ut n o n h o m o g e n eit y, t h e E F E d es cri b es t h e

ti m e e v ol uti o n of s p a c eti m e i n t er ms of a fl o w, t h e Ri c ci fl o w,

A n d ers o n ( 2 0 0 4), B al m er ( 2 0 2 1).

T H M ( 3 5) s h o ws t h at t h e d y n a mi cs of D V is m or e c o m pl e x

t h a n t h e d y n a mi cs of t h e Ri c ci fl o w or of t h e E F E, as a pr o d u ct

of t e ns ors is i n h er e nt t o t h e v ol u m e. T h at a d diti o n al c o m pl e xit y

is ess e nti al f or t h e u ni fi c ati o n of gr a vit y, s p a c eti m e a n d q u a n-

t u m p h ysi cs, as p ol y- dir e cti o n al f or m ati o n of v ol u m e is ess e nti al

i n t h e e x p a nsi o n of s p a c e ( C. 1 2). U ni dir e cti o n al r el ati v e a d-

diti o n al v ol u m e c a n b e tr a nsf or m e d t o t h e c orr es p o n di n g Ri c ci

fl o w, C. ( 1 7).
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S o m e i m p r o v e m e n t s i n t h e p r e s e n t b o o k :

( 1) I n t h e pr es e nt b o o k, t h e u ni fi c ati o n of s p a c eti m e, gr a vit y

a n d q u a nt a is e x a ct . F or c o m p aris o n, I us e d t h e F D A i n t h e

d eri v ati o n of t h e u ni fi c ati o n i n C ar m esi n ( 2 0 2 2 d,f).

( 2) I n t h e pr es e nt b o o k, i n t h e a n al ysis of t h e H 0 t e n si o n i n

C. ( 2 1), I r e ali z e d t h at t h e h et er o g e n eit y c a n b e d es cri b e d i n

t er ms of a n e q ui v al e nt d e nsit y ρ h et ,e q ui (s e cti o n 2 1. 4. 5). Wit h

it, t h e d e nsit y of v ol u m e ρ v ol a n d t h e e q ui v al e nt d e nsit y ρ h et ,e q ui

c a n b e tr e at e d s e p ar at el y. I n C ar m esi n ( 2 0 2 2 d,f), I a n al y z e d

t h e d e nsit y of v ol u m e ρ v ol a n d of t h e e q ui v al e nt v ol u m e ρ h et ,e q ui

i n a s u m m ari zi n g m a n n er i n a s o- c all e d ’ v a c u u m’. I n t his b o o k,

I is ol at e t h e d y n a mi cs a n d d e nsit y of v ol u m e b y t h e g e o m etri c

pr o p erti es of v ol u m e. As a r es ult, t h e h et er o g e n eit y d o es n ot

c a us e a ti m e e v ol uti o n of t h e d e nsit y of v ol u m e ρ v ol .

M or e o v er, t h e s e p ar ati o n of t h e e q ui v al e nt d e nsit y ρ h et ,e q ui

a n d t h e d e nsit y of v ol u m e ρ v ol pr o vi d es a m or e di ff er e nti at e d

a n al ysis wit h h el p of a si m ult a n e o us c h a n g e of H 0 a n d tH 0
,

s ol v e d vi a a n e x p o n e nt ξ (s e cti o n 2 1. 4. 5). Wit h it, t h e d e-

ri v e d d e nsit y of v ol u m e ρ v ol is es p e ci all y pr e cis e. A p ossi bl e

c o nsi d er ati o n of t h e e ff e ct of a l o c al n e g ati v e o v er d e nsit y of t h e

l o c al u ni v ers e is l ess pr e cis e. M or e o v er, it is n ot ess e nti al at t h e

c o nsi d er e d r e ds hift z = 0 .0 5 5. A c c or di n gl y, it is n e gl e ct e d.

( 3) I n t h e h o m o g e n e o us u ni v ers e, t h e d e nsit y ρ Λ of t h e c os m o-

l o gi c al c o nst a nt Λ is e q u al t o t h e d e nsit y of t hr e e- di m e nsi o n al

v ol u m e ρ v ol , s e e s e cti o ns ( 2. 9, 2 5. 2. 4). I n n at ur e, t h at c as e o c-

c urs at a g o o d a p pr o xi m ati o n i n t h e e arl y u ni v ers e. F or i n-

st a n c e, at t h e r e ds hift z C M B = 1 0 9 0 .3 of t h e e missi o n of t h e

c os mi c mi cr o w a v e b a c k gr o u n d, t h e u ni v ers e h as b e e n v er y h o-

m o g e n e o us, S m o ot et al. ( 1 9 9 2), C ar m esi n ( 2 0 2 1 d), C. ( 2 1).

F or t h at c as e, o ur d eri v e d v al u es of t h e d e nsit y ρ v ol a n d of t h e

H u b bl e c o nst a nt H 0 ar e i n pr e cis e a c c or d a n c e wit h o bs er v ati o n.

H o w e v er, i n t h e h et er o g e n e o us u ni v ers e, t h e d e nsit y ρ Λ is e q u al
t o a f u n cti o n f Λ of t h e s u m of t h e d e nsit y of 3 D v ol u m e ρ v ol
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a n d t h e e q ui v al e nt d e nsit y of h et er o g e n eit y ρ h et, e q ui , E q. ( 2 5. 2),

C. ( 2, 2 1): ρ Λ = f Λ (ρ v ol + ρ h et, e q ui ). We d eri v e t h at f u n cti o n

f Λ (ρ v ol + ρ h et, e q ui ). Wit h it, w e d eri v e, e x pl ai n a n d s ol v e t h e H 0

t e nsi o n, dis c o v er e d b y Ri ess et al. ( 2 0 2 2) at t h e 5 σ c o n fi d e n c e

l e v el. T h er e b y, w e a c hi e v e pr e cis e a c c or d a n c e wit h o bs er v ati o n

at a r el ati v e di ff er e n c e of t h e or y a n d o bs er v ati o n of 0 .0 9 6 %, C.

( 2 1). H er e b y, w e us e n o h y p ot h esis a n d e x e c ut e n o fit.

I n e arli er p u bli c ati o ns, I di d n ot al w a ys disti n g uis h b et w e e n

t h e d e nsiti es ρ v ol a n d ρ h et, e q ui . A c c or di n gl y, I oft e n d es cri b e d t h e

d e nsit y ρ Λ of t h e Λ C D M m o d el. I n t his c o nt e xt, I d es cri b e t hr e e

d e nsiti es h er e: t h e d e nsit y ρ Λ of t h e Λ C D M m o d el, t h e n e wl y

e v al u at e d d e nsit y ρ v ol of t h e 3 D v ol u m e i n n at ur e, a n d t h e n e w

e q ui v al e nt d e nsit y ρ h et, e q ui of t h e h et er o g e n eit y i n n at ur e.

( 4) I n t h e pr es e nt b o o k, t h e a n al ysis of t h e t r a n si e nt e ff e ct h as

b e e n el a b or at e d, s e e C. ( 1 6).

( 5) I n t h e pr es e nt b o o k, t h e i n v e sti g ati o n s of t h e fl at n ess ( C. 5),

of t h e L F V ( C. 9), of t h e pr o p a g ati o n a n d f or m ati o n of v ol u m e

( C. 1 1), of t h e G F V ( C. 1 2), of t h e Z P E ( C. 1 4) a n d of t h e w a v e

p a c k et ( C. 1 4) ar e i m pr o v e d.

( 6) I n t h e pr es e nt b o o k, t h e f oll o wi n g it e ms ar e als o el a b o r at e d :

t h e m a p pi n g t h e or e m ( C. 1 7), a d diti o n al i nt er pr et ati o ns ( C.

1 8), t h e pr o c ess of f or m ati o n of st a bl e q u a nt a ( C. 1 3), t h e a n-

al yti c a n d c o m p ar ati v e tr e at m e nt of t h e ti m e e v ol uti o n of d ar k

e n er g y d uri n g ’ c os mi c i n fl ati o n’ ( C. 2 2), t h e a g e of t h e u ni-

v e r s e is 1 3.3 · 1 0 9 y e ars, i nst e a d of 1 3 .8 · 1 0 9 y e ars ( T H M 3 9).

Usi n g t h e d y n a mi cs of v ol u m e, a n el e m e nt of p h ysi c al r e alit y,

w e u nif y s p a c eti m e, gr a vit y a n d q u a nt u m p h ysi cs.
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A p p e n di x

I n t his b o o k, t h e r es ults ar e d eri v e d s u c c essi v el y fr o m first pri n-

ci pl es or f u n d a m e nt al pri n ci pl es of p h ysi cs, s e e Fi g. ( 1 2. 3).

2 5. 1 M a t h e m a ti c al m e t h o d s

2 5. 1. 1 A n al y si s a n d L ei b ni z c al c ul u s

We a p pl y t h e st a n d ar d a n al ysis, s e e e. g. Str a n g ( 2 0 1 7).

H er e b y, w e us e t h e L ei b ni z c al c ul us pr o vi di n g di ff er e n c es ∆ x

a n d di ff er e nti als or i n cr e m e nts d x , δ x or δ x , s e e e. g. L ei b-

ni z ( 1 6 8 4). M or e o v er, w e a p pl y t h e T a yl or ( 1 7 1 5) e x p a nsi o n t o

t h es e di ff er e nti als, a n d w e d e n ot e a t er m of or d er n or l ar g er i n

d z b y O (d z n ), Fl a n d ers ( 1 9 8 9).

2 5. 1. 2 V e c t o r s a n d t e n s o r s

I n t his b o o k, w e us e v e ct ors a n d t e ns ors, s e e e. g. Ri e m a n n

( 1 8 6 8) or als o L a n d a u a n d Lifs c hit z ( 1 9 7 1), C ar m esi n ( 1 9 9 6),

L e e ( 1 9 9 7), H o bs o n et al. ( 2 0 0 6), Str a u m a n n ( 2 0 1 3).

2 5. 1. 3 P r o b a bili t y t h e o r y

I n t his b o o k, w e us e pr o b a bilit y t h e or y, s e e e. g. K ol m o g or o v

( 1 9 5 6) or als o L a n d a u a n d Bi n d er ( 2 0 0 5) or As h ( 2 0 0 8) or Ol of-

ss o n a n d A n d erss o n ( 2 0 1 2). Pr o b a bilit y t h e or y h as a d e e p li n k

3 1 1



3 1 2 C H A P T E R 2 5. A P P E N DI X

t o p h ysi cs, es p e ci all y t o q u a nt u m p h ysi cs.

I n n at ur e, i n q u a nt u m p h ysi cs a n d i n t h e m or e g e n er al D V,

d et er mi nisti c a n d pr o b a bilisti c p h e n o m e n a ar e c o m bi n e d i n a

pr e cis el y d et er mi n e d m a n n er, s e e c h a pt ers ( 1 6, 2 4). A c c or d-

i n gl y, pr o b a bilit y t h e or y is a p pli e d i n a m a n n er t h at f ul fills t h e

l a ws of p h ysi cs.

2 5. 1. 4 G e o m e t r y

T h e v ol u m e r e pr es e nts t h e s u bst a nti al b asis of g e o m etr y. I n ci-

d e n c e str u ct ur es a n d r el ati o ns a m o n g p oi nts, li n es a n d pl a n es

ar e pr o vi d e d b y g e o m etr y, Hil b ert ( 1 9 0 3), H art ( 1 9 1 2). C ur v e d

s p a c es ar e d es cri b e d b y di ff er e nti al g e o m etr y, i n cl u di n g t e ns ors

L e e ( 1 9 9 7) or L a n d a u a n d Lifs c hit z ( 1 9 7 1), H o bs o n et al. ( 2 0 0 6).

Hi g h er di m e nsi o n al s p a c es ar e d eri v e d o n t h e b asis p h as e tr a n-

siti o ns pr o vi di n g a c o ns er v ati o n of v ol u m e, C ar m esi n ( 2 0 1 7,

2 0 1 8 b, 2 0 1 9 b, 2 0 2 0 b, 2 0 2 1 d), C ar m esi n a n d S c h ö n e b er g ( 2 0 2 2).

C o m p o u n d g e o m etri c al o bj e cts as w ell as p ol ari z ati o n at p h as e

tr a nsiti o ns ar e a n al y z e d a c c or di n g t o t h e mi ni mi z ati o n of e n-

er g y, C ar m esi n ( 2 0 2 1 a, e, 2 0 2 2 e).

2 5. 2 M e t h o d s of p h y si c s

2 5. 2. 1 Fr a m e s

I n r el ati vit y, fr a m es ar e us e d as a t o ol, s e e e. g. ( H o bs o n et al.,

2 0 0 6, s e cti o n 1. 1). A c c or di n gl y, w e us e fr a m es as w ell 1 .

2 5. 2. 2 P r o b e m a s s a n d p r o b e v ol u m e

I n p h ysi cs, pr o b e m ass es ar e us e d as t o ols f or e x p eri m e nts or

a n al ysis, s e e e. g. Br a gi ns k y ( 2 0 0 7). A c c or di n gl y, w e us e pr o b e

m ass es a n d c orr es p o n di n g fi el d g e n er ati n g m ass es.

1 N ot e t h at f r a m e s ar e al r e a d y e s s e nti al i n cl a s si c al m e c h a ni c s. F or i n st a n c e, if y o u ri d e
o n y o u r bi c y cl e o n a r o a d, t h e n t h e ki n eti c e n er g y i s z er o i n t h e f r a m e of y o u r bi c y cl e. I n
c o nt r a st, y o u r ki n eti c e n er g y i s n o n z er o i n t h e f r a m e of t h e r o a d.
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m e as ur e d e n er g y d e nsit y u Λ =
d E Λ

d V

vi a m e as ur e m e nt of m etri c or u Λ

v ol u m e d V e n er g y d E Λ

m e as ur e d pr o p erti es of v ol u m e
a r e r e al q u a ntiti es i n h er e nt t o v ol u m e

Fi g ur e 2 5. 1: I n p h ysi cs, a v ol u m e d V c o nt ai ns a m e as ur a bl e e n-
er g y d e nsit y u Λ = d E Λ

d V a n d t h e c orr es p o n di n g e n er g y d E Λ .

A d diti o n all y, w e us e t h e c o n c e pt of a pr o b e v ol u m e, si mil arl y

as i n t h e t h e or y of d ef or m ati o ns, s e e e. g. ( S o m m erf el d, 1 9 7 8,

E qs. 1 8, 1 9, Fi g. 1) or ( L a n d a u a n d Lifs c hit z, 1 9 7 5, § 1).

2 5. 2. 3 P h y si c al r e ali t y

I n t his s e cti o n, w e pr o p os e a f o u n d e d s u ffi ci e nt c o n diti o n f or

p h ysi c al r e alit y, s e e e. g. C ar m esi n ( 2 0 2 1 d).

F or it, w e us e a si m pl e crit eri o n pr o p os e d b y ( Ei nst ei n et al.,

1 9 3 5, p. 7 7 7): ’ T h e el e m e nts of p h ysi c al r e alit y c a n n ot b e

d et er mi n e d b y a pri ori p hil os o p hi c al c o nsi d er ati o ns, b ut m ust

b e f o u n d b y a n a p p e al t o r es ults of e x p eri m e nts a n d m e as ur e-

m e nts.’ A c c or di n gl y, w e us e t h e f oll o wi n g d e fi niti o n:

D e fi ni ti o n 1 5 P h y si c al r e ali t y

If a p h y si c al q u a ntit y c a n b e m e a s u r e d, t h e n t h at q u a ntit y r e p-

r e s e nt s a p a rt of t h e p h y si c al r e alit y.

2 5. 2. 4 D y n a mi c v ol u m e

Ei nst ei n ( 1 9 1 7) pr o p os e d a c o s m ol o gi c al c o n st a nt Λ. Z el d o vi c h

( 1 9 6 8) s u g g est e d a d e n sit y of t h e c o s m ol o gi c al c o n st a nt ρ Λ wit h

Ω Λ = ρ Λ

ρ c r.
= Λ c 2

3 H 2 (E q. VII. 2). A c c or di n gl y, ρ Λ is t h e d e nsit y
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t h at r e m ai ns, if y o u s u btr a ct t h e d e nsit y of m att er ρ m a n d t h e

d e nsit y of r a di ati o n ρ r fr o m t h e w h ol e d e nsit y ρ ( H o bs o n et al.,

2 0 0 6, E qs. 1 5. 1, 1 5. 5):

ρ Λ : = ρ 0 − ρ m, 0 − ρ r, 0 =
3 H 2

0

8 π G
or Ω Λ = 1 − Ω m − Ω r ( 2 5. 1)

T h e d e nsit y ρ Λ h as als o b e e n n a m e d d e n sit y of v a c u u m ρ v a c =
Λ c 2

8 π G ( H o bs o n et al., 2 0 0 6, E q. 8. 2 2). H o w e v er, v er y di ff er e nt

’ d e nsiti es of v a c u u m’ h a v e b e e n pr o p os e d: F or i nst a n c e, A g e n c y

( 2 0 1 0) s u g g est e d a ’ d e nsit y of a q u a nt u m v a c u u m’ ρ q u a nt u m v a c u u m

≈ 1 0 9 6 k g
m 3 . E. g. Z el d o vi c h ( 1 9 6 8) pr o p os e d a n ot h er v al u e of a

’ d e nsit y of a q u a nt u m v a c u u m’ of el e m e nt ar y p arti cl es, wit h

a esti m at e ρ q u a nt u m v a c u u m , Z el d o vi c h = 1 0 2 0 k g
m 3 [E q. I X. 1]. A d-

diti o n all y, Z el d o vi c h ( 1 9 6 8) pr o p os e d a ’ d e nsit y of a cl assi c al

v a c u u m’ ρ cl a s si c al v a c u u m , Z el d o vi c h = 2 · 1 0 − 2 6 k g
m 3 [E q. VII. 1]. F or

i nst a n c e, Z yl a et al. ( 2 0 2 0) us e d a ’ v a c u u m e x p e ct ati o n v al u e’

v e v = 2 4 6 G e V [s e cti o n 1 1].

P erl m utt er et al. ( 1 9 9 8), Ri ess et al. ( 2 0 0 0) a n d S m o ot ( 2 0 0 7)

o bs er v e d a d e nsit y ρ or e n er g y d e nsit y u = ρ c 2 of s p a c e. T h e

c orr es p o n di n g e n er g y δ E = u · δ V h as b e e n n a m e d d a r k e n e r g y ,

H ut er er a n d T ur n er ( 1 9 9 8). We m ar k it b y t h e s u bs cri pt D E .

T h e o bs er v e d v al u e is ρ D E = u D E / c 2 ≈ 5 · 1 0 − 2 7 k g
m 3 , s e e e. g.

Pl a n c k- C oll a b or ati o n ( 2 0 2 0). I n t h e fr a m e w or k of t h e Λ C D M

m o d el of c os m ol o g y, t h e d e nsit y ρ Λ c o ul d b e d et er mi n e d fr o m

t h e o bs er v e d v al u e H 0 , a c c or di n g t o E q. ( 2. 6 5). H o w e v er, t h e

o bs er v e d v al u es of H 0 e x hi bit di ff er e n c es at t h e 5 σ c o n fi d e n c e

l e v el, Ri ess et al. ( 2 0 2 2). S o, t h e f oll o wi n g q u esti o n aris es: H o w

c a n t h e c o n c e p t of d a r k e n e r g y b e i m p r o v e d b y f u n d a-

m e n t al of p h y si c s ?

T h er e is o nl y o n e v ol u m e i n n at ur e, a n d it h as o nl y o n e d e n si t y

of v ol u m e ρ v ol = Ω v ol · ρ c r. 0 .

( 1) V ol u m e is us u all y m e as ur e d o n t h e b asis of t h e li g ht tr a v el

dist a n c e d L T , C. ( 2, 7, 1 7).
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( 2) T h e d e nsit y of t hr e e- di m e nsi o n al v ol u m e ρ v ol is d et er mi n e d

b y t h e q u a nt a of v ol u m e 2 i n C. ( 2 2, 2 0): Ωv ol = 2 / 3.

( 3) H et er o g e n eit y c a us es a n e q ui v al e nt d e nsit y ρ h et, e q ui . H er e b y,

ρ Λ = f Λ (ρ v ol + e q ui ) is t h e f oll o wi n g f u n cti o n f Λ of t h e s u m ρ v ol +

ρ h et, e q ui = ρ v ol + e q ui : f Λ is d eri v e d b y i ns erti n g E qs. ( 2 1. 5 3, 2 1. 4 6)

a n d Ω r, 0 ≈ 0 i nt o E q. ( 2 1. 5), a n d b y s ol vi n g f or ρ Λ , w h er e b y

H 2 (z ) = 8π G (ρ m (z ) + ρ Λ )/ 3 a n d ρ Λ , h o m,0 = ρ v ol :

H 2 (z )

Ω Λ ,h o m, 0 + Ω m, 0 ( 1 + z ) 3
=

8 π G

3
[ρ m ,h o m ,0 + ρ v ol + e q ui ] or

ρ m ,h o m ,0 + ρ v ol + e q ui

ρ c r .,0
(ρ v ol + ρ m (z )) − ρ m (z ) = f Λ (ρ v ol + e q ui )( 2 5. 2)

Usi n g t h e a p pr o xi m ati o ns
ρ m ,h o m ,0 + ρ v ol

ρ c r .,0
≈ 1 a n d

ρ e q u i

ρ c r .,0
≈ ρ e q ui (z ),

w e d eri v e:

ρ Λ = f Λ (ρ v ol + ρ e q ui ) ≈ ρ v ol + ρ e q ui ( 2 5. 3)

2 5. 3 U ni v e r s al c o n s t a n t s

q u a ntit y o bs er v e d v al u e r ef er e n c e

G 6 .6 7 4 0 8( 3 1) · 1 0 − 1 1 m 3

k g ·s 2 Z yl a et al. ( 2 0 2 0)

c 2 9 9 7 9 2 4 5 8 m
s , e x a ct Z yl a et al. ( 2 0 2 0)

h 6 .6 2 6 0 7 0 1 5 · 1 0 − 3 4 Js, e x a ct N e w ell et al. ( 2 0 1 8)

k B 1 .3 8 0 6 4 9 · 1 0 − 2 3 J
K , e x a ct N e w ell et al. ( 2 0 1 8)

ε 0 8 .8 5 4 1 8 7 8 1 7 · 1 0 − 1 2 F
m Z yl a et al. ( 2 0 2 0)

T a bl e 2 5. 1: U n i v ers al c o nst a nts, (( N e w ell et al., 2 0 1 8, t a bl e 3),
( Z yl a et al., 2 0 2 0, t a bl es 1. 1, 2. 1)).

2 In p ri n ci pl e, t h er e c o ul d b e t h e h e n e g g p r o bl e m: I n or d er t o d eri v e t h e D E Q of
d y n a mi c v ol u m e, t h er e m u st al r e a d y b e v ol u m e. H o w e v er, t hi s p r o bl e m d o e s n ot o c c u r,
a s o u r t h e or y i n cl u d e s t h e ti m e e v ol uti o n of v ol u m e si n c e t h e Bi g B a n g, C. ( 5, 1 2, 2 2).
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2 5. 4 Gl o s s a r y o n v ol u m e

i n cr e m e nt: d r i

c h a n g e d i n cr e m e nt: d r ′
i

c o m pl et e v ol.: d V L , e. g. 4π R 2 d L or d A z · d z ′

r ef er e n c e v ol.: d V R = li m M → 0 d V L

a d diti o n al v ol.: δ V = d V L − d V R

f or m e d v ol.: δ V = δ V (τ + δ τ ) − δ V (τ )

r el ati v e a d diti o n al v ol.: ε L = δ V
d V L

rat e of l o c all y f or m e d v ol., L F V: r at e L F V = δ V
δ τ

n or m ali z e d r at e of L F V: ε̇ L = r at e L F V

d V L

rat e of r el ati v e a d diti o n al v ol.: ∂ τ ε L

r at e of gl o b all y f or m e d v ol., G F V:
˙V
V

v ol u m e - t e ns or: ε i j = ∂ d r i

∂ d r ′
j

rel ati v e v ol u m e - t e ns or: ε i j, L =
ε i j

d V L

rel ati v e r at e t e ns or: ε̇ i j, L =
ε̇ i j

d V L , dΩ

u ki n - t e ns or: ε i j, L, s q = c 2

8 π G · k ε i k, L · ε k j, L

u ni dir e cti o n al a d diti o n al v ol.: δ V j = δ r j · d A j

Tr a c e: eit h er p ol y- dir e cti o n al r el ati v e a d diti o n al v ol.,

ε V = Σ 3
j = 1

δ V j

d V L
, or

is otr o pi c r el ati v e a d diti o n al v ol.: ε V = Σ 3
j = 1

δ V j

d V L
(wit h

e q u al s u m m a n ds), als o m ar k e d b y ε L,i s o

pr es e nt- d a y pr o b e v ol u m e: d V 0

T h e m a p pi n g t h e o r e m ( 3 5) pr o vi d es r el ati v e a d di-

ti o n al v ol u m e a n d c orr es p o n di n g r at es as f u n cti o ns

of t h e m etri c t e ns or. I n p arti c ul ar, a u ni dir e cti o n al

r at e is e x pr ess e d as a f u n cti o n of t h e c orr es p o n di n g

Ri c ci fl o w.
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2 5. 5 N a t u r al u ni t s

Pl a n c k ( 1 8 9 9) i ntr o d u c e d n at ur al u nits. We m ar k q u a ntiti es i n
n at ur al u nits b y a til d e. N at ur al u nits c a n b e e x pr ess e d b y G , c

a n d . E v e n t h e el e ctri c fi el d c o nst a nt ε 0 , t h e el e m e nt ar y c h ar g e

e a n d q P ar e d eri v e d fr o m S Q, G , c , a n d vi a D V, C ar m esi n

( 2 0 2 1 e, 2 0 2 2 e). k B r el at es st atisti cs t o p h ysi cs.

p h ysi c al e ntit y S y m b ol Ter m i n SI- U nits

Pl a n c k l e n gt h L P
G

c 3 1 .6 1 6 · 1 0 − 3 5 m

Pl a n c k ti m e tP
L P

c 5 .3 9 1 · 1 0 − 4 4 s

Pl a n c k e n er g y E P
·c 5

G 1 .9 5 6 · 1 0 9 J

Pl a n c k m ass M P
·c

G 2 .1 7 6 · 1 0 − 8 k g

Pl a n c k v ol u m e V D , P L D
P

Pl a n c k v ol u m e, b all V̄ D , P V D · L D
P

Pl a n c k d e nsit y ρ P
c 5

G 2 5 .1 5 5 · 1 0 9 6 k g
m 3

Pl a n c k d e nsit y, b all ρ̄ P
3 c 5

4 π G 2 1 .2 3 0 7 · 1 0 9 6 k g
m 3

Pl a n c k d e nsit y, b all ρ̄ D , P
M P

V̄ D , P

Pl a n c k t e m p er at ur e T P T P = E P

k B
1 .4 1 7 · 1 0 3 2 K

s c al e d v ol u m e Ṽ D
V D

V̄ D , P

s c al e d e n er g y Ẽ E = Ẽ · E P

s c al e d d e nsit y ρ̃ D
˜M

r̃ D = Ẽ
r̃ D ρ D = ρ̃ D · ρ̄ D, P

s c al e d l e n gt h x̃ x = x̃ · L P

Pl a n c k c h ar g e q P M P

√
G 4 π ε 0 1 1, 7 1 e

T a bl e 2 5. 3: P l a n c k - u nits.
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2 5. 6 Gl o s s a r y

a m pli t u d e of m a t t e r fl u c t u a ti o n s, σ 8 : T h e a m pli-

t u d e of m att er fl u ct u ati o ns d es cri b es t h e h et er o-

g e n eit y i n t h e u ni v ers e i n a st atisti c al m a n n er, s e e

e. g. Kr a vts o v a n d B or g a ni ( 2 0 1 2) or C. ( 2 1).

Bi g B a n g : T h e Bi g B a n g r e pr es e nts t h e st art of ti m e

e v ol uti o n of visi bl e s p a c e, s e e e. g. K artt u n e n

et al. ( 1 9 9 6).

Bi g C r u n c h : A gl o b al gr a vit ati o n al i nst a bilit y c o ul d

i n pri n ci pl e c a us e a gl o b al c o ntr a cti o n, it is c all e d

a Bi g Cr u n c h, s e e e. g. G o o dst ei n ( 1 9 9 7).

’ c o s mi c i n fl a ti o n’: G ut h ( 1 9 8 1) dis c o v er e d a r a pi d

e nl ar g e m e nt of dist a n c es i n t h e e arl y u ni v ers e. F or
it, h e pr o p os e d a n er a of ’i n fl ati o n’ or e x p a nsi o n.

H o w e v er, t h e r a pi d e nl ar g e m e nt w as c a us e d b y di-

m e nsi o n al p h as e tr a nsiti o ns, b y a c os mi c u nf ol d-

i n g, C ar m esi n ( 2 0 1 7, 2 0 1 9 b, 2 0 2 2 b) or C. ( 2 2).

C M B, C o s mi c Mi c r o w a v e B a c k g r o u n d : T h e r a-

di ati o n of t h e C M B h as b e e n e mitt e d at z ≈ 1 0 9 0,

s e e e. g. P e n zi as a n d Wils o n ( 1 9 6 5), K artt u n e n

et al. ( 1 9 9 6), Pl a n c k- C oll a b or ati o n ( 2 0 2 0).

c o s m ol o gi c al c o n s t a n t : Ei nst ei n ( 1 9 1 7) pr o p os e d

a c os m ol o gi c al c o nst a nt Λ. It c orr es p o n ds t o t h e

d ar k e n er g y wit h its e n er g y d e nsit y u Λ = ρ Λ · c 2 ,

s e e d ar k e n er g y i n t h e gl oss ar y a n d C. ( 1 9).

c u r v a t u r e p a r a m e t e r : T h e c ur v at ur e p ar a m et er k

d es cri b es t h e gl o b al c ur v at ur e of s p a c e, s e e f or i n-

st a n c e K artt u n e n et al. ( 1 9 9 6), C ar m esi n ( 2 0 1 9 b),
C ar m esi n ( 2 0 2 1 d).

d a r k e n e r g y : P erl m utt er P erl m utt er et al. ( 1 9 9 8),

Ri ess Ri ess et al. ( 2 0 0 0) a n d S m o ot S m o ot ( 2 0 0 7)
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dis c o v er e d t h e a c c el er at e d e x p a nsi o n of t h e u ni-

v ers e. Ei nst ei n ( 1 9 1 7) e x pl ai n e d s u c h a n a c c el er-

at e d e x p a nsi o n wit h a n a d diti o n al c o nst a nt, w hi c h

h e n a m e d c os m ol o gi c al c o nst a nt Λ. T h at c o nst a nt

Λ c a n b e tr a nsf or m e d t o a n e n er g y d e nsit y u Λ

( H o bs o n et al., 2 0 0 6, E q. 8. 2 2 or 1 5. 4 wit h p. 3 8 9)

( C. 1 9, 2 0, 2 1, 2 2):

u Λ =
Λ · c 4

8 π · G
(2 5. 4)

d e n si t y, c ri ti c al : T h e criti c al d e nsit y ρ c r,t 0
or ρ c r d e-

s cri b e t h e d e nsit y of t h e u ni v ers e c orr es p o n di n g t o

t h e c ur v at ur e p ar a m et er k = 0, s e e e. g. K art-

t u n e n et al. ( 1 9 9 6), C ar m esi n ( 2 0 1 9 b), C ar m esi n

( 2 0 2 1 d).

d e n si t y p a r a m e t e r : T h e r ati o of a d e nsit y ρ j a n d

t h e criti c al d e nsit y ρ c r,t 0
h as b e e n n a m e d d e nsit y

p ar a m et er Ω j = ρ j / ρ c r,t 0
, s e e e. g. K artt u n e n et al.

( 1 9 9 6), C ar m esi n ( 2 0 1 9 b), C ar m esi n ( 2 0 2 1 d).

d y n a mi c m a s s o r r el a ti vi s ti c m a s s : T h e c o n c e pt

of t h e r el ati visti c m ass h as b e e n d es cri b e d b y T ol-

m a n ( 1 9 3 4), f or i nst a n c e. F or it, t h e e n er g y m ass

r el ati o n of s p e ci al r el ati vit y is us e d, E = M · c 2 , or

e q ui v al e ntl y, M = E
c 2 . I n p arti c ul ar, if t h e o bj e ct

pr o p a g at es at v = c , t h e n t his r el ati visti c m ass c a n

b e n a m e d d y n a mi c m ass, i n or d er t o r e mi n d t h at

t h e o bj e ct h as n o r est m ass.

d y n a mi c v ol u m e, D V : E a c h p orti o n of v ol u m e δ V

h as a d ar k e n er g y δ E Λ = δ V · u Λ a n d a n e n er g y

d e nsit y of v ol u m e u v ol , C. ( 2). C orr es p o n di n gl y,

v ol u m e h as a d y n a mi cs. If y o u w a nt t o e m p h asi z e

t h at d y n a mi cs, y o u m a y s a y d y n a mi c v ol u m e, D V

( C. 2). B ut r e mi n d, t h er e is o nl y o n e v ol u m e. I n
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e arli er b o o ks, I di d n ot al w a ys disti n g uis h u v ol a n d

u Λ . c orr es p o n di n gl y, I us e d t h e n a m e v a c u u m, C.

( 2).

e n t a n gl e m e n t: If p h ysi c al q u a ntiti es or o bj e cts ar e

n ot s e p a r a bl e , t h e n t h e r es p e cti v e w a v e f u n cti o ns

c a n n ot b e f a ct ori z e d, a n d t h e n t h es e v ari a bl es or

o bj e cts ar e c all e d e nt a n gl e d. As a c o ns e q u e n c e,

t h e c orr es p o n di n g e v e nts ar e n ot st atisti c all y i n-

d e p e n d e nt, C. ( 1 4).

E P R p a r a d o x : Ei nst ei n et al. ( 1 9 3 5) r e ali z e d t h at

Q P is n o nl o c al. F or it, t h e y pr o p os e d t h e a p p ar e nt

p ar a d o x, B ell ( 1 9 6 4), As p e ct et al. ( 1 9 8 2), C. ( 1 6).

e x p a n si o n of s p a c e : H u b bl e ( 1 9 2 9) o bs er v e d t h e e x-

p a nsi o n of t h e u ni v ers e si n c e t h e Bi g B a n g, K art-

t u n e n et al. ( 1 9 9 6), C ar m esi n ( 2 0 2 1 a), C. ( 5, 1 2,

2 2).

f r a m e: E a c h o bs er v ati o n a p p ar at us is l o c ali z e d i n

s p a c eti m e. T h at l o c ali z ati o n est a blis h es a fr a m e,

Ei nst ei n ( 1 9 0 5) 3 .

g r a vi t a ti o n al fi el d : I n a n a p pr o pri at e fr a m e, t h e

gr a vit ati o n al fi el d G ∗ c a n b e d e fi n e d a n d m e as ur e d,

s e e C. ( 2), T H Ms ( 1 5, 3 8), a n d e. g. C ar m esi n

( 2 0 2 1 d)).

H u b bl e c o n s t a n t : W h e n H u b bl e ( 1 9 2 9) o bs er v e d

t h e r at e of e x p a nsi o n of s p a c e, it w as c all e d H u b bl e

c o nst a nt H 0 , K artt u n e n et al. ( 1 9 9 6).

Fri e d m a n n ( 1 9 2 2) a n al y z e d t h e r at e of e x p a nsi o n of

s p a c e wit h a s c ali n g f a ct or R (t).

T h at r at e is c all e d H u b bl e p ar a m et er H (t) = ˙R / R (t),

K artt u n e n et al. ( 1 9 9 6). T h e v al u e at t h e pr es e nt-

3 F or i n st a n c e, s e e al s o Ei n st ei n ( 1 9 1 5), L a n d a u a n d Lif s c hit z ( 1 9 7 1), H o b s o n et al.
( 2 0 0 6).
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d a y ti m e t0 is a n i m pr o v e d c o n c e pt of t h e H u b-

bl e c o nst a nt H (t0 ) = H 0 , K artt u n e n et al. ( 1 9 9 6).

M or e o v er, t h e H u b bl e c o nst a nt is a n i m p ort a nt

p ar a m et er i n c os m ol o gi c al m o d els, H o bs o n et al.

( 2 0 0 6), C ar m esi n ( 2 0 1 9 b). T h us it is m e as ur e d b y

v ari o us o bs er v ers, a c hi e v e di ff er e nt r es ults at t h e

5 σ c o n fi d e n c e l e v el, Pl a n c k- C oll a b or ati o n ( 2 0 2 0),

Ri ess et al. ( 2 0 2 2), C ar m esi n ( 2 0 2 1 d, a), C. ( 2 1).

m e t ri c t e n s o r g i j : A m etri c t e ns or d es cri b es dis-

t a n c es i n c ur v e d or fl at s p a c es, Ei nst ei n ( 1 9 1 5),

S c h w ar zs c hil d ( 1 9 1 6), H o bs o n et al. ( 2 0 0 6), T H M

( 3).

n o nl o c ali t y : S o m e q u a nt u m c orr el ati o ns b e c o m e ef-

f e cti v e at v el o cit y v ≤ c . S u c h q u a nt u m c orr e-

l ati o ns ar e c all e d n o nl o c al, ( S c h e c k, 2 0 1 3, s e cti o n

5. 1. 1), ( B all e nti n e, 1 9 9 8, C. 2 0), C. ( 1 6).

o b s e r v a bl e p h y si c al l e n g t h : If t h er e is a m e as ur e-

m e nt pr o c e d ur e f or a p h ysi c al l e n gt h, t h e n t h at

p h ysi c al l e n gt h is o bs er v a bl e ( C. 2).

p h y si c al r e ali t y : A c c or di n g t o Ei nst ei n et al. ( 1 9 3 5),

t h e el e m e nts of p h ysi c al r e alit y ’ m ust b e f o u n d b y

a n a p p e al t o r es ults of e x p eri m e nts a n d m e as ur e-

m e nts’, s e e s e cti o n ( 2 5. 2. 3).

p o si ti o n f a c t o r : T h e p ositi o n f a ct or c h ar a ct eri z es

t h e e n er g y as a f u n cti o n of a p ositi o n ( C. 3).

p ri n ci pl e of l e a s t o r e x t r e m al a c ti o n : I n m a n y

s yst e ms, t h e d y n a mi cs c a n b e o bt ai n e d b y usi n g

t h e pri n ci pl e of l e ast or e xtr e m al a cti o n, N o et h er

( 1 9 1 8), P a uli ( 1 9 4 1), L a n d a u a n d Lifs c hit z ( 1 9 7 1),

C ar m esi n ( 2 0 2 2 e).

p ri n ci pl e i n p h y si c s : A pri n ci pl e i n p h ysi cs is a n es-

s e nti al a n d br o a dl y us ef ul c o n c e pt i n p h ysi cs, P o p-
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p er ( 1 9 7 4), R u b e n ( 1 9 9 0), St yr m a n ( 2 0 1 9), Hil b ert

( 1 9 1 5); Hil b ert et al. ( 1 9 2 8).

p r o b e m a s s : A pr o b e m ass c a n b e us e d i n or d er t o

a n al y z e a m oti o n or a n i nt er a cti o n i n p h ysi cs ( C.

2 5).

r a t e g r a vi t y f o u r- v e c t o r, R G V : It is a f o ur- v e ct or

c h ar a ct eri zi n g t h e R G W, s e e C. ( 9).

r a t e g r a vi t y s c al a r, R G S : It is a s c al ar c h ar a ct er-

i zi n g t h e R G W, s e e C. ( 9).

R G W, r a t e g r a vi t y w a v e : It is a w a v e c h ar a ct eri z-

i n g t h e v ol u m e, s e e C ar m esi n ( 2 0 2 1 d).

r a t e of t h e f o r m a ti o n of v ol u m e : It is a r at e

c h ar a ct eri zi n g t h e f or m ati o n of v ol u m e, C ar m esi n

( 2 0 2 2 d), p art (II).

r e d s hif t a n d r e d c h a n g e : T h e r e ds hift is a r el ati v e

i n cr e as e of t h e w a v el e n gt h of r a di ati o n z = ∆ λ
λ ,

K artt u n e n et al. ( 1 9 9 6), C ar m esi n ( 2 0 2 1 d). A r el-

ati v e i n cr e as e of t h e w a v el e n gt h of q u a nt a of v ol-

u m e is c all e d r e d c h a n g e, as t h e pr o c ess of t h at i n-

cr e as e is v er y di ff er e nt fr o m t h e pr o c ess es yi el di n g

r e ds hift, C. ( 2 2).

S c h w a r z s c hil d r a di u s R S : At t his r a di us, t h e es c a p e

v el o cit y is e q u al t o c .

S c h w a r z s c hil d m e t ri c, S M : ( T H M 3)

s p a c e ti m e : C o m bi n ati o n of s p a c e a n d ti m e, Ei nst ei n

( 1 9 0 5), C ar m esi n ( 2 0 2 1 d).

s u c c e s si v e d e ri v a ti o n : I n q u a nt u m p h ysi cs, Q P,

t h e r es ults ar e d eri v e d s u c c essi v el y fr o m q u a nt u m

p ost ul at es, s e e e. g. Gr a w ert ( 1 9 7 7), B all e nti n e

( 1 9 9 8), K u m ar ( 2 0 1 8). I n t his b o o k, t h e r es ults
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ar e d eri v e d s u c c essi v el y fr o m t h e f o ur b asi c pri n-

ci pl es, t h e s p a c eti m e q u a dr u pl e, S Q, s e e ( C. 2).

T h us, t h e S Q i m pli es t h e q u a nt u m p ost ul at es, a n d

t h es e i m pl y Q P, Fi g. ( 1 2. 3).

u nif o r m s c ali n g : A u nif or m s c ali n g is a tr a nsf or m a-

ti o n t h at e nl ar g es or s hri n ks a v e ct or v b y a s c al e

f a ct or k 1 → 2 , v ′ = k 1 → 2 v ( C. 5).

v a c u u m : T h e w or d v a c u u m is d eri v e d fr o m t h e l ati n

a dj e cti v e ’ v a c u us’, ess e nti all y m e a ni n g e m pt y. I n

p h ysi cs, v er y di ff er e nt t y p es of ’ d e nsit y of v a c u u m’

h a v e b e e n pr o p os e d, s e e s e cti o ns ( 2. 9, 2 4. 3, 2 5. 2. 4).

T h e o bs er v e d d e nsit y of t h e c os m ol o gi c al c o nst a nt

ρ Λ = u Λ / c 2 h as t w o c o m p o n e nts, t h e d e nsit y of

t hr e e- di m e nsi o n al v ol u m e ρ v ol a n d t h e e q ui v al e nt

d e nsit y of h et er o g e n eit y ρ h et, e q ui , E q. ( 2. 6 7).

z e r o- p oi n t e n e r g y, Z P E : T h e e n er g y of a Z P O is

c all e d z er o- p oi nt e n er g y, B all e nti n e ( 1 9 9 8), S a k u-

r ai a n d N a p olit a n o ( 1 9 9 4), C. ( 1 4).

z e r o- p oi n t o s cill a ti o n, Z P O : A Z P O r e pr es e nts t h e

us u al gr o u n d st at e i n q u a nt u m p h ysi cs. It c a n b e

d eri v e d fr o m t h e D V, C. ( 1 4).

A c k n o wl e d g e m e n t

I t h a n k M att hi as C ar m esi n f or m a n y h el pf ul a n d p h ysi c all y i n-

t er esti n g dis c ussi o ns as w ell as f or pr o ofr e a di n g t h e m a n us cri pt.

I t h a n k P hili p p S c h ö n e b er g, P a ul S a wit z ki, J a n n es R u d er a n d

Li n a J ar c k f or i nt er esti n g dis c ussi o ns. I a m es p e ci all y gr at ef ul

t o I. C ar m esi n f or m a n y h el pf ul a n d s ci e nti fi c all y i nt er esti n g

dis c ussi o ns as w ell as f or pr o ofr e a di n g t h e m a n us cri pt.
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a b br e vi ati o n m e a ni n g

C. c h a pt er

C O R c or oll ar y

D E d ar k e n er g y

D E F d e fi niti o n

D E Q di ff er e nti al e q u ati o n

D V d y n a mi c v ol u m e

E P e q ui v al e n c e pri n ci pl e

G F V gl o b all y f or m e d v ol u m e

G G g e n er ali z e d G a ussi a n gr a vit y

G R g e n er al r el ati vit y

L F V l o c all y f or m e d v ol u m e

P L A pri n ci pl e of l e ast a cti o n

P R O P pr o p ositi o n

Q P q u a nt u m p h ysi cs

S E Q S c hr ö di n g er e q u ati o n

S M S c h w ar zs c hil d m etri c

S Q s p a c eti m e q u a dr u pl e

S R s p e ci al r el ati vit y

T H M t h e or e m

V D v ol u m e d y n a mi cs

T a bl e 2 5. 2: A b br e vi ati o ns.
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C ar m esi n, H.- O. ( 2 0 2 1 e). T h e El e m e nt ar y C h ar g e E x pl ai n e d

b y Q u a nt u m Gr a vit y. I n C ar m esi n, H.- O., e dit or, U ni v e r s e:
U ni fi e d f r o m Mi c r o c o s m t o M a c r o c o s m - V ol u m e 6 , p a g es 1 –

1 4 9. Verl a g Dr. K ö st er, B erli n.
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st a n z d er Li c h g es c h wi n di g k eit. P y si k. Z eit s c h r. , 1 4: 4 2 9.

D e bs, T. A. a n d R e d h e a d, M. L. G. ( 1 9 9 6). T h e t wi n ’ p ar a d o x’

a n d t h e c o n v e nti o n alit y of si m ult a n eit y. A m e ri c a n J o u r n al of

P h y si c s , 6 4: 3 8 4 – 3 9 2.



3 3 2 B I B LI O G R A P H Y

Ei nst ei n, A. ( 1 9 0 5). Z ur El e ktr o d y n a mi k b e w e gt er K ö r p er. A n-
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P r e u ßi s c h e n A k a d e mi e d e r Wi s s e n s c h aft e n , p a g es 1 4 2 – 1 5 2.

Ei nst ei n, A. ( 1 9 1 9). S pi el e n Gr a vit ati o nsf el d er i m A uf b a u

d er m at eri ell e n El e m e nt art eil c h e n ei n e w es e ntli c h e R oll e ?
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u n d i hr e Wi d erl e g u n g. P y si k. Z eit s c h r. , p a g es 1 1 8 – 1 2 0.

L e e, J. M. ( 1 9 9 7). Ri e m a n ni a n M a nif ol d s: A n I nt r o d u cti o n t o

C u r v at u r e . S pri n g er Verl a g, N e w Y or k.

L ei b ni z, G. W. ( 1 6 8 4). N o v a m et h o d us pr o m a xi mis et mi ni mis.

A ct a E r u dit o r u m , p a g es 4 6 7 – 4 7 3.

L e m aitr e, G. ( 1 9 2 7). U n u ni v ers h o m o g e n e d e m ass e c o nst a nt e

et d e r a y o n cr oiss a nt r e n d a nt c o m pt e d e l a vit ess e r a di al e d es

n e b ul e us es e xtr a- g al a cti q u es. A n n al e s d e l a S o ci et e S ci e n-
ti fi q u e d e B r u x ell e s, A 4 7: 4 9 – 5 9.

L o hs e, M. et al. ( 2 0 1 8). E x pl ori n g 4 D Q u a nt u m H all P h ysi cs

wit h a 2 D T o p ol o gi c al C h ar g e P u m p. N at u r e , 5 5 3: 5 5 – 5 8.

M a n d al, A. a n d N a d k ar ni- G h os h, S. ( 2 0 2 0). O n e- p oi nt pr o b a-

bilit y distri b uti o n f u n cti o n fr o m s p h eri c al c oll a ps e: e arl y d ar k

e n er g y v ers us Λ C D M. M N R A S , 4 9 8: 3 5 5 – 3 7 2.

M arl ett o, C. et al. ( 2 0 1 7). E nt a n gl e m e nt b et w e e n li vi n g b a c-

t eri a a n d q u a nti z e d li g ht wit n ess e d b y r a bi s plitti n g. a r Xi v ,

1 7 0 2. 0 8 0 7 5 v 1: 1 – 3.

M a x w ell, J. C. ( 1 8 6 5). A d y n a mi c al t h e or y of t h e el e ctr o m a g-

n eti c fi el d. P hil. Tr a n s. of t h e R.l S o c. L o n d o n , 1 5 5: 4 5 9 – 5 1 2.

M a y er, J. R. ( 1 8 4 2). R e m ar ks o n t h e f or c es of i n or g a ni c n at ur e.

A n n al e n d e r C h e mi e u n d P h a r m a ci e , 4 3: 2 3 3.

M e hr a, J. a n d R e c h e n b er g, H. ( 1 9 9 9). Pl a n c k’s h alf q u a nt a: A

hist or y of t h e c o n c e pt of z er o- p oi nt e n er g y. F o u n d ati o n s of
P h y si c s , 2 9: 9 1 – 1 3 2.



3 4 0 B I B LI O G R A P H Y

Mi c h ell, J. ( 1 7 8 4). O n t h e m e a ns of dis c o v eri n g t h e dist a n c e...

P hil. Tr a n s. R. S o c. L o n d. , 7 4: 3 5 – 5 7.

M o or e, T. A. ( 2 0 1 3). A G e n e r al R el ati vit y W o r k b o o k . U ni v ersit y

S ci e n c e B o o ks, Mill V all e y, C A.
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S c hr ö di n g er, E. ( 1 9 2 6 a). Q u a ntisi er u n g als Ei g e n w ert pr o bl e m

I. A n n al e n d e r P h y si k , 7 9: 3 6 1 – 3 7 6.
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